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1. Crash course on probability theory
1.1. Randomness and probability
1.1.1. What is randomness?
Our daily live is subjected to a mixture of deterministic and random
events. For example, we can rely on
the fact that matter falls down under the influence of gravity, and obviously we could not live without
such undisputable reliable deterministic laws of Nature. But on the other
hand our lives are heavily influenced
by unforeseeable events. Such events
are called ’random’ and the unpredictable behavior as such is called
’randomness’.

Louis XIV playing Bilard [Wikimedia]

Where does randomness come from? Apparently there are different kinds of randomness. In fact, in Philosophy various kinds of randomness are discussed, but this
would be a complete lecture on its own. In Physics, however, there are essentially two
variants that we have to distinguish:
• Random events without an objective cause (true or genuine randomness).
• Events that are caused deterministically, but this deeper cause is not known or
not measurable (apparent randomness).
In practice these two cases are extremely difficult to distinguish. In fact, how is it possible to decide whether the random event is random in itself or just apparently random
because of lacking knowledge? However, within the framework of given theory the
two cases can be distinguished quite easily. For example, classical mechanics is obviously a completely deterministic theory in which no randomness exists. The theory
of deterministic chaos, which is built on classical mechanics, interprets randomness
as the lack of knowledge about the initial condition in a nonlinear deterministic process. Contrarily, quantum mechanics opens a completely different perspective. Here
one can show that the measurement process is generally characterized by an objective
randomness because otherwise the assumption of a hidden causal mechanism (hidden
variables) would lead to intrinsic logical contradictions.
In this summer school we are mainly concerned with classical systems in the frame-
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Figure 1.1.: Trajectory of a single ball in a stadium billard. Using the reflection laws the trajectory can be computed for
all times in the future, amplifying variations in the initial conditions exponentially. The resulting trajectory
therefore looks as if it was random.

work of classical physics. The systems we are interested in are so complex that the
nonlinearity of the time evolution causes a chaotic behavior. Deterministic chaos is
most easily demonstrated in the example of a billard. The laws for the reflection of the
balls at the boundary of the board are well known so that in principle one can predict
the trajectories of the balls to arbitrary precision and for arbitrary long time in the future
(cf. Fig. 1.1). And in fact it is just this determinism which is exploited by good billard
players. But as everyone knows, after four or five collisions a precise prediction of the
trajectory is in practice impossible.
The essential characteristics of all chaotic systems is their ability to amplify small
variations in the initial conditions exponentially. Roughly speaking this mechanism
ensures that more and more digits after the decimal point in the initial condition become visible on a macroscopic scale, these digits are so to say swept to the surface.
Since in classical physics there are in principle infinitely many digits after the decimal
point, which exist but escape from our precise knowledge, we are led to the perception
as if the system would evolve randomly. However, in the framework of classical mechanics this type of randomness is not objective, it is rather an apparent one due to a
subjective lack of knowledge.
In standard lectures on classical mechanics one usually deals with exactly solvable
systems such as the harmonic oscillator which does not behave chaotically. Working
on these models the students may have the impression that physics is dominated by
non-chaotic systems. But on the contrary! Even the simplest many-body systems such
as a coupled pendulum are nonlinear and exhibit chaotic properties. This is one of the
reasons why randomness is omnipresent in daily life.
In practice the discussion about the origin of randomness is mostly of philosophical
interest. From where a random number comes from, whether it is generated by subjective or objective means, is not of primary interest in Statistical Physics. The only
circumstance that matters is that randomness exists and that it creates some kind of
disorder. As we will see in the following, this disorder is not completely arbitrary but it
is constrained by certain probabilistic laws, and this is what Statistical Physics is about.
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1.1.2. Probability
In order to deal with randomness on a quantitative level, we need the notion of probability. The definitions of probability are as diverse as for randomness, that is, there are
uncountable variants which again could make up an entire lecture in philosophy. Here
we would like to mention that there are essentially two major classes of interpretations,
namely
• subjective concepts, where probability is interpreted with respect to an observer
with a given knowledge.
• objective concepts, where probability is viewed as the property of the object alone.
The subjective notions of probability include in particular the Bayes theory of probability, which is quite popular among a minority of physicist. However, the mainstream
of physicists prefers the usual objective interpretation of probability based on the frequencies of events in random experiments. In this lecture we will follow this main path
without excluding the other.

Probability as a limit of relative frequency
Starting point is a repeatable experiment that renders random outcomes, denoted here
by ω. Moreover we shall assume that the set of possible outcomes, the so-called sample
space Ω, is known, and for simplicity we shall also assume that this space is finite. If we
repeat the experiment N times, observing that a particular outcome ω ∈ Ω occurs Nω
times, its relative frequency hω is given by
hω =

Nω
,
N

(1.1)

taking a certain rational value between 0 and 1. The basic hypothesis, on which the
usual objective interpretation of probability is based, postulates that the relative frequency in repeated statistically independent experiments will converge in the limit
N → ∞ to a well-defined limiting value, called the probability Pω of the event:
Pω = lim hω = lim
N →∞

N →∞

Nω
.
N

(1.2)

Here we have Pω ∈ [0, 1] and the set of all probabilities is said to form a probability
distribution. From ∑ω ∈Ω hω = 1 we get the normalization condition

∑

Pω = 1.

(1.3)

ω ∈Ω

Obviously, this statistical definition of probability is completely independent of the observing subject. However, one has to ensure that repeated experiments are statistically
independent. This requires that the experiments have to be prepared in such a manner
that they do not remember the outcome of the previous experiment.
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Figure 1.2.: Relative frequency: For two independent test series with N experiments (red and black) the figure shows
the relative frequency at which one obtains the number 6. The relative frequency fluctuates and converges
in the limit t → ∞ versus 1/6, – defining the probability for this event.

Probability measures
A significant progress towards a systematic foundation of probability theory was achieved by the Russian mathematician A.
N. Kolmogorov, whom we owe the first axiomatic definition
of probability. As a prerequisite one needs the notion of an
event, which is defined as a collection of outcomes, forming
a subset of Ω. For example, when playing dice, the event
of obtaining an even number is represented by the collection
A = {2, 4, 6} which is just a subset of the total sample space
Ω = {1, 2, 3, 4, 5, 6}.
All possible events in turn form another set Σ, called event
space, which consists of all subsets of Ω. This set of subsets, the
so-called power set Σ = P (Ω), contains the following sepcial
elements:

A. N. Kolmogorov, 1903-1987

• The empty set ∅, representing the impossible event.
• The set Ω itself, which represents the certain event.
• Subsets containing only a single element {ω } are referred to as elementary events.
Remark: σ algebra: In mathematics the power set is a so-called σ-algebra, i.e., a set-theoretical
structure which contains the fundamental set and which is closed with respect to the operations of forming the complement and countable unions.

Now let us define a map P : Σ 7→ R, mapping the elements of the power set (the events)
to a real number. This map defines a probability measure if it obeys the following three
axioms of Kolmogorov:
K1: P renders probabilities, meaning that ∀ A ∈ Σ : P( A) ∈ [0, 1]

© H AYE H INRICHSEN — P HYSICS OF C OMPLEX S YSTEMS — CC BY-SA 4.0

1.1 Randomness and probability

5

K2: The certain event has the probability P(Ω) = 1.
K3: On mutually excluding events { A1 , A2 , . . .}, which cannot happen simultaneously (meaning that Ai ∩ A j is empty for all pairs) the map P
is additive, i.e.,
[ 
P
Ai = ∑ P ( Ai ) .
(1.4)
i

i

The triplet (Ω, Σ, P), i.e., the sample space Ω together with its power set Σ and a probability measure obeying Kolmogorov’s axiom, makes up a so-called probability space.
The events needed for the third axiom are assumed to be mutually excluding. Such
events are denoted as disjoint events. This implies that the complementary event to A,
denoted as A = Ω\ A, occurs with the complementary probability
P( A) = P(Ω\ A) = 1 − P( A) .

(1.5)

In particular, the impossible event ∅ occurs with probability zero P(∅) = 0.
This leads directly to the addition theorems for probabilities
P( A ∪ B) = P( A) + P( B) − P( A ∩ B)

(1.6)

P( A ∪ B ∪ C ) = P( A) + P( B) + P(C )

(1.7)

− P( A ∩ B) − P( A ∩ C ) − P( B ∩ C ) + P( A ∩ B ∩ C ) .
The addition theorem (“Siebformel”) can even be written
down in the most general form for n events
P

n
[
i =1


Ai =

∑

(−1)| I |+1 P

I ⊆{1,...,n}

\


Ai .

(1.8)

i∈ I

Remember: On the right hand side you can see the
sum of all probabilities (of the sets themselves) minus the
probabilities of two-fold intersections plus the probabilities of three-fold intersections minus the probabilities of
four-fold interations and so on and so forth.

Illustration of the addition theorem for
probabilities (1.7).

As the axioms by Kolmogorov show, it is possible to calculate the probability of composite events on the basis of the probabilities of elementary outcomes. However, this
requires to know the probabilities of the elementary events P({ω }) which are not given
explicitly by the axioms but rather characterize the physical system under consideration. To this end one needs some kind of physical model which at least in principle
defines these probabilities.
The simplest model of this kind assumes that all elementary events are equally probable. In the mathematical literature such random experiments are known as Laplace
experiments. For Laplace experiments with a finite sample space the probabilities of
arbitrary elementary events {ω } und composite events A ∈ Σ are given by
P({ω }) =

1
,
|Ω|

P( A) =

| A|
|Ω|

© H AYE H INRICHSEN — P HYSICS OF C OMPLEX S YSTEMS — CC BY-SA 4.0
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i.e, the probability is given by the size of the event (the number of elementary outcomes)
divided by the size of the sample space.
Remark: It seems that the scenario of a constant elementary probability is trivial. However,
as we will see, this is exactly what Nature does, provided that there are no other restrictions
such as conserved quantities.

1.1.3. Conditional probabilities
In Statistical Physics one often deals with so-called conditional probabilities. This term
stands for a probability of a certein event A if one already knows that another event
B actually happened. That is, we ask for the probability for “A under the condition B“.
For this we will use the notation A| B, where the vertical bar can be read as "under the
condition that" or simply as "given that".
In order to define a conditional probability P( A| B), it is required that B can actually
happen, i.e. it must be a possible event: B ̸= ∅. Moreover it is evident that only those
events will contribute to the conditional probability for which both A and B are true,
i.e., we expect that the conditional probability is proportional to P( A ∩ B). Furthermore,
the certain event Ω will be certain under any condition, including B, meaning that
P(Ω| B) = 1. This leads us to the following definition of the conditional probability,
which is compatible with the above requirements:
P( A| B) =

P( A ∩ B)
.
P( B)

(1.10)

Here the intersection A ∩ B is denoted as joint event of A and B, which happens if and
only if A and B apply. The corresponding probability P( A ∩ B) is referred to as the joint
probability.
Loosely speaking, the purpose of conditioning is to restrict the fundamental sample
space Ω to a certain subset B ∈ Ω. This means that the support, on which the probability measures defined, is reduced in size. This reduction is achieved by forming the
intersection in the nominator. The denominator, however, is chosen in such a way that
the probability measure on the reduced support B is again correctly normalized:
P(Ω| B) = P( B, B) = 1.

(1.11)

On the reduced support the rules of the game are the same as before. In particular, the
conditional probabilities obey the three axioms by Kolmogorov:
K1: P( A| B) ∈ [0, 1]
K2: P( B| B) = 1
K3: P(∪i Ai | B) = ∑i P( Ai | B) for disjoint events { A1 , A2 , . . .}.
In probability theory the algebraic rules usually commute with the conditioning, that
is, all the formulas that have been derived without conditioning can also be applied if
all arguments are extended by the same condition, for example, if we add everywhere
the condition "given that B", written as (. . . | B). This applies in particular to the addition
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Figure 1.3.: Schematic representation of a pairwise disjoint decomposition { Bi } of the sample space Ω and another
subset A ⊂ Ω.

theorem for probabilities, namely,
P

n
[


Ai B =

∑

(−1)| I |+1 P

I ⊆{1,...,n}

i =1

\


Ai B .

(1.12)

i∈ I

The law of total probability
Similarly trivial but nevertheless remarkable is the so-called Law of the total probability.
Let { Bi } be a pairwise disjoint decomposition of Ω, that is, a set of mutually excludS
ing events (Bi ∩ Bj = ∅) which covers the total sample space ( j Bj = Ω), as shown
in Fig. 1.3. Then we have
(1.13)
∑ P( A| Bj ) P( Bj ) = P( A) .
j

This rule reminds one a little bit of the chain rule for a total differential. For example,
if Bj corresponds to a certain energy of a physical system, one can get rid of the energy
constraint by "integrating" over the condition. We will come back to this elimination of
conditions by integration further below.

Stochastic independence
Two events A and B are called stochastically independent if mutual conditioning has no
effect. For example, when playing dice the probabilities of a die should be independent
from the probabilities of another die. This means that the conditioning of the first die
on the outcome of the other has no effect, i.e.
P( A| B) = P( A) .

(1.14)

Because of Eq. (1.10) this happens if and only if the joint probability
P( A ∩ B) = P( A) P( B)

(1.15)

factorizes. Moreover, this implies immediately that
P( B| A) = P( B) .
Hence stochastic independence is a reflexive relation.
Remember: Stochastic independence ⇔ Factorizing joint probability distributions
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1.1.4. Bayes formula
It is of course not only possible to consider A conditioned on B but we can likewise
consider B conditioned on A. Such a reversal obeys the following equation:
P( B| A) =

P( B ∩ A)
.
P( A)

(1.17)

Since the intersection of sets is commutative we can conclude that
P( A| B) P( B) = P( B| A) P( A) = P( A ∩ B) ,

(1.18)

implying that
P( A| B) =

P( A)
P ( B | A ).
P( B)

This almost trivial relationship is known in the literature
as Bayes-Theorem. Many authors consider this theorem as a
very important one. This importance is related to the fact
that the theorem allows us to reverse the condition, so to
say to convert A| B into B| A and vice versa. For example, if
we knew the statistical distribution of income in the population for a given age, we can use this formula compute
the distribution of ages at a given income.

(1.19)

Offices of Autonomy, Cambridge [Wikimedia]

Remark: The Bayes formula is particularly fascinating for economists. If one knows the
distribution of customers buying a certain range of products, the Bayes theorem allows one
to compute the distribution of products for a given customer, which is important for the
optimization of advertisements.

The reversal of the condition by means of Bayes formula of course requires to know
P( A) and P( B). Because of the popularity of Bayes formula and its broad range of
applications the factors appearing in this formula carry their own names:
• P( A) is the prior distribution, (or short prior) with respect to a certain statement,
which is usually postulated as a hypothesis.
• P( B| A) is the conditional probability (likelihood) of the event B for a given statement A, which is usually available in the form of actual data.
• P( A| B) is the posterior probability by which the hypothesis A is updated when
obtaining the data B.
• P( B) is the normalization which can usually be computed by means of the law
for the total probability given above.
The Bayes formulas is deeply connected with an epistemological interpretation of probability, according to which probabilities always refer to a certain observer. This means
that probabilities can only be defined relative to an expectation or belief of the investigating person. However, in this lecture we will not go into more detail here.

© H AYE H INRICHSEN — P HYSICS OF C OMPLEX S YSTEMS — CC BY-SA 4.0

1.2 Discrete random variables

9

1.2. Discrete random variables
1.2.1. Functions and their corresponding probability distributions
On the probability space (Ω, Σ, P) we can define a function
X : Ω → X (Ω) : ω 7→ x = X (ω )

(1.20)

which associates with every outcome ω of a random experiment a particular element
x of the function’s image. This could be, for example, the displayed value of a digital
voltmeter. In most cases the map is not injective, meaning that several outcomes are
mapped onto the same x. For example, a digital voltmeter will display the same value
for a whole range of slightly different voltages. The corresponding sets
Ex = { ω ∈ Ω | X ( ω ) = x }

(1.21)

are subsets of Ω and therefore can be regarded as events. More specifically, the subset
Ex ∈ Σ represents the event that the experiment has led to an outcome which is mapped
to x. Obviously this event happens with the probability
P ( Ex ) =

∑

Pω

(1.22)

ω ∈ Ex

i.e., this probability is just given by the sum of all the probabilities of all outcomes
which are compatible with the event. Since the events Ex are by definition disjoint, we
can conclude that P( Ex ) obeys the normalization condition

∑

P( Ex ) = 1.

(1.23)

x ∈ X (Ω)

P( Ex ) is the probability distribution of the possible results of X. Alternatively we may
also write
P ( x ) = P ( X = x ) ≡ P ( Ex ) .
(1.24)
In particular the second notation, in which an equation appears as the argument in
round brackets, seems somewhat awkward, but in fact it is frequently used in the
physics literature.
Example: As an example let us again consider an experiment where we throw two dice with
the numbers a, b ∈ {1, 2, 3, 4, 5, 6}. The space of possible outcomes Ω consists of 36 possible
ordered pairs ( a, b), where all elementary events occur with the constant probability of 1/36.
Therefore, we are dealing here with a Laplace experiment. Now we are interested in the sum
s = a + b of the two numbers and the corresponding probability distribution P(s). As one
can figure out easily, one obtains
P(2) = P(12) =

1
,
36

P(3) = P(11) =

2
,
36

P(4) = P(10) =

3
36

(1.25)

4
5
6
, P (6) = P (8) =
, P (7) =
36
36
36
As can be verified, the sum of these probabilities is just equal to 1. Note that the probability distribution P( x ) is not flat since for a given the value of the sum there are obviously
differently many compatible elementary events.
P (5) = P (9) =
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Figure 1.4.: Probability distribution (1.25) for the numerical sum of two dice.

Random variables: Now suppose that the function X maps the outcomes ω onto arithmetic objects which can be combined mathematically like numbers. In this case the
function is denoted as a random variable X. In the simplest case of a real-valued random
variable the possible outcomes are simply mapped onto real numbers. But X could also
be mapped onto integers, complex numbers, and vectors in Rn or Cn . In this context
it is useful to think of x = X (ω ) as a fluctuating variable which continuously takes
different random values.
Example: As we will see later, a physical system in thermal equilibrium can exchange
energy with its environment. Therefore, the energy E is a fluctuating quantity, which here
plays the role of the random variable. The possible energy values E occur in such systems
with a certain probability density P( E), which is, for example, given by a Gibbs-Boltzmann
distribution.

The outcomes of a random experiment, namely, the elements of Ω, constitute a nonordered set. However, when the outcomes are mapped by a function X onto an ordered
set as, for example, N, Z or R, this induces a linear order of the outcomes. In the
case of discrete random variables it is then possible to arrange the events on the onedimensional axis (see example in Fig. 1.4). Plotting the corresponding probabilities P( x )
in perpendicular direction one obtains a graphical representation of the probability distribution, a so-called bar chart.
Example: The six possible results of rolling a die, represented by the six surfaces, do not
have any natural order. Only when printing numbers on the six surfaces, we establish a map
onto integer numbers. This induces a natural order of the outcomes.

1.2.2. Averages and moments
Arithmetic mean and variance
By mapping the outcomes onto numbers it is possible to add the values of the random variable in N subsequent independent random experiments and finally to divide
the sum by N. As everyone knows, this gives the arithmetic mean (also mean value or
average) of the random sequence:
x =

1
N

N

∑ xi .

i =1

© H AYE H INRICHSEN — P HYSICS OF C OMPLEX S YSTEMS — CC BY-SA 4.0

(1.26)

1.2 Discrete random variables

11

If x is obtained Nx times with ∑ x Nx = N, then we can rewrite (1.26) as
x̄ =

1
N

∑

x Nx =

x ∈ X (Ω)

∑ x hx .

(1.27)

x

For ’nicely behaving’systems this arithmetic mean will tend to a well-defined value in
the limit N → ∞. This is the so-called expectation value of X, denoted by the symbol
E( X ) or ⟨ x ⟩:

⟨ x ⟩ = E( X ) := lim

N →∞

1
N

N

∑ xi

∑x
N →∞

= lim

x

i =1

Nx
=
N

∑ x P( x )

(1.28)

x

Remark: The notation with the brackets ⟨. . .⟩ has the advantage that it is possible to specify
the respective random variable as a subscript at the right bracket. This allows one to specify
to which of the random variables the average refers to, for example by writing ⟨ x ⟩ X . This
makes it possible to distinguish different random variables in complex situations. However,
in the following we will omit the index whenever there is no ambiguity in the choice of the
random variable.

Analogously one can also define expectation values for arbitrary functions f ( x ) of random variables:

⟨ f ( x )⟩ = E( f ( X )) = lim

N →∞

1
N

N

∑ f ( xi )

=

i =1

∑ f ( x ) P( x ) .

(1.29)

x

This includes in particular the so-called variance of the distribution, which measures
the mean quadratic deviation of the random variableX from its own expectation value
E( X ):

(1.30)
V( X ) = Var( X ) := E ( X − E( X ))2 = E( X 2 ) − (E( X ))2
The same can be written in the more convenient notation
σ2 : =

( x − ⟨ x ⟩)2

= ⟨ x 2 ⟩ − ⟨ x ⟩2 .

(1.31)

The square root of the variance, the so-called dispersion (German: Standardabweichung)
reads
q
σ =
Var( X ).
(1.32)
Please note that a probability distribution as such does not have a mean value and a
variance, such terms are only meaningful if we have a function that maps the outcomes
onto numbers.

Moments
The quadratic term ⟨ x2 ⟩ which appears in the variance is also known as the second
moment of the random variable. In general the n-th moment is defined as the expectation
value of the n-th power of X:
m n : = E( X n ) = ⟨ x n ⟩ .
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The zero-th moment m0 = 1 is simply the norm. The first moment m1 is the mean value
of the distribution, while the variance can be expressed in terms of σ2 = m2 − m21 .
The example of the variance nicely demonstrates that it is both meaningful and convenient to subtract the average from the random variable before taking the square. Only
then the variance can be used as a measure for the squared width of the distribution
independent from its mean. With this motivation in mind one defines the so-called
central moments

µn := E ( X − E( X ))n = ( x − ⟨ x ⟩)n .
(1.34)
Here we have µ0 = 1, µ1 = 0, and µ2 = σ2 , while µ3 and µ4 are the so-called skewness
and kurtosis of the distribution, respectively. Explicitly the central moments are given
by
n  
n
µn = ∑
(−1)n−k mk m1n−k ,
(1.35)
k
k =0
the first few being given by
µ0 = 1
µ1 = 0
µ2 = m2 − m21
µ3 = m3 − 3m2 m1 + 2m31
µ4 =
µ5 =

− 3m41
m5 − 5m4 m1 + 10m3 m21 − 10m2 m31

(1.36)

m4 − 4m3 m1 + 6m2 m21

+ 4m51 .

We will come back to higher-order moments in a short while in the context of so-called
cumulants.
Both the ordinary (non-centralized) moments mn and the central moments µn are
homogeneous: If we multiply a random variable by a number λ, replacing X by λX, both
types of moments will change by the factor λn :

E( X n ) → E (λX )n = λn E( X n )
⇔
mn → λn mn .
(1.37)
Moreover, if the map X carries a physical dimension, for instance a length with the unit
centimeter, the moments will carry the same dimension raised to the corresponding
power (for example cmn ).

Moment-generating function
The moment-generating function of a random variable X is defined as the expectation
value of the exponential function
MX (t) = E(etX ) = ⟨etx ⟩ ,
provided that this expectation value exists.
Recall:

In mathematics, a generating function is a function in which a given sequence of
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numbers { an } are just the coefficients of the Taylor series of the generating function:
∞

{ a0 , a1 , a2 , . . . } ↔ g ( t ) : =

an n
t
n!
n =0

∑

(1.39)

This allows the sequence to be encoded in terms of a function. For example, the constant
sequence 1, 1, 1, . . . is represented by the generating function g(t) = et . In the literature there
are numerous variants of generating functions which all differ in their n-dependent factor in
the sum. The form given above with the factor 1/n!, on which we will focus in this lecture,
is known as the exponential generating function.

Expanding the exponential function one obtains:1
MX ( t ) =

D

∞

∑

n =0

Xn n E
t
=
n!

∞

⟨Xn ⟩ n
t =
n=0 n!

∑

∞

mn n
t ,
n=0 n!

∑

(1.40)

Therefore, this function does indeed generate the correct moments of the distribution.
Moreover, knowing the function MX (t), it is immediately possible to compute the moments by repeated differentiation:
mk =

dk M X ( t )
dtk

t =0

.

(1.41)

Note that the parameter t has to be set to zero only after carrying out the derivatives.
The beauty of the concept of generating function comes from the fact that many of the
frequently investigated probability distributions have generating functions that can be
written in a closed form, as we will see in the following.

1.2.3. A few examples of discrete probability distributions
Binomial distribution
In what follows let us consider N independent random experiments which produce
the outcomes ’yes’ and ’no’ with probability p and 1 − p, respectively. The probability
PN,p (k ) to observe exactly k experiments with the outcome ’yes’ is given by the wellknown binomial distribution
 
N
N!
PN,p (k ) =
p k (1 − p ) N − k =
p k (1 − p ) N − k .
(1.42)
k
k!( N − k )!
This discrete probability distribution is normalized by
N

∑ PN,p (k) = 1 .

(1.43)

k =0

The mean (first moment) of the binomial distribution reads

⟨ k ⟩ = E( k ) = N p
1 Note

that the second equality in (1.40) is only possible if the series exists and gives a finite value.
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Figure 1.5.: Left: Binomial distribution for n=20 and p = 0.2 (green), p = 0.5 (red) and p = 0.9 (blue). Right: Poisson
distribution for λ = 1 (red), λ = 5 (green) and λ = 12 (blue).

while the variance is given by
σ 2 = ⟨ k 2 ⟩ − ⟨ k ⟩2 = N p (1 − p ) .

(1.45)

The moment-generating function of the binomial distribution can be written in the
closed form
M N,p (t) = (1 − p + p et ) N .
(1.46)

Poisson distribution
The Poisson distribution is defined as the limit of the binomial distribution for small p
and large N and can be interpreted as the ”distribution or rare events“. Starting point
is the observation that the arithmetic mean of the binomial distribution is given by N p.
Setting p = λ/N, where λ > 0 is a fixed parameter, and taking N → ∞ while keeping
the mean constant, one can show that the binomial distribution converges in this limit
towards the distribution
λk −λ
Pλ (k ) =
e
(1.47)
k!
which is known as the Poisson distribution. This distribution is special in so far as its
mean value and its variance coincide:

⟨ k ⟩ = σ2 = λ .

(1.48)

The moment-generating functions read

Mλ (t) = exp λ(et − 1) ,

(1.49)

that is, it consists of two nested exponential functions.
Sketch of a proof: The proof is surprisingly easy: To derive the moment-generating function for the Poisson distribution, we first note that
Mλ (t) = ⟨ekt ⟩ =

∞

∑ ekt Pλ (k)

k =0

= e−λ

∞

λk

∑ ekt k!

.

(1.50)

k =0

On the other hand we know that ekt = (et )k , giving us the possibility to move the contribu-
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tion et into the power λk :
Mλ ( t ) = e − λ

∞

t
t
(λet )k
= e−λ eλe = eλ(e −1) □ .
k!
k =0

∑

(1.51)

1.2.4. Dealing with several discrete random variables
In Statistical Physics one often deals with system which are described by several random variables. For example, a gas in an open container is not only described by a
fluctuating energy but also by a fluctuating number of particles. In such a situation it is
interesting to know whether these quantities are statistically independent or correlated.

Joint probability distribution
Suppose that the sample space Ω is mapped onto several random variables. For example, it may happen that the outcomes ω ∈ Ω are mapped onto ω 7→ x = X (ω ) as
well as onto ω 7→ y = Y (ω ). Of course we can regard the two maps as a single one,
mapping the outcome ω onto a tuple ( x, y). Consequently, each of these tuples can be
interpreted as an event, namely
Ex,y = {ω ∈ Ω| X (ω ) = x ∧ Y (ω ) = y} .

(1.52)

By definition these events define a disjoint decomposition of the sample space.
To each of these events we can assign a joint probability

∑

P( x, y) = P( Ex,y ) = P( Ex ∩ Ey ) =

Pω ,

(1.53)

ω ∈ Ex ∩ Ey

which is normalized by

∑ P(x, y)

= 1.

(1.54)

x,y

Marginal probability distributions
The so-called marginal probability distributions are obtained if only one of the random
variables is considered while the other ones are simply ignored. In our example this
means to consider
P ( x ) = P ( Ex ) =

∑

Pω ,

P(y) = P( Ey ) =

ω ∈ Ex

∑

Pω

(1.55)

ω ∈ Ey

Thus, the marginal probability distributions can be computed from the joint probability
distribution simply by ”integrating out“ the random variables that are ignored, e.g.
P( x ) =

∑ P(x, y) ,
y

P(y) =

∑ P(x, y)
x
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Sketch of a proof: Since all events of Y are by definition disjoint, we have:
P( x ) =

∑ p(x, y) = ∑ ∑
y

Pω =

y ω ∈ Ex ∩ Ey

∑S

ω ∈ Ex ∩(

Pω =
y

Ey )

∑

ω ∈ Ex ∩ Ω

Pω = P( Ex ) .

(1.57)

The same applies to P(y).

Moments of joint probability distributions
As before, the moments of the random variables X and Y are defined as the expectation
values of x n and yn . This can be seen as follows:
mnX = ⟨ x n ⟩ =

∑ xn P(x, y) = ∑ xn P(x)

(1.58)

∑ yn P(x, y) = ∑ yn P(y)

(1.59)

x,y

mYn = ⟨yn ⟩ =

x

x,y

y

where we have used Eq. (1.56) for marginalization. Note that the sums run over all
possible values of the corresponding random variables. In addition, there are so-called
mixed moments defined as
mnXY
= ⟨ x n1 y n2 ⟩ =
1 ,n2

∑ xn yn P(x, y) .
1

2

(1.60)

x,y

Clearly, th mixed moments contain the marginal moments (1.58)-(1.59) as special cases.
These mixed moments can be expressed in terms of partial derivatives
mnXY
=
1 ,n2

∂ n1 ∂ n2
MXY (t1 , t2 )
∂t1n1 ∂t2n2

t1 = t2 =0

,

(1.61)

where MXY (t1 , t2 ) = ⟨e xt1 +yt2 ⟩ is the moment-generating function of the joint probability distribution.

1.2.5. Arithmetic operations on random variables
In many cases it is possible to connect both random variables X and Y by arithmetic
operations. For example, if x and y are both real numbers, we could simply add them
up. Obviously the sum is a random variable in itself, leading to the question how its
probability distribution would look like.
Of course it is also possible to multiply two random variables or, in general, to combine them by means of an arbitrary function f . Again the question would be how the
probability distribution P(z) of the result
Z = f ( X, Y )

(1.62)

would look like. The answer is quite simple: In order to compute P(z), we only have
to add up all individual joint probabilities of x und y for which f ( x, y) acquires the
value z. In other words, P(z) is the sum of all joint probabilites P( x, y) = P( X ∩ Y ) for
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which f ( x, y) = z:

∑

P(z) =

P( x, y) .

(1.63)

x,y| f ( x,y)=z

Formally this can be implemented by first summing over all possible pairs ( x, y) and
then to select the desired contributions in the two-fold sum with the help of a Kroneckerδ:
P(z) = ∑ ∑ δz, f (x,y) P( x, y)
(1.64)
x

y

In other words, a Kronecker-δ is used as a filter to select the relevant contributions.

Addition of random variables

In practice one is often confronted with the problem that two random variables are
added. The new random variable Z = X + Y is then characterized by the probability
distribution
P(z) = ∑ ∑ δz,x+y P( x, y) .
(1.65)
x

y

Remember: What we see here is in fact a frequently used trick. First the summation is
carried out over all possible results so that the sum would simply be given by the norm 1.
Then one inserts a Kronecker-δ (or, later in the continuum case a Dirac-δ) which restricts the
summation to those contributions which give the wanted result. In other words, one uses
the δ-function as a conditional filter.

In the special case where the two random variables take integer values in Z, the sum
can be evaluated to
∞

P(z) =

∞

∞

∑ ∑

x =−∞ y=−∞

δz,x+y P( x, y) =

∑

P( x, z − x ).

(1.66)

x =−∞

Thus, by evaluating the sum we have eliminated the δ-contribution and reduced the
two-fold sum to a single sum.
Since the calculation of an expectation value is a linear operation, the first moment
(the mean value) of added random variables is also additive:
Z = X+Y

⇒

E ( Z ) = E ( X ) + E (Y )

or

⟨ z ⟩ = ⟨ x ⟩ + ⟨ y ⟩.

(1.67)

This does not apply to the second moment, where the expression

⟨z2 ⟩ = ⟨ x2 ⟩ + 2⟨ xy⟩ + ⟨y2 ⟩

(1.68)

is not equal to ⟨ x2 ⟩ + ⟨y2 ⟩ because of the mixed terms. The same applies to higher
moments: they are not additive under addition of random variables.
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Multiplication of random variables
Multiplying two discrete random variables Z = XY we proceed analogous to Eq. (1.65),
obeying the probability distribution
P(z) =

∑ ∑ δz,xy P(x, y) ,
x

(1.69)

y

where we replaced the sum x + y in the δ-function simply by the product xy. Note that
the mean of multiplied random variables is usually not multiplicative since

⟨z⟩ =

∑ zP(z)

=

z

∑ ∑ ∑ zδz,xy P(x, y)
z

x

y

=

∑ ∑ xyP(x, y)
x

(1.70)

y

is generally different from ⟨ x ⟩⟨y⟩. However, if both random variables are statistically
independent, meaning that their joint probability P( x, y) = P( x ) P(y) factorizes, it is
clear that also the mean will factorize, i.e.
Statistical independence

⇒

⟨ xy⟩ = ⟨ x ⟩⟨y⟩.

(1.71)

Therefore we can use the factorizing mean values as a necessary criterion for statistical
independence. Note that the reverse implication is not necessarily true.
Similar arguments hold for the product Z = f ( X ) g(Y ) of functions of the two random
variables. As can be shown easily, also in this case statistical indepence implies that the
mean values factorize:
Statistical independence

⇒

f ( x ) g(y) = ⟨ f ( x )⟩ ⟨ g(y)⟩.

(1.72)

Again note that this statement does not generally hold in opposite direction.

Factorization of the moment-generating functions for the sum of statistically
independent random variables
Since Eq. (1.72) holds for arbitrary functions, it will hold in particular for the exponential function. Choosing f ( x ) = g( x ) = etx we obtain

⟨et(x+y) ⟩ = ⟨etx ety ⟩ = ⟨etx ⟩⟨ety ⟩ ,

(1.73)

provided that X and Y are statistically independent. This implies that the momentgenerating function factorizes under addition (not under multiplication!) of two statistically independent random variables:
Statistical independence

⇒

MX +Y (t) = MX (t) MY (t) .

(1.74)

This remarkable formal property holds for the moment-generating function but not for
the moments themselves, the reason being that on the right hand side the two Taylor
series have to be multiplied, generating a large number of mixed terms.
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1.2.6. Cumulants
Cumulants are like moments, only better. Like the moments mn the cumulants κn characterize the form of a probability distribution. However, as we will see in a moment, they
have a much simper transformation behavior and they can also be interpreted more
transparently. Nevertheless it is very likely that some of you do never heard about
cumulants.
Cumulants are most easily defined in terms of their generating function KX (t). This
generating function is very simple, namely, it is nothing but the logarithm of the momentgenerating function:
KX (t) = ln MX (t) = ln E(etX ) = ln⟨etx ⟩.

(1.75)

Remark: Please note that the logarithm is a nonlinear function and thus it cannot be pulled
inside the expectation value, i.e., in general we have ln⟨etx ⟩ ̸= ⟨ln etx ⟩.

The cumulants κn are just the coefficients of the corresponding Taylor series
∞

KX (t) =

κn n
t
n!
n =1

∑

(1.76)

and therefore, just like the moments, they can be obtained by taking the n-th derivative:
κn =

∂n
KX (t)
∂tn

t =0

.

(1.77)

In particular we have KX (0) = ln 1 = 0 so that the zeroth cumulant always vanishes:
κ0 = 0.

(1.78)

Like moments the cumulants are homogeneous, i.e., if a random variable is multiplied
by a number λ, the cumulants scale with a factor λn :
X → λX

⇒

κn → λn κn .

(1.79)

Moreover, if a random variable X carries a dimension (a physical unit), then both the
cumulants and the moments carry this dimension raised to the n-th power. If square
brackets are understood as denoting something like "the unit of", then we may simply
write:
[ m n ] = [κ n ] = [ X ] n .
(1.80)

Relating cumulants and moments
By means of the recursion relation (without proof)
n −1

κn = mn −

∑

m =1




n−1
κ m mn−m
m−1
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it is possible to express cumulants as finite linear combinations of the (non-central)
moments. The first few cumulants expressed in terms of moments are given by
κ 1 = m1
κ 2 = m2 − m1 2
κ3 = m3 − 3m2 m1 + 2m1 3
2

(1.82)
2

κ4 = m4 − 4m3 m1 − 3m2 + 12m2 m1 − 6m1

4

κ5 = m5 − 5m4 m1 − 10m3 m2 + 20m3 m1 2 + 30m2 2 m1 − 60m2 m1 3 + 24m1 5 .
As can be seen, the first cumulant κ1 and likewise the first moment m1 is nothing but
the arithmetic mean of the distribution. The second cumulant, however, is not equal to
the second moment, instead it just gives the variance of the distribution:
κ 1 = E( X ) ,

κ 2 = V( X ) .

(1.83)

This means that the second cumulant subtracts automatically the average, rendering
the correct central moment κ2 = µ2 . Roughly speaking the second cumulant gets it
right by itself.
The higher cumulants, however, differ from the corresponding central moments. For
example, we have
κ 2 = µ2
κ 3 = µ3
κ4 = µ4 − 3µ2 2
κ5 = µ5 − 10µ3 µ2

(1.84)

Therefore, it is important to note that cumulants must not be confused with central
moments.
Remark: Here you can already see the deeper meaning of cumulants. The idea of introducing the variance was to define and measure for the width of the fluctuations independent
from the arithmetic mean. To this end it was near at hand to subtract the mean value. This
idea inspired people to define the so-called central moments as the moments of X − ⟨ x ⟩.
Of course this ensures that these quantities are independent from the actual value of the
arithmetic mean.
However, the central moments are not as perfect as it seems. This can be seen in the example
of the third noncentral moment. The third noncentral moment is known to describe the
skewness (tilt) of the distribution. Obviously this moment depends also implicitly on the
average and on the width of the fluctuations (variance) of the distribution. And passing to
the third central moment, it is clear that the dependence on the average has been eliminated,
but the quantity still depends on the variance. In other words, the third moment is sensitive
to both the width of the distribution and its skewness. If we were to eliminate the latter, then
it turns out that we obtain just the third cumulant. Again the third cumulant is built in such
a way that it gets it right by itself.
And here we go: the fourth noncentral moment quantifies the kurtosis of a probability distribution. But in addition this moment depends also on the average of the distribution, on
its with (variance) and on its skewness. Subtracting these three influences in an appropriate
manner one arrives at the fourth cumulant which depends exclusively on the kurtosis.
Therefore we arrive at the conclusion that the cumulants are the "clean" observables which
quantify the average, the width, the skewness, and the kurtosis without implicit dependencies on each other. This means that the cumulants automatically destill the relevant proper-
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ties of a probability distribution.

Likewise, one can represent the moments as linear combinations of the cumulants. In
this case all terms appearing on the right-hand side are positive:
m1 = κ 1
m2 = κ2 + κ12
m3 = κ3 + 3κ2 κ1 + κ13
m4 = κ4 + 4κ3 κ1 + 3κ22 + 6κ2 κ12 + κ14
m5 =

κ5 + 5κ4 κ1 + 10κ3 κ2 + 10κ3 κ12

(1.85)

+ 15κ22 κ1

+ 10κ2 κ13

+ κ15

Remark: On the information content of moments and cumulants:
It is frequently said that a probability distribution is completely characterized by its moments or cumulants. Therefore, knowing all cumulants or moments, it should be in principle possible to reconstruct the probability distribution. However, this is not completely
correct. A counterexample was found in 1963 by Heyde [10], who constructed two different
probability distributions which nevertheless coincide and all the moments and cumulants.
Nevertheless such examples are quite exotic. Therefore, in practice it is reasonable to assume
that moments or cumulants fix the form of the probability distribution (almost) completely.

Behavior of the cumulants in the case of statistical independence
For statistically independent random variables X and Y we have


KZ (t) = ln⟨et(x+y) ⟩ = ln ⟨etx ⟩⟨ety ⟩ = ln⟨etx ⟩ + ln⟨ety ⟩

(1.86)

where we have used Eq. (1.72),i.e., when two random variables Z = X + Y are added,
the corresponding cumulant-generating functions will be also additive:
Statistical independence

⇒

K Z ( t ) = K X ( t ) + KY ( t ) .

(1.87)

The same conclusion can also be derived directly by taking the logarithm in Eq. (1.74):
MX +Y (t) = MX (t) MY (t)

⇒

K Z ( t ) = K X ( t ) + KY ( t ) .

(1.88)

From the additivity of the generating functions and from the assumption of statistical
independence we can derive immediately the additivity of all cumulants:
Statistical independence

⇒

κnX +Y = κnX + κnY .

(1.89)

The same applies for the addition of more than two random variables. Note that this
nice property does not hold for the moments of the probability distribution, demonstrating again why cumulants are much more natural and powerful than moments.

If we add statistically independent random variables
the corresponding cumulants simply add up.
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Adding many identically distributed random variables

Think of a soccer stadium in which the spectators
produce statistically independent noise, for example by clapping their hands. Every spectator, enumerated by i = 1, . . . , N generates a statistically independent random signal Xi of which we shall assume that the probability distribution P( Xi ) = PX
is identical for all spectators and that the average
κ1X = ⟨ x ⟩ = 0 vanishes. Since acoustic signals simply add up, we expect to hear the sum

Soccer stadium [Wikimedia]

N

Z=

∑

Xi .

i =1

Since in the case of statistical independence the corresponding cumulants simply add
up, we have
κnZ = NκnX ,
(1.90)
i.e., all cumulants of the probability distribution of Z grow linearly with N. This applies
in particular
for the second cumulant, namely, the variance. The width of the fluctuaq
√
tions κ2Z , which can be thought of as the ”amplitude“ of Z, therefore scales as N.
√
Hence it is meaningful to normalize this amplitude by N:
1
Z̃ := √ Z .
N

(1.91)

Although this scaled signal Z̃ is now normalized to constant volume, the texture of the
sound would still depend on N, leading to the immediate question which type of sound
we would get in the limit of infinitely many people, that is, how we would perceive the
sound of N → ∞ spectators clapping their hands. To answer this question we use
the homogeneity (1.79), telling us that if we multiply the signal by N −1/2 , we have to
multiply the corresponding cumulants by N −n/2 :
κnZ̃ = N −n/2 κnZ = N 1−n/2 κnX .

(1.92)

This means that in the limit N → ∞ only a single cumulant will survive, namely, the
variance κ2 , while all other cumulants tend to zero (note that the mean value will not
diverge since we have assumed that κ1 = 0. Moverover, we assumed all cumulants
to be finite). Therefore, in the limit N → ∞ the superposed normalized sound will
tend towards a well-defined distribution. As we will see, this distribution describes socalled white noise. This fundamental circumstance is at the core of the so-called central
limit theorem, that will be addressed below.
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1.3. Continuous random variables and probability densities
A continuous random variable is a random variable that can acquire not only a finite set
of discrete values but rather a continuum of infinitely many values. A well-known
example is a random number generator on a computer which produces real random
numbers between zero and one (although in reality these real numbers are quantized
in tiny steps of the machine precision).
What is the probability that such a random number generator renders exactly the
value 1/2? At least theoretically this probability should vanish identically because this
would require infinitely many digits after the decimal point to be zero, – a situation
which is very unlikely. Therefore, the probability measure for a particular number is
always zero and therefore it has no immediate meaning.
This example nicely demonstrates that for continuous random variables the concept of
absolute probabilities is not applicable and has to be replaced by the concept of probability densities (probability density functions, PDFs).

1.3.1. Probability density function (PDF)
Before giving the definition let us introduce some notations. The probability density function or short probability density of a continuous random variable X will be denoted in the
following with a lowercase letter p( x ) [other commonly used notations include f ( x ) as
well as ρ( x )]. If it is required to indicate which of the random variable a given probability density refers, we will optionally add the name of the random variable as a
subscript, writing for example p X ( x ).
A PDF can be defined operationally as follows. If p( x ) of a continuous random variable is known, it allows us to compute the probability that the random variables renders
result in a certain interval [ a, b]. This probability can be computed simply by integrating
over the interval
Z
P( X ∈ [ a, b]) =

b

a

p( x ) dx .

(1.93)

For infinitesimal intervals we therefore obtain a differential relation
P( X ∈ [ x, x + dx ]) = p( x ) dx .

(1.94)

The normalization condition reads
Z +∞
−∞

p( x ) dx = 1 .

(1.95)

Remark: In contrast to absolute discrete probabilities, which are by definition restricted to
the range between 0 and 1, and which are always dimensionless, probability densities can
acquire any nonnegative numerical value. Moreover, if the random variable x possesses a
physical unit [ x ], then the corresponding probability density carries the corresponding inverse dimension. For example, if x describes the length, then the corresponding probability
density carries the dimension 1/length. Thus, in general we have

[ p( x )] = [ x ]−1 .
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Mean values, variance, moments, and cumulants of continuous random variables
Moments and cumulants are formed in the same way as in the discrete case. All what
we have to do is to replace the sums by integrals. For example, the mean value (expectation value) of a continuous random variable is given by
Z +∞

⟨ x ⟩ = E( X ) =

x p( x ) dx .

−∞

(1.97)

The moments are defined analogously:
mn =

Z +∞
−∞

x n p( x ) dx .

(1.98)

As usual, the variance is given by
σ2 = V( X ) = m2 − m21 =

Z +∞ 
−∞

x − ⟨x⟩

2

p( x ) dx .

(1.99)

As before, moments can be interpreted as the Taylor coefficients
dn M X ( t )
dtn

mn =

t =0

(1.100)

of a moment-generating function
xt

MX ( t ) = ⟨ e ⟩ =

Z +∞
−∞

e xt p( x ) dx .

(1.101)

The corresponding cumulant-generating function is again given by the logarithm of the
moment-generating function:
KX (t) = ln MX (t) .
(1.102)
As in the discrete case the cumulants can be represented as finite linear combinations
of moments, as listed in Eq. (1.82).
Remark: For the computation of moments and cumulants one can often exploit the symmetries of the probability density. For example if it is known that the probability density
is symmetric, i.e. p( x ) = p(− x ), then it follows automatically that all odd moments and
cumulants vanish identically.

Relationship between continuous and discrete probability distributions
A discrete random variable X, which renders results x with certain finite probabilities
P( x ), can be described equivalently by the following continuous probability density:
p( x ) =

∑′ δ(x − x′ ) P(x′ ) .
x
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Here δ( x ) is the Dirac delta function while the sum runs of all possible values of the
discrete random variable X. Obviously this is just a superposition of δ-peaks. If the
sequence of delta functions is inserted into the above formulas for the calculation of the
continuous moments and cumulants, the occuring integrals are automatically reduced
to discrete sums. Thus, the integrals in the continuous formalism are consistently converted into discrete sums by means of the Dirac δ functions, proving the compatibility
of the discrete and continuous approaches.
Recall: Dirac delta function: Recall that the Dirac δ-function can be interpreted as an infinitely high but infinitely narrow peak with unit area. It is symmetric and obeys the following defining property:
Z +∞
−∞

δ( x − a) f ( x ) = f ( a) ,

δ( ax ) =

1
δ( x )
| a|

Example: The continuous probability density of a die reads

1
δ ( x − 1) + δ ( x − 2) + δ ( x − 3) + δ ( x − 4) + δ ( x − 5) + δ ( x − 6)
p( x ) =
6
It gives just a sum of six δ-peaks located at x = 1, 2, 3, 4, 5, 6. The mean value of the results is
given by
Z +∞
Z +∞
1 6
1 6
7
⟨x⟩ =
x p( x ) dx = ∑
x δ( x − n) = ∑ n = .
6
6
2
−∞
n =1 − ∞
n =1
As one can see, the Dirac δ-functions automatically the continuous integration to a finite
sum.

Cumulative distribution function (CDF)
Alongside with the continuous probability density function (PDF) one also frequently
studies the so-called cumulative distribution function (CDF), which is defined as the integral over the probability density function with a free upper bound:
C ( x ) = P( X ≤ x ) =

Z x
−∞

p( x ′ ) dx ′ .

(1.104)

Illustratively stated this CDF just gives the probability for everything what is located
left from the value x. The CDF always starts with the value 0 and ends at 1 (see Fig. 1.6).
Moreover, it follows immediately from the above definition that the original probability
density is nothing but the derivative of the cumulative probability function.
p( x ) =

d
C(x)
dx

(1.105)

Remark: When real or numerically obtained data is plotted in the cumulative representation, the resulting graphs tend to be smoother and more pleasant than the one of the bare
PDF. This applies in particular to those cases where the probability density exhibits strong
fluctuations (spiky or noisy distributions). Likewise, numerical inaccuracies are less obvious in cumulative representations. Therefore, if you encounter CDF’s you should take this
aspect into account. Some people intentionally use CDF’s to hide the noisiness of their data.
It is one of many ways to manipulate he human perception of statistical facts.

Although the cumulative distribution function of a probability density does in principle
exist, the formal integration in Eq. (1.104) does not always give a result that can be
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Figure 1.6.: Left: PDF of the normal distribution (Gaussian bell curve) for σ = 12 , σ = 1 and σ = 2.
Right: Corresponding CDF of the normal distribution (error function).

written down in a closed form. This applies already to the normal distribution.

1.3.2. Examples of continuous probability density functions
Normal distribution
The probably most important PDF is the normal distribution. The standard form of the
normal distribution (which you should know by heart) reads
1 2
1
p( x ) = √ e− 2 x .
2π

(1.106)

The standard version has a vanishing mean value and unit variance. The somewhat
more general form with an arbitrary variance σ2 can be obtained by simple rescaling
(see Fig. 1.6):
1
− 1 x2
p( x ) = √ e 2σ2 .
(1.107)
σ 2π
Finally, if we would like to have a non-vanishing mean value µ, we simply have to shift
the above formula by replacing x → x − µ.
If you were trying to compute the CDF of the normal distribution with the help of
Mathematica® , you would get the result
Z a
−∞

p( x ) dx =

1
a 
,
1 + erf √
2
2

(1.108)

where ’erf’ stands for the so-called error function. This error function, however, is
nothing but a shortcut for the integral given above which cannot be computed in a
closed form unless the integration bounds are infinite.
Remember: The integral over a normal distribution in the bounds −∞ . . . + ∞ is equal to
1. However, in general finite bounds the integral cannot be solved in a closed form.

The normal distribution possesses the moment-generating function
1 2 2
t

M(t) = e 2 σ
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which again looks like a Gaussian but without the minus sign in the exponent. As will
see throughout these lectures, the normal distribution plays an important role in statistical physics. This can be traced back to the central limit theorem, as will be discussed
below.

Exponential distribution
The exponential distribution is defined on the interval x ∈ [0, ∞] and is characterized
by an exponentially decaying probability density:
p( x ) = λe−λx .

(1.110)

Here λ is a parameter which controls the width of the distribution. The moments of the
exponential distribution are simply given by
mn =

n!
.
λn

(1.111)

1.3.3. Transformation of probability densities
In practice one is often confronted with situations where one has to map a continuous
random variable to another one by means of a function f :
Y = f (X) .

(1.112)

This means that for every random value x is mapped onto a corresponding random
value y = f ( x ), leading to the question how these y-values are distributed. For a given
probability density p X ( x ) we would therefore like to compute the corresponding probability density pY (y). In the following the lower subscripts shall help us to distinguish
the two probability densities.

Transformation law for monotonous functions
For simplicity let us assume that the function f increases monotonically. In this case the
events in the interval x ∈ [ a, b] will be mapped by f onto the interval y ∈ [ f ( a), f (b)].
Clearly, the probability for this to happen has to coincide in both representations:
Z b
a

p X ( x ) dx =

Z f (b)
f ( a)

pY (y) dy .

(1.113)

This identity holds for arbitrary a, b in the definition range and therefore also for infinitesimal intervals:
Z x+ dx
x

p X ( x ) dx =

Z f ( x+dx)
f (x)

pY (y) dy ,
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p(x)

p(y)

f

x

y

Figure 1.7.: Transformation of a constant probability density between 0 and 1 mapped to the interval (1, e) by means
of the exponential function y = e x . As one can see, the transformed probability density pY (y) is no longer
constant.

where f ( x + dx ) = f ( x ) + f ′ ( x ) dx. Since the integrands can be assumed to be constant
on infinitesimal intervals, this implies the differential relation

p X ( x ) dx = pY f ( x ) f ′ ( x ) dx .
(1.115)
This differential relation is valid for monotonously increasing functions. Similarly, for
monotonously decreasing functions we would have to add a minus sign on the righthand side. Both cases can be combined if we replace ± f ′ ( x ) by the absolute value of
the first derivative:

p X ( x ) dx = pY f ( x ) | f ′ ( x )| dx .
(1.116)
As we are physicist, we are allowed to ’cancel out’ the differential dx, obtaining the
transformation formula

p X ( x ) = pY f ( x ) | f ′ ( x )|

or

pY ( y ) =

pX (x)
p X ( f −1 (y))
=
.
| f ′ ( x )|
| f ′ ( f −1 (y))|

(1.117)

These formulas are valid for monotonously increasing and decreasing functions which
are continuously differentiable. For non-monotonous functions one has to divide the
definition range of the function f into monotonous intervals which then have to be
treated separately.

Example: The exponential function
As an example let us consider a constant probability density between 0 and 1, as it is
produced by standard random number generators on a computer:
(
1 for x ∈ [0, 1]
pX (x) =
(1.118)
0 otherwise
Now let us map these random numbers by means of an exponential function y = e x
onto the interval y = [1, e]. This process is illustrated in Fig. 1.7. In the left part of the
figure the x-interval is divided into many equally sized small intervals. As one can see,
these intervals are mapped by the function y = f ( x ) = e x to certain intervals along the
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y axis. The intervals at the y-axis have different sizes which obviously depend on the
slope of the function.
In order to compute pY (y) we use the formula
pY ( y ) =

p X ( f −1 (y))
.
| f ′ ( f −1 (y))|

(1.119)

For x ∈ [0, 1] we have p X ( x ) = 1. In addition the relations f ′ ( x ) = e x and f −1 (y) = ln y
hold, giving the denominator | f ′ ( f −1 (y))| = y. Consequently we have
(
1/y for y ∈ [1, e]
pY ( y ) =
(1.120)
0
otherwise .
Therefore, the new probability density is not equally distributed. However, as can be
verified easily, it is automatically correctly normalized.

Example: Log-Normal distribution
If Y ∈ (−∞, ∞) is a normally distributed random variable, then the corresponding exponentiated random variable X = eY ∈ (0, ∞) is characterized by a probability density
which is referred to as the log-normal distribution. The corresponding probability density
reads
 (ln x )2 
1
√ exp −
p( x ) =
.
(1.121)
2σ2
xσ 2π
The original symmetry of the normal distribution now manifests itself in the form of
the relation
p(1/x ) = x2 p( x ) .
(1.122)

Example: Rescaling a probability density
An important special case of mapping is to rescale a probability density. In this case the
random variable X is simply multiplied by a constant factor λ:
y = f ( x ) = λx .

(1.123)

Applying the formulas (1.117) we obtain:
pY ( y ) =

pX (x)
1 y
= pX
λ
λ
λ

⇔

p X ( x ) = λpY (λx ) .

(1.124)

The interpretation is easy: For λ > 0 the width of the probability density increases
which goes together with the reduction of the height in order to preserve the normalization.
Remark: Physicist like to use the notation x → λx. What they really mean is that
x → y = λx ,
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and then they implicitly rename the new variable y immediately back to the old one. However, this compact notation can lead to misunderstandings because it is not always clear
whether p( x ) stands for the old or the rescaled probability density. Therefore, it is sometimes better to use different variables.

1.3.4. Dealing with several continuous random variables
The handling of several continuous random variables is completely analogous to the
discrete case discussed above. We will summarize here the main facts:

Joint probability density
In the following let us consider two continuous random variables X and Y. The statistical properties of these random variables is described by the joint probability density
p XY ( x, y) or short p( x, y) which is a function of two arguments. This joint probability
density is defined in such a way that
P( x ∈ [ a, b] ∧ y ∈ [c, d]) =

Z b
a

dx

Z d
c

dy p( x, y) .

(1.125)

Consequently we can regard p( x, y) dx dy as the infinitesimal probability that the two
random variables are found simultaneously in the intervals [ x, x + dx ] and [y, y + dy].
The joint probability densities is normalized by
Z +∞
−∞

dx

Z +∞
−∞

dy p( x, y) = 1.

(1.126)

This concept can be generalized easily to N random variables X1 , X2 , . . . X N which are
described by the joint probability density p( x1 , x2 , . . . , x N ). In this situation it is useful
to summarize the random variables formally in form of an N-dimensional vector ⃗
X=
{ X1 , X2 , . . . X N }. Denoting the corresponding probability density simply as p(⃗x ), the
corresponding normalization condition reads
Z +∞
−∞

d N x p(x) =

Z +∞
−∞

dx1 · · ·

Z +∞
−∞

dx N p( x1 , . . . , xn ) = 1 .

(1.127)

Marginal and conditional probability densities
Since random variables can produce per definition only mutually excluding events (see
p. 15), it is possible to obtain a probability density for one of the two random variables
by integrating out the other one:
p( x ) = p X ( x ) =

Z +∞
−∞

p( x, y) dy ,

p ( y ) = pY ( y ) =

Z +∞
−∞
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As before, these are the so-called marginals of the joint probability density. This allows
us to define conditional probability densities in a completely analogous manner:
p( x |y) =

p( x, y)
,
p(y)

p( x, y)
p( x )

p(y| x ) =

(1.129)

Again these conditional probability densities obey the law of the total probability:
p( x ) =

Z +∞
−∞

p( x |y) p(y) dy ,

p(y) =

Z +∞

p(y| x ) p( x ) dx

−∞

(1.130)

Moments and cumulants of multi-variable probability densities
For systems with two random variables X and Y we do not only have the ordinary
moments
mnX

n

= ⟨x ⟩ =

Z +∞
−∞

n

x p( x ) dx

mYn

and

n

= ⟨y ⟩ =

Z +∞
−∞

yn p(y) dy ,

(1.131)

but also mixed moments, so-called joint moments (cf. Sec. 1.2.4 on page 16). These
moments have two indices and are defined as follows:

= ⟨ x n1 y n2 ⟩ =
mnXY
1 ,n2

Z +∞ Z +∞
−∞

−∞

x n1 yn2 p( x, y) dx dy .

(1.132)

Like ordinary moments the mixed moments can be interpreted as the coefficients of a
Taylor series of a moment-generating function
∞

MXY (t1 , t2 ) =

∞

mnXY
,n
∑ ∑ n1 !n1 22! t1n1 t2n2
n1 =0 n2 =0

(1.133)

which now depends on two variables. A simple calculation shows that
∞

MXY (t1 , t2 ) =

∞

⟨ x n1 y n2 ⟩
∑ ∑ n1 !n2 ! t1n1 t2n2 =
n1 =0 n2 =0
∞

=

∑

n1 =0

x n1 n1
t
n1 ! 1

∞

∑ ∑

n1 =0 n2 =0

∞

y n2 n2
t2
∑
n2 =0 n 2 !

∞

=

x n1 y n2 n1 n2
t t
n1 !n2 ! 1 2

e xt1 eyt2

=

(1.134)

e xt1 +yt2 ,

where we have again assumed that the series exists. Again the moments can be obtained by calculating the partial derivatives and then setting the parameters to zero:
mnXY
=
1 ,n2

∂ n1 ∂ n2
MXY (t1 , t2 )
∂t1n1 ∂t2n2

t1 = t2 =0

.

(1.135)

As before (see Eq. (1.61) the cumulant-generating function is defined as the logarithm
of the moment-generating function
KXY (t1 , t2 ) = ln MXY (t1 , t2 ) .
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Figure 1.8.: Joint probability density p( x, y) of two statistically independent random variables. In the upper left panel
you can see the marginal probability densities p( x ) and p(y) which were used to form p( x, y) = p( x )(y).
This joint probability density is shown in the right panel in a three-dimensional representation. However, a
two-dimensional density plot is sometimes more meaningful, as shown in the lower left panel, because in
this representation the fingerprint of being uncorrelated is the visual appearance like a ’tablecloth’.

Likewise the cumulants can be computed by means of partial derivatives:

=
κnXY
1 ,n2

∂ n1 ∂ n2
KXY (t1 , t2 )
∂t1n1 ∂t2n2

t1 = t2 =0

.

(1.137)

For N random variables ⃗
X = ( X1 , . . . , X N ) it is convenient to specify the moments
m⃗n = ⟨∏iN=1 xini ⟩ in terms of a vector–like multi-index ⃗n = (n1 , . . . , n N ). The moments
can be obtained from the moment-generating function M (⃗t) = ⟨e⃗x·⃗t ⟩, where the dot in
the exponential function denotes an ordinary scalar product. As in the discrete case the
cumulant-generating function K (⃗t) is simply given by the logarithm of the momentgenerating function:
K (⃗t) = ln M(⃗t) .
(1.138)

Statistical independent continuous random variables
Two random variables X and Y are statistically independent if they obey the condition
P( x ∈ [ a, b] ∩ y ∈ [c, d]) = P( x ∈ [ a, b]) P(y ∈ [c, d]), meaning that the joint probability
density factorizes
X, Y statistically independent

⇔

p( x, y) = p( x ) p(y)
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By inserting Eq. (1.132) one can immediately see that the mixed moments factorize as
well:
mnXY
= mnX1 mYn2 .
(1.140)
1 ,n2
The same applies to the moment-generating function:
MXY (t1 , t2 ) =

e xt1 eyt2

=

e xt1

eyt2

= MX (t1 ) MY (t2 ) .

(1.141)

In the case of statistical indepence the corresponding cumulant-generating function
KXY (t1 , t2 ) = ln MXY (t1 , t2 ) is therefore additive:
KXY (t1 , t2 ) = KX (t1 ) + KY (t2 ) .

(1.142)

If this relation is inserted into Eq. (1.137), one can immediately see that in the case
of statistical independence all truly mixed cumulants κn1 ,n2 (i.e., those for which both
indices are different and nonzero) vanish identically. Also in this respect cumulants are
superior to moments.

Correlation functions
Expectation values of products of random variables are denoted as correlation functions.
A well-known example is the correlation of two spins si and s j ∈ ±1 at the positions
i and j on a lattice: When the expectation value ⟨si s j ⟩ is positive, this means that both
spins will preferentially point into the same direction. Contrarily, if the expectation
value is negative, we will preferentially find both spins oriented in opposite directions.
In general a correlation function of two random variables is defined as the expectation value of their product:
CXY = ⟨ xy⟩ = E( XY ).
(1.143)
XY . In addition, if the two
Thus the correlation function is nothing but the moment m1,1
random variables are statistically independent, this moment will factorize according to
Eq. (1.140), meaning that the correlation function factorizes as well:

X, Y statistically independent

⇒

CXY = ⟨ x ⟩⟨y⟩

(1.144)

Here two aspects have to be taken into account. On the one hand the factorization of
the correlation function is a necessary but not sufficient condition for statistical independence. On the other hand, a correlation function could be nonzero even in the case
of statistical independence. For example, the correlator CXY for two independently
thrown dice equals (7/2)2 > 0. For this reason it is convenient to subtract the expectation value of the product that one would obtain in the case of statistical independence.
The resulting difference is known as the connected part of the correlation function:
conn.
CXY
= ⟨ xy⟩ − ⟨ x ⟩⟨y⟩ .

(1.145)

Remark: This naming comes from field theory. In field theory correlation functions are
represented by Feynman diagrams. It turns out that bare correlation functions are generally represented by non-connected Feynman graphs while taking the difference as described
above corresponds to taking to connected Feynman diagrams.
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conn. equals the
As can be shown easily, the connected part of the correlation function CXY
XY
cumulant κ1,1 .

Sketch of a proof:
XY
κ11

=
=
=

i
∂ ∂
∂ h
1
∂
ln MXY (t1 , t2 )
=
MXY (t1 , t2 )
∂t1 ∂t2
∂t1 MXY (t1 , t2 ) ∂t2
t1 = t2 =0
t1 = t2 =0



1
∂
∂
1
∂ ∂
− 2
MXY (t1 , t2 )
M (t , t ) +
M (t , t )
∂t2 XY 1 2
MXY (t1 , t2 ) ∂t1 ∂t2 XY 1 2
MXY (t1 , t2 ) ∂t1
XY XY
XY
XY
−m1,0
m0,1 + m1,1
= m1,1
− m1X mY1

(1.146)

This is plausible since both the mixed cumulants and the connected correlation functions are constructed in such a way that they vanish in the case of statistical independence. Here we can see that cumulants between different random variables have the
meaning of connected correlation functions.
Remember: Bare correlation functions between two random variables are represented by
mixed moments while their connected part is represented by mixed cumulants.

Transformation of probability densities with several arguments
In practice it may happen that a given probability density p( x, y) depending on two
arguments has to be expressed in terms of new variables
u = U ( x, y) ,

v = V ( x, y) .

(1.147)

A well-known example is the transformation from Cartesian coordinates ( x, y) to polar
coordinates (r, ϕ).
In order to express a given probability density p( x, y) in the new coordinates, we proceed in the same way as in the one-dimensional case, i.e., we start with the infinitesimal
relation
p( x, y) dx dy = p(u, v) du dv.
(1.148)
However, in this case we cannot simply ’divide’ by dx dy, rather we have to proceed
in the same way as for variable transformations in higher dimensional integrals. The
reason is that on both sides of the equation we have the infinitesimal volume elements
dx dy and du dv in the respective coordinates. These volume elements are related by
the Jacobi determinant:
dx dy =

∂x
∂u
∂y
∂u

∂x
∂v
∂y
∂v

du dv

(1.149)

Recall: The Jacobi matrix represents the linear map which approximates a given nonlinear
map in a particular point. The determinant of this matrix is just the proportionality factor
by which infinitesimal volume elements are mapped at the given point.

The transformation law for the probability density therefore reads
!
∂x
∂x
p(u, v)
∂v
p( x, y) =
with
J = ∂u
.
∂y
∂y
|detJ |
∂u
∂v
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This is plausible for the following reason. Since volume elements are known to scale
with detJ, it is obvious that densities, including probability densities, which are defined
as something per volume, will transform with the reciprocal factor 1/detJ. However,
as probability densities have to be positive, a possible minus sign (which encodes the
orientation of the volume element) has to be suppressed by taking the absolute value
1/|detJ |.
This transformation law can be generalized straigt-forwardly to the case of more than
two random variables.

1.4. Central limit theorem
1.4.1. Addition of continuous random variables
Arithmetic operations on continuous random variables
In Sect. 1.2.5 on page 16 we have already discussed how to deal with arithmetic operations on discrete random variables. This method can be transferred 1:1 to the case of
continuous random variables, essentially replacing discrete sums by continuous integrals.
More specifically, let X and Y be two continuous random variables described by the
joint probability density p( x, y). We can now define a function f in order to combine
these two random variables to a new one:
Z = f ( X, Y ) .

(1.151)

Analogous to Eq. (1.64) one obtains a probability density for Z which is given by
p Z (z) =

Z +∞
−∞

dx

Z +∞


dy δ z − f ( x, y) p XY ( x, y) .

−∞

(1.152)

Note that the Kronecker-delta has been replaced by a Dirac-δ function in the integrand.
Evaluating this expression the δ-function will eliminate one of the integrals.

Addition of continuous random variables
The most important type of combining random variables is to evaluate their sum Z =
X + Y. For this case we obtain
p Z (z) =

Z +∞
−∞

dx

Z +∞
−∞

Z

dy δ z − x − y p XY ( x, y) =

+∞
−∞

dx p XY ( x, z − x ) . (1.153)

If the random variables under consideration are statistically independent, this expression reduces to
Z
p Z (z) =

+∞

−∞

dx p X ( x ) pY (z − x ) .
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The expression is called a convolution product or short convolution. The corresponding
notation reads

p Z = p X ∗ pY
or
p Z ( z ) = p X ∗ pY ( z ) .
(1.155)
Remember: The probability density of the sum of two statistically independent random
variables is given by the convolution product of the respective probability densities.

1.4.2. Characteristic function
The characteristic function of the random variable is defined as the expectation value of
its complex phase:
ϕX (t) = E(eitX ) = ⟨eitx ⟩ .
(1.156)
Thus the characteristic function maps a real parameter t to a complex number. Formally
the characteristic function can be regarded as the moment-generating function with a
purely imaginary argument:
ϕX (t) = MX (it).
(1.157)
For a continuous probability density X we have
ϕX ( t ) =

Z +∞
−∞

eitx p X ( x ) dx.

(1.158)

Therefore, the characteristic function is nothing but the Fourier transform of the probability density:
√
ϕX (t) = 2π p̃ X (t).
(1.159)
Recall: The Fourier transform of the function f ( x ) and its inverse are defined by
f˜(k )

=

f (x)

=

+∞
1
√
eikx f ( x ) dx
2π −∞
Z +∞
1
√
e−ikx f˜(k) dk
2π −∞

Z

(1.160)
(1.161)

Note that the distribution of the pre-factors are handled differently in different scientific
cultures. Here we use the physics convention which is also implemented in the commands
FourierTransform and InverseFourierTransform ofMathematica® .

Properties of characteristic functions
• Norm: The normalization of the probability density implies that
ϕ(0) = 1.

(1.162)

• Homogeneity: If the random variable X is multiplied by a number λ, one can pull
this factor into the argument of the function itself:
ϕλX (t) = ϕX (λt) .
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• Factorization for the sum of statistically independent random variables:
eit(x+y)

ϕ X +Y ( t ) =

eitx eity

=

=

eitx

eity

= ϕX (t)ϕY (t) .

(1.164)

We already encountered this circumstance in Eq. (1.74) in the context of momentgenerating functions.

Convolution theorem

√
Since the characteristic function is given (up to a factor 2π) by the Fourier transform
of the probability density (see Eq. (1.159)), it follows immediately that the Fourier transforms of the sum Z = X + Y of two statistically independent random variables X, Y is
given by the product, i.e.,
√
p̃ Z (t) = 2π p̃ X (t) p̃Y (t) .
(1.165)
In Fourier theory this relationship is known as the convolution theorem. The convolution
theorem reads
√
h = f ∗ g ⇔ h̃ = 2π f˜g̃ .
(1.166)
In other words: Under a Fourier transformation the convolution product is converted
into an ordinary product and vice versa.
Sketch of a proof: Starting point is the definition of the convolution integral
p Z (z) =

Z +∞
−∞

dx p X ( x ) pY (z − x ) .

(1.167)

Let us first Fourier-transform this equation, using the statistical independence of the two
probability densities:
+∞
+∞
+∞
1
1
p̃ Z (k) = √
dz eikz p Z (z) = √
dx
dzeikz p X ( x ) pY (z − x ) .
−∞
2π −∞
2π −∞

Z

Z

Z

(1.168)

On the right-hand side let us then insert the inverse Fourier transform:
+∞
+∞
+∞
+∞
′
′′
1
dz eikz
dk′ e−ik x p̃ X (k′ )
dk′′ e−ik (z− x) p̃Y (k′′ ) .
dx
3/2
(2π )
−∞
−∞
−∞
−∞
(1.169)
The resulting integrals and exponential functions are sorted as follows:

p̃ Z (k) =

p̃ Z (k) =

Z

Z

Z

Z

+∞
+∞
+∞
+∞
′′
′′
′
1
dz
dk′
dk′′ ei(k−k )z
dx e−i(k −k ) x p̃ X (k′ ) p̃Y (k′′ ) .
3/2
(2π )
−∞
−∞
−∞
−∞
|
{z
}

Z

Z

Z

Z

=2πδ(k′ −k′′ )

Here we have used the important Fourier representation of the Dirac-δ-function:
Z +∞
−∞

dk eikx = 2πδ( x ) .

(1.170)

(1.171)

Because of the δ-function the integration over k′′ cancels out so that we can set k′′ = k′ :
Z +∞
Z +∞
√
′
1
p̃ Z (k) = √
dk′
dz ei(k−k )z p̃ X (k′ ) p̃Y (k′ ) = 2π p̃ X (k) p̃Y (k) .
−∞
2π −∞
|
{z
}
=2πδ(k−k′ )
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The relevance of the convolution theorem extends far beyond probability theory and
you will see that it occurs in various contexts in physics. In all these cases the Fourier
transform maps a particular nonlocal convolution product to an ordinary pointwise
product and vice versa.
Anmerkung: The probably most important application of the convolution theorem in theoretical physics can be found in quantum field theory. As already mentioned, in this theory
particle reactions are represented by Feynman diagrams. For example, if an electron and
positron react and radiate into photons, this will be represented by a diagram consisting
of lines (which represent the particular trajectories) and vertices (representing the particle
reactions). In textbook it is often written that Feynman graphs do not have real meaning,
rather they should be understood as a graphical representation of formulas which have to
be multiplied in the end. However, in my opinion this interpretation is too narrow: Feynman
diagrams are convolution integrals, and in this sense they describe exactly what happens in
nature.

1.4.3. Claim of the central limit theorem
The claim of the central limit theorem (CLT) can be formulated as follows:2
Let X1 , X2 , . . . X N be a sequence of statistically independent random variables with a finite variances σi2 < ∞. Then the probability density p(z) of
the standardized sum
∑ N Xi
Z N = q i =1
(1.173)
∑iN=1 σi2
converges to a normal distribution in the limit N → ∞.
Or, loosely speaking:
Adding sufficiently many uncorrelated random variables, the distribution of the
sum converges to a normal distribution.

The significance of the theorem manifests itself in the small set of assumptions, namely,
that the variance of the Xi is finite. With this assumption alone one can show that the
sum of many random variables will tend to a normal distribution in the limit N → ∞,
completely independent of the precise form of individual probability densities of the
Xi .
Consequently the individual properties of the random variables are no longer visible in the total sum, meaning that individuality gets lost in the collective. In physics
the fact that one always obtains a normal distributed independent of the details of the
individual distributions is circumscribed with the term universality.
2 For a mathematically rigorous definition one needs assumptions about the distribution of the variances.

Roughly speaking, the CLT is expected to hold if the variances are sufficiently evenly distributed.
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Figure 1.9.: Left: probability density for the sum Y = ∑in=1 Xi of n uniformly distributed and statistically independent
random numbers for n = 1, 2, . . . , 7. Right: probability density of the corresponding standardized sum. As
one can see, the corresponding curves converge rapidly towards a normal distribution.

Example: Addition of uniformly distributed random numbers

As an example let us consider the sum of N statistically independent continuous random variables Xi which are uniformly distributed on the interval [−1, 1]. On a computer we could generate such random variables with the command x=2*rand()-1. The
corresponding probability density has the shape of the rectangle and reads:
(
1
for | x | ≤ 1
2
(1.174)
pX (x) =
0 otherwise
Now let us consider the sum Y = X1 + X2 . The probability density of the sum pY2 (y)
is given by the convolution integral
pY ( y ) =
and reads:

Z +∞
−∞

(
pY ( y ) =

1
2

0

−

dx p X ( x ) p X (y − x )
|y|
4

if z ∈ [−2, 2]
otherwise.

(1.175)

(1.176)

Thus we obtain a curve with a triangular shape. Obviously the sum of two uniformly
distributed random numbers is no longer uniformly distributed. Moreover, it is easy to
show that the variance has doubled.
Carrying out a further convolution we can compute the probability density of Y =
X1 + X2 + X3 . As can be seen on the left side of Fig. 1.9, the curves have the tendency
to become smoother and broader.
In order to keep the variance constant upon summation, one defines the standardized
sum
1 N
Y
(1.177)
Z N = √ = √ ∑ Xi
N
N i =1
As described above, this is as if one would keep the volume constant when adding
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several noise sources. Because of Eq. (1.124) one obtains the rescaled probability density
(
√ √
√1 − |z|
if z ∈ [− 2, 2]
2
2
p Z2 (z) =
(1.178)
0
otherwise
By successive convolution one obtains the distributions for Z3 , Z4 , . . .. As can be seen on
the right panel side of Fig. 1.9, these distributions converge extremely fast to a normal
distribution. The enormous practical importance of the central limit theorem is partially
due to this extremely fast convergence.
Remark: If one needs normally distributed random numbers in computer games or simple
statistical applications, it is quite common to add a few standard random numbers with a
uniform distribution. This approximation works nicely in most cases. However, we should
be aware that this approximation fails at the tails of the distribution. Applications which
react significantly to rare events should use an algorithm that gives the correct distribution,
e.g., the so-called Box-Muller method.

Calculation with the help of characteristic functions
The example given above can be used to demonstrate how the convolution theory
works and how we can use it to understand the central limit theorem. To this and
we first compute the characteristic function
ϕX ( t ) =

Z +∞
−∞

eitx p X ( x ) dx =

sin t
.
t

(1.179)

Since p X ( x ) is symmetric we can conclude that the characteristic function is real. Moreover, the characteristic function is maximal at the origin.3 Adding N random numbers,
one only has to raise the characteristic
√ function to a certain integer power. In addition, the standardizing pre-factor 1/ N can be taken into account with the help of the
homogeneity relation (1.163). One obtains

t  N
ϕz N (t) = ϕX √
N

(1.180)

With Mathematica® or similar tools it is now possible to use the inverse Fourier transform in order to compute the distributions p ZN (z) explicitly. In this way it is possible to
reproduce the curves shown in the right panel of Fig. 1.9.

1.4.4. Proof of the Central Limit Theorem
Proof of the CLT by means of high powers in Fourier space
First let us outline the basic dea of the proof. Taking N → ∞, then the characteristic function ϕX (t) will be raised to a high power. Doing so only the maximum in the
middle will survive while all other details of the distribution will be suppressed. If the
3 At

the origin we have ϕX (0) = limt→0 ϕX (t) = limt→0

sin t
t

= 1.
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Figure 1.10.: The characteristic function ϕX (t) for standard random numbers (see Eq. (1.179)) raised to the n-th power.
For large n only the peak in the middle will survive.

remaining peak is transformed back into real space, one obtains the normal distribution.
For proving the CLT we consider again the characteristic function ϕX (t) which is, as we
have seen before, identical with the Fourier transform of the probability density of X
up to a factor:
itx

ϕX ( t ) = ⟨ e ⟩ =

Z +∞
−∞

eitx p X ( x ) dx

(1.181)

On the right-hand side the integration is carried out over the product of cos(tx ) +
i sin(tx ) times a probability density which is a nonnegative function. Because of the
normalization it is clear that ϕX (0) = 1. Moreover, because of |eitx | = 1 it is obvious
that |ϕ(t)| < 1 for all t ̸= 0. Thus we can conclude that the maximum of the absolute
value of the Fourier transform is located in the center t = 0.
Now let us consider the logarithm of the characteristic function and let us expand
this expression to second order in t, assuming that the mean value of X (and hence a
possible imaginary first-order term) vanishes:
1
ln ϕX (t) = − at2 + O(t3 ) .
2

(1.182)

The coefficient a can be obtained by computing the second derivative
∂ 1 ∂
∂2
=−
ϕX ( t )
ln ϕX (t)
2
∂t
∂t ϕX (t) ∂t
t =0
t =0


2
2
1
∂
1 ∂
ϕX ( t ) −
ϕX ( t )
.
2
ϕX (t) ∂t2
t =0
ϕX (t) ∂t

a = −

=
Because of

∂n
ϕX ( t )
∂tn

t =0

= i

n

Z +∞
−∞

x n eitx ϕX ( x ) dx

t =0

= i n mn

(1.183)

(1.184)

it is clear that a is just the variance σX2 = m2 − m21 of the distribution. At this point we
use the assumption that the variance of X is finite. The series therefore reads
1
ln ϕX (t) = − σX2 t2 + O(kt3 ) .
2
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For the characteristic function of the standardized sum we therefore obtain

√
√
√ N
1 2 2
3
= e N ln ϕX (t/ N ) = e− 2 σX t +O(kt / N ) .
ϕz N (t) = ϕX (t/ N )

(1.186)

In the limit N → ∞ the corrections in the exponent tend to zero, i.e.
1 2 2

lim ϕz N (t) = e− 2 σX t .

(1.187)

N →∞

By inverse transformation one obtains in this limit a normal distribution:
lim p ZN (z) =

N →∞

1
2π

Z +∞
−∞

1 2 2

dte−itz e− 2 σX t =

1
√

σX 2π

exp −

z2 
.
2σX2

(1.188)

This completes the proof of the central limit theorem.

Alternative proof of the CLT without taking the logarithm

The classical textbook proof of the CLT works without taking the logarithm. Here the
characteristic function is directly expanded in its maximum:
1
ϕX (t) = 1 − bt2 + O(t3 ) .
2

(1.189)

Again a possible imaginary first-order term is assumed to vanish (zero mean). The
coefficient b can be determined by computing the second derivative (without taking
the logarithm)
∂2
b = − 2 ϕX ( t )
= m2 = σX2 .
(1.190)
∂t
t =0
At this point we have used the fact that the second moment of the distribution is finite.
Inserting the result into the characteristic function we obtain the following expression
for the standardized sum:

√ N 
σ 2 t2
t2   N
ϕz N (t) = ϕX (t/ N )
= 1 − x + O 3/2
.
2N
N

(1.191)

Note that the higher orders scale to zero in the limit N → ∞, leaving us with the
representation of the exponential function

1 2 2
σ 2 t2  N
= e− 2 σX t .
lim ϕZN (t) = lim 1 − x
N →∞
N →∞
2N

(1.192)

By inverse transformation in the same way as in Eq. (1.188) we finally arrive at the
normal distribution, completing the proof of the central limit theorem.
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Alternative proof using cumulants
Adding N uncorrelated random variables ZN = ∑iN=1 Xi with zero mean we have seen
that the corresponding cumulants simply add up:
κnZN =

N

∑ κnX

i

.

(1.193)

i =1

If we rescale the sum to constant width dividing by the standard deviation
obtain the cumulants for Z̄N =

q1
Z
κ2 N

q

κ2ZN we

:
N

κnZN
.
ZN n/2

κnZ̄N =

(1.194)

κ2

If the standard deviations of all Xi are distributed so evenly that κnZN ∼ N it is immediately clear that κnZ̄N ∝ N 1−n/2 , meaning that only the second cumulant survives in the
limit N → ∞. The only distribution with this property is the normal distribution.

1.4.5. Law of large numbers
In its simplest form the law of large numbers tells us how the arithmetic mean (cf. Eq. (1.26))
xN =

1
N

N

∑ xi

(1.195)

i =1

of the results x1 , x2 , . . . , x N of a random variable X approaches the expectation value
⟨ x ⟩ = E( X ).
Since the results are random and unpredictable, this approach is not monotonic, instead we may occasionally see large excursions. The law of large numbers tells us how
frequent such excursions are. There are actually two variants, namely the weak and the
strong law of large numbers:
• Weak law of large numbers:
For every ϵ > 0 the probability that the deviation of x N from its expectation value
is smaller than ϵ is equal to 1 in the limit N → ∞:

lim P | x n − ⟨ x ⟩| < ϵ = 1 .
N →∞

• Strong law of large numbers:
The probability that x N tends to its own expectation value in the limit N → ∞ is
equal to 1:


P lim x N = ⟨ x ⟩ = 1 .
N →∞

It is also said that the sequence x N tends “almost certainly” against its expectation
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value.
Remark: The weak and the strong variants differ in a subtle way with respect to the statistics
of excursions. To understand this, let us think of M experiments in which the arithmetic
mean of N results is calculated. The strong variant applies if we approach the expectation
value in all of these experiments, provided that N is large enough. Contrarily, the weak
variant admits that some of the experiments fail (meaning that they do not converge to the
expectation value). However, the probability of failure should be arbitrarily small, meaning
that the probability measure of such pathological excursions is effectively zero.

It can be shown that finite variance implies the weak variant. This justifies our previous
assumption that their relative frequency converges to a well-defined probability in the
limit N → ∞.
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2. Many-particle systems on a lattice
2.1. Classical cartoon of complex systems
2.1.1. Configuration space
In the following let us consider an arbitrary physical system which consists of a large
number of interacting building blocks. There is a large variety of such systems, including multi-particle systems such as gases and solids as well as more macroscopic
phenomena such as granular flow or the dynamics of brain cells.
Ultimately every physical system follows the laws of quantum physics, which is the
most fundamental physical theory of today. However, as we cannot even solve the
Helium atom exactly within the framework of quantum mechanics, such a task will be
practically impossible in the case of interacting complex systems. Therefore, we need
a simplified description which is still able to account for the most salient features of
complex systems.
It is well-known that the laws of quantum mechanics have far-reaching consequences. This includes the quantization of states in bound systems and the emergence of
new phenomena such as quantum entanglement. However, usually these quantum
features are not visible in our macroscopic world. The deep reason for the apparent
classical behavior on macroscopic scales is the phenomenon of decoherence caused by
ongoing interaction of the system with the environment. Roughly speaking, the environment permanently ‘measures’ the system, carrying away its quantum information
and thereby destroying quantum effects in the system itself.
In many cases it is therefore sufficient to model a complex quantum-mechanical system as a classical one. Nevertheless this classical cartoon inherits some of the quantummechanical features. One of them is the assumption that the states of the system, which
are now interpreted as classical configurations, are in some sense quantized so that they
can be thought of as being discrete. Another one is that the dynamics between these
states is of stochastic nature, i.e. the system jumps spontaneously from one state to the
other, just as it would happen in quantum mechanics according to Fermi’s golden rule.
As an example let us consider molecular beam epitaxy (MBE), an experimental technique which is frequently used e.g. in Prof. Molenkamps lab. In such experiments
one exposes a solid-state surface in a UV chamber to a beam of incident particles evaporating from a thermal source. Some of these atoms land on the surface, forming a
deposition layer. The actual microscopic processes depend on various parameters such
as the temperature and the involved materials. Typically the deposited atoms (called
adatoms) diffuse for some time on the surface until they find another adatom, forming
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Figure 2.1.: Cartoon of an MBE experiment. Left: The physical system is modeled as a substrate with a lattice structure
on which certain atoms, here represented as colored cubes, are deposited and removed by evaporation
according to specific dynamical rules. Right: Each classical configuration of the model can be thought of as
a microstate (red dot) in a huge configuration space denoted as Ωsys .

the nucleus of an immobile deposition layer. This is shown schematically on the left
side of Fig. 2.1.
With advanced microscopy techniques it is possible to track the motion of individual
adatoms in real time. It turns out that the motion is discontinuous, i.e. the adatoms
jump instantaneously from a given position on the lattice to a neighboring one. Moreover, these jumps occur spontaneously, similar to the clicks of a Geiger counter, indicating that the events of jumping are totally random. In fact, the jumps are not caused
by quantum-mechanical tunneling, rather they are thermally induced by lattice vibrations. Since thermal fluctuations are fully chaotic, they can be considered as some kind
of random noise, triggering diffusive moves of the adatoms every now and then.
In a minimalistic model one would of course not incorporate the chaotic thermal
vibrations of the substrate in all detail, instead one would restrict the description of the
model to the specific configurations of the adatoms with certain probabilistic transition
rules. To this end we first have to specify the set of all possible configurations of the
system, which will be denoted as Ωsys . This is shown schematically in the right panel of
Fig. 2.1, where the configurations are represented as red dots.
The example of MBE nicely illustrates that the precise meaning of a configuration depends on the chosen level of abstraction in a given model. With respect to this level of
abstraction, a configuration specifies the actual state of the system at a given time t in
all detail. Such a configuration, which accounts for all details on the chosen level, is
often referred to as a microstate of the system. However, many authors simply use the
term ‘state’ instead of ‘microstate’ or ‘configuration’. This can lead to confusion since
the term ‘state’ is also used for probability distributions and sometimes for macroscopic
states such as ( p, T ) in thermodynamics. Therefore, we prefer to use the term ‘configuration’ throughout these lecture notes.

Summary: In these lecture notes we use the following terms in the following sense:
Configuration:
Microstate:
Configuration space Ωsys :
State:
Thermodyn. state:

All details about a microscopic configuration of a model
Same as ‘configuration’
Set of all possible configurations
Probability distribution (measure) on configurations.
Set of macroscopic thermodynamic variables such as p, T.
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2.1.2. Stochastic dynamics

Having characterized the configuration space, we have to find a suitable formulation
for the dynamics of the system, i.e. we need appropriate rules how the system evolves
in time. As outlined before, a large class of complex system evolves by instantaneous
jumps from one configuration to the other. Denoting the individual configurations by
c ∈ Ωsys , such a jump (sometimes also called microscopic transition) can be denoted by
c → c′ .
The microscopic transitions give rise to a transition network in the configuration space. Note that
in realistic systems this network is far from being
fully connected because jumps between very different configurations are usually impossible. For
example, in MBE it will never happen that ten
adatoms hop simultaneously in one direction. In
A particular transition c → c′ in a
fact, assuming instantaneous jumps it is clear that
microscopic transition network
only a single atom can move at a given time since
the probability that two random time intervals of size zero coincide vanishes. This
means that the transition network is usually very sparse.
Moreover, the likelihood of different microscopic transitions may be different, meaning that any microscopic transition c → c′ occurs randomly with a certain individual
rate wc→c′ , where a zero rate indicates that the transition does not take place at all. Note
that in general rates may be different in opposite directions, i.e.
wc→c′ ̸ = wc′ →c .

(2.1)

At this point it is important to understand the difference between a probability p and
a rate w. While a probability is a numerical value p ∈ [0, 1], a rate w ∈ R0+ is defined
as a probability per unit time and thus carries the dimension [time]−1 . A rate can be
interpreted as follows: If dt denotes an infinitesimal time span, the probability for the
transition c → c′ to happen just within this time span is given by wc→c′ dt.
In principle the rates could vary as a function of time and they could also depend on
the specific history of the evolution. However, in what follows we will assume that the
system under consideration has no memory. This is the so-called Markov assumption,
stating that the future evolution of the system does not (statistically) depend on the
history but only on the actual configuration of the system. Unless stated otherwise, all
systems considered in this lecture are Markov processes which fulfill this assumption.
Moreover, we will usually assume that the rates do not depend on time.

Summary: The definition of a complex stochastic system requires:

• the definition of a configuration space Ωsys
• the definition of a set of transition rates wc→c′ > 0.
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Figure 2.2.: Configuration space of a system with five sites (see below) which can be either empty or occupied by a
particle. If the dynamics conserves the number of particles the total space of 32 configurations decomposes
into six sectors with fixed particle number. Transitions within each sector are allowed, while transitions
between different sectors are forbidden by the conservation law.

Ergodicity
A system with a transition network, where each configuration can be reached from any
other configuration, is called ergodic. This means that the transition network does not
decompose into separate disconnected pieces.
Such a decomposition emerges naturally in systems with conserved quantities. For
example, let us consider a system that conserves the total number of particles (see
Fig. 2.2). This means that transitions are only possible between configurations with
the same particle number. Obviously such a system is not fully ergodic, instead it decomposes into a collection of dynamical sectors labeled by different particle numbers.
Another situation emerges in the presence of one-way transitions, i.e. wc→c′ > 0
while wc′ →c = 0. The presence of such transitions does not automatically break ergodicity. However, it may happen that certain configurations (or sets of configurations) can
be reached but cannot be left. Such trapping states or sectors, which will also play an
important role later in these lectures, are called absorbing.
Finally, it is possible that a transition network decomposes only effectively into several parts. In this case the parts are still mutually connected, but the likelihood for
the system to go from one part to the other tends to zero. This happens, for example,
in a ferromagnet: Here the macroscopic states of positive and negative magnetization
are fully symmetric to each other. However, the system stays in one of the magnetization directions because it can only flip if all internal degrees of freedom flip almost
simultaneously. This means that a magnetization flip is in principle possible but highly
unlikely so that the two subspaces of the configuration space are effectively disconnected. This happens only in systems with a virtually infinite configuration space (the
so-called thermodynamic limit and plays an important role in the context of spontaneous
symmetry breaking.

2.1.3. Probability distribution and Master equation
So far we have seen that a classical stochastic complex system is given in terms of a set
Ωsys of possible configurations c ∈ Ωsys . The system evolves in time by instantaneous
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transitions c → c′ which occur spontaneously like a radioactive decay with certain rates
wc→c′ ≥ 0. The set of all configurations, the transition rates, and the initial configuration
fully define the stochastic process under consideration.
As the time evolution is stochastic, it is of course impossible to predict the actual
sequence of transitions, i.e., the stochastic trajectory is completely unpredictable. In fact,
the only quantities that can be predicted in a stochastic process are probabilities. In
this context an important object to study is the probability Pc (t) to find the system
at time t in a certain configuration c. Obviously this probability distribution evolves
continuously in time. Moreover it has to be normalized at any time, i.e.,

∑ Pc (t) = 1

∀t .

(2.2)

c

For a given set of rates one can easily figure out how this probability distribution
evolves in time. On the one hand, the probability Pc (t) will decrease due to the outgoing
microscopic transitions from c to somewhere else, and this loss will be proportional to
the sum of the corresponding rates ∑c′ wc→c′ (the so-called escape rate) and proportional
to the probability Pc (t) itself. On the other hand, the probability Pc (t) will increase due
to the incoming microscopic transitions, and this gain will be proportional to the corresponding rates wc′ →c times the probability Pc′ (t) to find the system in the configuration
from where the transition originates. Collecting all these loss and gain contributions,
one arrives at a system of linear differential equations. This system of equations, called
master equation, reminds of a continuity equation and describes the probability flow
between different configurations in terms of gain and loss contributions:
∂
Pc (t) =
∂t

∑′ wc′ →c Pc′ (t) − ∑′ wc→c′ Pc (t)
c

|

.

(2.3)

c

{z

gain terms

}

|

{z

loss terms

}

In this equation the gain and loss terms balance one another so that the normalization
condition (2.2) is preserved as time proceeds. Note that the factor Pc (t) in the second
term can be pulled out in front of the sum.
It is important to note that the rates wc→c′ carry the unit [time]−1 . Unlike probabilities, the numerical value of a rate depends on the unit of time and may by larger than
1. Rescaling all rates of a system by the same factor simply results in a change of the
time scale. For example, multiplying all rates by 2 would mean that the whole process
is simply running twice as fast.

Formal properties of the master equation
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Dirac notation:
Let N = |Ω| be the number of configurations and let us enumerate the configurations
by c1 , . . . , c N in a specific order. The probability distribution may be thought of as a list
{ Pc1 (t), . . . , Pc N (t)} of N time-dependent non-negative functions which sum up to 1.
Let us now interpret this list of probabilities as a column vector in some linear vector
space V, using the Dirac notation | Pt ⟩ ∈ V:

| Pt ⟩ = Pc1 (t), . . . , Pc N (t)

T

.

(2.4)

Since the probability distribution Pc (t) is referred to as the state of the system, the vector
| Pt ⟩ is called state vector. Likewise, the vector space V is denoted as the state space of the
system. Note that a state (i.e. vector in V) represents an ensemble of a large number of
configurations with individual probabilities.
The dimension of the vector space V is equal to the number of configurations of
the system, i.e. it is generally an extremely high-dimensional space, comparable with
a Hilbert space in quantum physics. However, in contrast to quantum mechanics,
V = R N is a real vector space. In addition, its vectors are only physically meaningful if all components in the canonical representation are positive and sum up to 1. This
means that the actual state space is actually a small subset of R N in the positive hyperquadrant which has the form of a convex simplex.
Since the master equation is a linear system of differential equations, it is possible to
write it in the compact form
∂t | Pt ⟩ = −L| Pt ⟩ ,
(2.5)
with a certain linear operator L, where the minus sign is introduced as a matter of convenience, as will be explained below. The operator L is the so-called Liouville operator
or Liouvillian which generates the temporal evolution of the system.
In order to represent the Liouvillian as a matrix we have to define a suitable basis.
The most natural choice is the so-called canonical configuration basis, defined by unit
vectors
T
|c1 ⟩ = 1, 0, 0, . . . , 0
T
|c2 ⟩ = 0, 1, 0, . . . , 0
(2.6)
...

|c N ⟩ =

0, 0, 0, . . . , 1

T

.

In the canonical configuration basis the Liouvillian is defined by the matrix elements

⟨c′ |L|c⟩ = −wc→c′ + δc,c′ ∑ wc→c′′ .
c′′
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Eigenmode decomposition:
Obviously, a formal solution of this first-order differential equation is given by

| Pt ⟩ = exp(−Lt)| P0 ⟩,

(2.8)

where exp(−Lt) is the matrix exponential function and | P0 ⟩ denotes the initial probability
distribution at t = 0, the so-called initial state.
Recall: Matrix exponential function:
The exponential function eA of a matrix A is defined by the usual power series eA = ∑k k!1 Ak
or by the product representation eA = limn→∞ (1 + A/n)n . Technically the matrix exponential function is most easily computed if one chooses the eigenbasis in which the operator A
is diagonal. In this basis one can compute eA simply by applying the exponential function
to each diagonal element separately.

This allows us to express the solution | Pt ⟩ as a sum over exponentially varying eigenmodes. To this end we diagonalize the Liouville operator, solving the eigenvalue problem
L|k⟩ = λk |k⟩ .
(2.9)
Expanding the initial state as a linear combination of these eigenvectors by

| P0 ⟩ = ∑ ak |k⟩

(2.10)

k

with certain coefficients ak , the formal solution can be written as

| Pt ⟩ = e−Lt ∑ ak |k⟩ = ∑ ak e−Lt |k⟩ = ∑ ak e−λk t |k⟩ .
k

k

(2.11)

k

This is the so-called eigenmode decomposition of the master equation.
Remark: Comparison with quantum mechanics
In quantum mechanics the situation is similar. Here we also have a linear evolution equation,
namely, the Schrödinger equation ih̄∂t |ψt ⟩ = H|ψt ⟩. This equation can be solved formally by
|ψt ⟩ = exp(− h̄i Ht)|ψ0 ⟩. Diagonalizing the Hamiltonian by H|n⟩ = En |n⟩ and expanding the
i

initial state by |ψ0 ⟩ = ∑n an |n⟩, the general solution can be written as |ψt ⟩ = ∑n an e− h̄ En t |n⟩,
known as the eigenmode decomposition of the Schrödinger evolution equation.

Probability conservation:
The gain and loss terms in the master equation correspond to the non-diagonal and
diagonal matrix elements of the Liouville operator, respectively. As the Liouville operator was introduced together with a minus sign in front, its non-diagonal elements are
always negative while its diagonal elements are positive (c.f. Eq. (2.7)).
As mentioned above, the gain and loss terms balance one another in order to preserve
the normalization of the probability distribution. To see this in the vector notation, let
us introduce the row vector
⟨Σ| = (1, 1, 1, . . . , 1) .
(2.12)
Using this vector the normalization condition (2.2) can then be rewritten in the simple
form
⟨Σ| Pt ⟩ = 1
∀t .
(2.13)
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This immediately implies that

⟨Σ|L = 0 ,

(2.14)

i.e. the sum over all columns in the matrix of the Liouville operator is zero. In the mathematical literature such matrices are known as stochastic operators or intensity matrices,
having the property that all off-diagonal entries are real and positive and that the sum
over each column of the matrix vanishes.
As can be seen, unlike a quantum-mechanical Hamiltonian, the Liouville operator of
a stochastic system is in general neither Hermitean nor symmetric. Consequently the
eigenvalues of an intensity matrix may be complex, indicating oscillatory behavior1 ,
but one can show that their real part is always non-negative. This ensures that all
eigenmodes are either stationary or decaying exponentially with time:

| P(t)⟩ =

∑ ak e−λ t | k ⟩ ,
k

Re(λk ) ≥ 0 .

(2.15)

k

Moreover, the eigenvectors of a non-symmetric matrix are not necessary pairwise orthogonal, yet they can be used as a basis, justifying the decomposition in Eq. (2.10).
In addition, the left and right eigenvectors (row and column eigenvectors) of L do not
have the same components. In quantum mechanics we are used to obtain the adjoint
left eigenvector simply by taking the complex conjugate components of the right eigenvector. For a Liouvillian, these components of left and right eigenvectors are generally
unrelated.
Intensity matrices obey the Perron-Frobenius theorem (see Appendix A). This theorem
tells us that an intensity matrix has at least one eigenvector with the eigenvalue zero,
and that the components of this vector behave like probabilities. If the eigenvalue zero
is non-degenerate, this is the only state in the expansion (2.15) which survives in the
limit t → ∞. This means that any system with a finite configuration space relaxes
exponentially into a time-independent state | Pstat ⟩ with
∂t | Pstat ⟩ = −L| Pstat ⟩ = 0 .

(2.16)

This is the so-called stationary state, which is also denoted as | Ps ⟩, | Pstat ⟩ or | P∞ ⟩. Note
that the term ‘stationary’ does not mean that the dynamics of the system is frozen,
rather it may continue to jump between different configurations. Stationarity rather
means that our knowledge about the system, the probability distribution Pc (t), does no
longer depend on time. As we will discuss in the following chapter, stationarity must
not be confused with thermal equilibrium, which turns out much a stronger constraint.
Solving a stochastic process basically means to diagonalize its Liouvillian. To obtain
such a complete solution is often very difficult. Sometimes it is already useful to determine only the lowest-lying eigenvector which is the stationary state. In fact, most of the
exact solution methods presented throughout the remainder of this chapter are solely
concerned with finding the stationary state. In addition, it is sometimes of interest to
find the second eigenstate with the smallest non-vanishing real part. The corresponding eigenvalue can be interpreted as the longest time scale, determining the asymptotic
relaxation properties.
1 The

possibility of complex eigenvalues plays an important role in the context of chemical oscillations.
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As mentioned before the Liouvillian is generally not symmetric and thus the components of its left and right eigenvectors are generally different. The example of the stationary state nicely illustrates this difference between right and left eigenvectors. The
stationary distribution of the system is given by the components of the right eigenvector,
which is usually non-trivial to compute. How does the corresponding left eigenvector
look like? The answer is very simple: If the spectrum is non-degenerate, it has to be the
vector ⟨Σ| because this is by definition a left eigenvector with eigenvalue zero:

L| P∞ ⟩ = 0

⇔

0 = ⟨Σ|L .

(2.17)

Remark: In comparing quantum mechanics with stochastic Markov processes, the following
table may be helpful:
Quantum theory
complex Hilbert space Cn
complex amplitude vectors |ψ⟩
quadratic normalization ⟨ψ|ψ⟩ = 1
1
unitary evolution ∂t|ψt ⟩ = ih̄
H|ψt ⟩
Hermitean evolution generator H = H †
eigenvalue problem H|ϕ⟩ = E|ϕ⟩
energy E ∈ R
ground state ⇔ lowest E

Stochastic Markov processes
real probability space Rn
real probability vectors | P⟩
linear normalization ⟨Σ| P⟩ = 1
probability-cons. evol. ∂t | Pt ⟩ = −L| Pt ⟩
vanishing column sum ⟨Σ|L = 0
eigenvalue problem L|ϕ⟩ = λϕ
relaxation time 1/λ, Re[λ] ≥ 0
stationary state ⇔ λ = 0

2.1.4. Example: Biased random walk on a one-dimensional chain
The probably simplest example of a stochastic Markov process in the framework described above is a (symmetric or biased) random walk on a one-dimensional lattice.
In this model a single particle (the random walker) is located at site k ∈ N of a onedimensional lattice. As time evolves it jumps spontaneously to site k + 1 with rate w R
and to site k − 1 with rate w L (see Fig. 2.3). If w L = w R the random walk is symmetric,
otherwise it is said to be biased in one direction.
By constraining the dynamics to non-negative integers we introduce some kind of
“wall” left from k = 1, where the random walker is reflected. As we will see below, this
guarantees the existence of a stationary state, provided that the walk is biased towards
the wall.
Remark: Simulation on a computer:
The total rate for a jump in either direction is w L + w R . Therefore, the average time elapsing
between consecutive jumps is on average given by τ = 1/(w L + w R ). Actually these events
do not happen at regular time intervals, rather they occur randomly as in a radioactive decay.
This means that the time intervals ∆t between consecutive events are randomly distributed
according to a Poisson distribution (also known as shot noise), i.e.
P(∆t) ∝

1 −∆t/τ
e
.
τ

(2.18)

On a computer (see lecture on “Computational Physics”) such time intervals can simply be
generated by setting
∆t := −τ ln(r ) ,
(2.19)
where r is a uniformly distributed random number between 0 and 1. The leads us to the
following update procedure (written here in C/C++ style):
if (rnd()<wr/(wr+wl)) k++;
else if (k>1) k--;
t += -log(rnd())/(wl+wr);
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Figure 2.3.: Symmetric or biased random walk of a single particle in one dimension with a wall on the left side.

Here double rnd(void) is a standard random number generator, int k is the position,
double t is the actual physical time, and double wl,wr are the rates for jumps to the left
and to the right. Take care that the random numbers equal to zero are excluded since otherwise the logarithm would diverge.

The master equation for this process takes the form
∂t Pk (t) =

+

w R Pk−1 (t)
| {z }

gain coming from left

w L Pk+1 (t)
| {z }

gain coming from right

− (w L + wR ) Pk (t) .
|
{z
}

(2.20)

loss terms

As for the compact vector notation, we first note that there are infinitely many possible
configurations k ∈ N, hence the corresponding vector space of probability vectors is
infinite-dimensional. In the canonical configuration basis {1, 2, 3, . . .} the Liouvillian
has the matrix elements

Lk,k′ = w L (δk,k′ − δk,1 ) + wR δk,k′ − wR δk,k′ +1 − w L δk,k′ −1
or, in matrix notation


wR
−w L
−wR w L + wR
−w L


−
w
w
R
L + wR −w L
L=

..
..

.
.

..
.

(2.21)



..

.

..

.

..




.




(2.22)

.

By construction, the vector ⟨Σ| is a left eigenvector to the eigenvalue zero. As discussed
above, the components of the corresponding right eigenvector are different and can be
computed recursively as follows. Assume that the first component is given by some
number P1 . Then the first line of the matrix tells us that
w R P1 − w L P2 = 0 ,

(2.23)

hence P2 = bP1 with b = w R /w L . As can be verified easily, the following lines provide
a recursion relation
Pk = bPk−1
(2.24)
with the closed solution

Pk = P1 bk−1 .

(2.25)

In order to interpret these components as probabilities, they need to be normalized.
This can be done by computing the geometric series
∞

1 =

∑

k =1

∞

Pk = P1

∑ b k −1

k =1

=

P1
,
1−b
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square lattice

triangular lattice
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honeycomb lattice

Figure 2.4.: Various examples of two-dimensional lattice structures.

determining the value of P1 . This lead to the result

| P⟩ = P1 , P2 , P3 , . . .

T

,

Pk = (1 − b)bk−1 .

(2.27)

The right eigenvector with these components just describes the stationary state of the
process. As expected, this result is only meaningful for b < 1, where the random walk
is biased to move towards zero.
Remark: For b = 1 (unbiased case) one obtains one half
√of a Gaussian distribution which
spreads continuously so that the width is increasing
√ as t. For b > 1 (biased to the right)
one obtains a full Gaussian which is spreading as t and moving away from the origin at
constant velocity. In both cases the solution is not stationary.

2.2. The exclusion process on a one-dimensional lattice
In this lecture we are mainly concerned with stochastic many-particle systems on a
discrete lattice. The lattice consists of a finite or an infinite number of sites which are
arranged in a certain lattice geometry (see examples in Fig. 2.4). For the purpose of this
lecture, we will be mostly concerned with one-dimensional chains of sites.
Each site can be either vacant or occupied by one or several particles. Models in
which the number of particles per site is unrestricted are often referred to as bosonic
lattice models. Contrarily, models with a restricted number of particles per site are
called fermionic.
The particles residing on the lattice sites may be of different type. The particle species
are usually enumerated by capital letters A, B, C, and so forth. In the simplest case,
there is only one species of particles involved, denoted by A, and the lattice sites are
restricted to carry at most one particle. This means that each site can be only in one of
two possible local states, namely, vacant (∅) or occupied by a single particle (A). This
allows us to encode the presence of the particle by a binary digit, known as bit.
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2.2.1. The Exclusion Process
Many-particle diffusion
The probably simplest example of a non-trivial many-particle system is the so-called
simple exclusion process. In contrast to the random walk model discussed above, where
we had only a single random walker, this model describes a random walk of many
particles on a lattice. It is assumed that each lattice site can be occupied by at most one
particle. In other words, the particles ’exclude each other’, which explains the name
of the model. Thus the exclusion process falls into the simplest class of lattice models,
where each site can be in only two different configurations, namely, vacant or occupied
by an particle, denoted as ’∅’ and ’A’.
On a finite one-dimensional chain with L sites, the exclusion principle ensures that
the configuration space of the model is finite, comprising 2 L different configurations
which may be represented like binary numbers:
∅∅ . . . ∅∅∅
∅∅ . . . ∅∅A
∅∅ . . . ∅A∅
∅∅ . . . ∅AA
∅∅ . . . A∅∅
...
AA . . . AAA

empty lattice

fully occupied lattice

Remark: Numerical bit coding techniques:
The possibility to enumerate all configurations by binary numbers can be exploited as a very
efficient implementation on a computer. For example, an unsigned long int allows us to
describe a chain with L = 64 sites. This so-called bit-coding is very efficient since the processor can handle 64 bits in parallel. However, the dynamical rules have to be implemented
by bit manipulations which are not so easy to code for inexperienced programmers. For the
purpose of this lecture it is much simpler to use a simple static array int s[L], storing the
values 0 (vacant) and 1 (occupied).

The dynamics of the exclusion process is defined in such a way that every particle
jumps to the right (left) with rate w R (w L ), provided that the target site is empty. This
may be written symbolically as the following microscopic transition rules:
w

R
A∅ −→
∅A

w

L
∅A −→
A∅

Depending on whether the hopping rates are equal or unequal, the following acronyms
are used in the literature:
SEP
ASEP
PASEP
TASEP

Symmetric exclusion process w L = w R
Asymmetric exclusion process w L ̸= w R
Partially asymmetric exclusion process w L ̸= w R ; w R > 0, w L > 0
Totally asymmetric exclusion process w L ̸= w R
with w R > 0, w L = 0 or w R = 0, w L > 0.
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Although the model describes a simple many-particle random walk, it is important to
note that the individual random walks of these particles are not totally independent
since it is assumed that each site is occupied by at most one particle, effectively leading
to some kind of repulsive interaction between the particles. As we will see, this is the
reason why the exclusion process non-trivial.

Special case of an exclusion process with only two sites:
For a system with only two sites (L = 2) the Liouville-Operator, represented in the
configuration basis (∅∅, ∅A, A∅, AA), would be given by


L (2)

0
0
0
0 w L − w R
= 
0 − w L w R
0
0
0


0
0
.
0
0

(2.28)

This matrix has a three-fold degenerate eigenvalue 0, meaning that the stationary state
of the system is not unique. This is of course not very surprising since the dynamical
rules conserve the total number of particles. Therefore, in a system with only two sites
the configuration space decomposes into three decoupled dynamical sectors with zero,
one, and two particles.
In addition to the zero eigenvalues, the matrix (2.28) has a single non-vanishing
eigenvalue λ = w L + w R , describing a relaxation mode. The corresponding eigenstate belongs to the sector with one particle because the empty and the fully occupied
lattice are frozen configurations. In the one-particle sector the dynamics relaxes into a
stationary state where the system flips randomly between A∅ and ∅A. The normalized
probability to find the system in one of these configurations is given by
Pstat ( A∅) =

wL
,
wL + wR

Pstat (∅A) =

wR
.
wL + wR

(2.29)

Obviously, if we decided to multiply both rates by the same number, then the system
would simply switch faster back and forth between the two configurations, but the
stationary probabilities given in (2.29) will remain unaffected. In fact, rescaling all rates
of a given model by the same common factor just changes the relaxation time scale
while the stationary properties remain invariant. In the literature this freedom is often
used to set one of the rates to 1. Another common choice is to choose reciprocal rates,
in our case for example:
wR = q ,
w L = q −1 .
(2.30)

ASEP with external particle input and output:
Let us now couple the system to two external particle reservoirs, as sketched in Fig. 2.5.
The left reservoir acts as a particle source, providing as many particles as needed an
injecting them at the leftmost site at rate α. Similarly, the rightmost reservoir acts like a
sink, removing particles from the rightmost site at rate β. Depending on the values of
the rate, we intuitively expect a certain particle current flowing from left to right.
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Figure 2.5.: Exclusion process on a 1D lattice with external particle input and output.

For simplicity let us first consider the special case of only two sites (see Fig. 2.6). In a
two-site system, particle injection and removal at the boundaries amount to adding the
transitions
∅∅ → A∅

with rate α

∅A → AA

with rate α

∅A → ∅∅

with rate β

AA → A∅

with rate β ,

or, written more compactly using a ’wildcard notation’:
∅∗ → A∗

with rate α

∗ A → ∗∅

with rate β .

In order to incorporate these rules into the Liouvillian, the two-site interaction matrix
has to be extended by appropriate boundary terms, namely by

L = L (2) + A (2) + B (2)
where



A (2)

α
0
 0
α
=
 −α 0
0 −α

0
0
0
0


0
0 
,
0 
0



B (2)

0 −β
 0 β
=
 0 0
0 0

(2.31)

0 0
0 0 

0 −β 
0 β

(2.32)

describe particle entry and exit at the left and right boundary, respectively. Note that
each process appears twice in these matrices since the site which is not involved can
be either vacant or occupied. Adding all contributions, the Liouvillian for the system
shown in figure 2.6 reads



α
−β
0
0
 0 w L + α + β −wR 0 
.
L=
 −α
−w L
wR − β 
0
−α
0
β

(2.33)

Unfortunately, the eigenvalues of this 4 × 4 matrix cannot be computed easily. In particular, there are no longer three different stationary states because the ongoing particle
influx from the left reservoir and the exit into the right one break particle conservation,
thereby mixing the three sectors mentioned above. Consequently, the system has only
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Figure 2.6.: Simple exclusion process with two lattice sites. In the figure shown above site 1 is vacant while site 2 is
occupied by an particle A, i.e., the system is currently in the configuration “∅A”. In addition, the system
may be connected to two external reservoirs. At site 1 particles may enter from the left reservoir at rate α
while particles at site 2 may leave the system at rate β, moving to the right reservoir.

one stationary state. As can be verified by inspection, this state is given by

| Pstat ⟩ =


1 2
β w R , αβw R , αβ(α + β + w L ), α2 w R ,
N

(2.34)

where N is a normalization constant given by

N = αβ(α + β + w L ) + wR α2 + αβ + β2 .

(2.35)

Similarly we could construct the Liouvillian of a three-site chain by hand. Using the
canonical configuration basis
∅∅∅, ∅∅A, ∅A∅, ∅AA, A∅∅, A∅A, AA∅, AAA
we would arrive at the matrix


L (3)






=






α
0
0
0
−α
0
0
0

−β
0
0
0
wL + α + β
−w R
0
0
−w L
wL + wR + α
−β
−w R
0
0
wL + α + β
0
0
−w L
0
wR
−α
0
−w L
0
0
−α
0
0
0
0
−α
0

0
0
0
−w R
−β
wL + wR + β
−w L
0

0
0
0
0
0
−w R
wR
0


0
0 

0 

0 

0 

0 

−β 
β
(2.36)

Increasing L further, a manual setup of the Liouvillian is certainly painful. Therefore,
we need a mathematical structure which allows us to construct such matrices systematically.

2.2.2. Systematic construction and analysis of 1D lattice models
The tensor product ⊗
In practice it is rather inconvenient to construct such a matrix by hand. Therefore, it
is useful to understand the general structure of a Liouvillian on a 1D chain in terms of
tensor products and then to automatize its construction, using e.g. Mathematica® .
The tensor product of vector spaces, which is introduced in detail in Appendix B,
work as follows. Suppose that U and V are two vector spaces with dimensions n and
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m. The tensor product combines these two vector spaces in such a way that the resulting vector space U ⊗ V is n · m-dimensional, i.e., the dimension is multiplicative under
the formation of the tensor product. This operation, denoted as ⊗, can be applied to
both vectors and matrices. In Euclidean coordinates systems, the components of the
resulting object are given by the product of all combinations of the components of the
tensor factors. For example, for two vectors we have
 
ac
   
 ad
a
c

⊗
=
 bc 
b
d
bd

(2.37)

and likewise for matrices






a b
⊗
c d



e f
g h



ae
 ag
=
 ce
cg


a f be b f
ah bg bh 
.
c f de d f 
ch dg dh

(2.38)

In the context of one-dimensional lattices, we will associate with each lattice site a separate tensor factor. Let us, for example, reconsider the boundary terms of the Liouvillian
discussed above. These boundary terms are represented by 4 × 4 matrices, but it is
clear that the actual process takes place at only one of the two lattice sites while the
other lattice site remains unaffected. This circumstances is reflected by the fact that the
boundary operators can be written as tensor products in the following form:

 


 

α 0
1 0
1 0
0 −β
(2)
(2)
A =
⊗
,
B =
⊗
.
(2.39)
−α 0
0 1
0 1
0 β
|
{z
} | {z }
| {z } |
{z
}
A (1)

or in short

do nothing

A (2) = A (1) ⊗ 1 ,

do nothing

B (1)

B (2) = 1 ⊗ B (1) .

(2.40)

Here the left tensor factor A(1) describes a single-site particle creation process ∅ → A,
whereas the meaning of the second tensor factor, which is a 2 × 2 unit matrix, is just
that of “doing nothing”.
The insight that any local operation can be applied to a chain with many sites simply
by forming a suitable tensor product with the unit matrices in all places that are not
involved, allows us to systematically construct the Liouvillian for any lattice size, as
will be explained in the following.
Remark: In practice it is useful to automatize the tensor product on an algebraic computer
system (CAS). A very simple Mathematica® function, which can form the tensor product of
both tensors and matrices, takes only few lines:
Attributes[CircleTimes] = {Flat, OneIdentity};
CircleTimes[a_List /; VectorQ[a], b_List /; VectorQ[b]] :=
Flatten[KroneckerProduct[a, b]];
CircleTimes[a_List /; MatrixQ[a], b_List /; MatrixQ[b]] :=
KroneckerProduct[a, b];
For the tensor product |c⟩ = | a⟩ ⊗ |b⟩ one simply writes
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cvec = {a1,a2,a3} ⊗ {b1,b2}
where the symbol ⊗ can be obtained by typing

ESC

c*

ESC

.

Setting up the Liouvillian:

In order to construct the Liouvillian formally, let us again consider a chain with 3 sites.
Note that the elementary microscopic diffusion event A∅ ↔ ∅A only involves a pair
of adjacent sites along the chain. As for the Liouvillian, which plays the role of a time
evolution generator, this means that L is given by a sum of two-site operators:

L(3) = L12 + L23 = L(2) ⊗ 1 + 1 ⊗ L(2) .
(2)

(2)

(2.41)

(2)

Here Li,i+1 is a 4×4 matrix describing hopping from site i to i + 1 and vice versa which
has exactly the same form as in Eq. (2.28), while the ’total’ Liouvillian L on the left hand
side is an 8×8 matrix acting on three sites.
Including the external reservoirs, we have to add boundary contributions of the form

L (3) = L (2) ⊗ 1 + 1 ⊗ L (2) + A (1) ⊗ 1 ⊗ 1 + 1 ⊗ 1 ⊗ B (1) .

(2.42)

It is a straight-forward exercise to verify that L(3) coincides exactly the matrix given in
Eq. (2.36).
In the professional literature, nobody would write this in such a complicated way.
Instead, the prevailing lazy notation is:

L (3) =

2

∑ Li,i+1 + A1 + B3

(2.43)

i =1

with

L1,2 = L(2) ⊗ 1
L2,3 = 1 ⊗ L(2)
A 1 = A (1) ⊗ 1 ⊗ 1

(2.44)

B 3 = 1 ⊗ 1 ⊗ B (1) .
Now we can easily extend this formalism to an arbitrary number of sites. The Liouvillian can be expressed as
L

L =

∑ Li,i+1 + A1 + B L

(2.45)

i =1

with the bulk interaction

Li,i+1 := 1⊗(i−1) ⊗ L(2) ⊗ 1⊗( L−i−1)
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and the boundary matrices

A1 := A(1) ⊗ 1⊗( L−1)

(2.47)

B L := 1⊗( L−1) ⊗ B (1) .
In full form the Liouvillian is given by


0
0
0
0 w L − w R
1 0
1 0
∑ 0 1 ⊗...⊗ 0 1 ⊗
0 − w L w R
i =1 |
{z
}
0
0
0
acting on sites 1,...,i −1
|
{z

L −1 

L =








0




0
⊗ 1 0 ⊗...⊗ 1 0
0
0 1
0 1
|
{z
}
0
acting on sites i +2,...,L
}

=L(2) acting on sites i,i +1












α 0
1 0
1 0
⊗
⊗...⊗
+
−α 0
0 1
0 1



 

1 0
1 0
0 −β
⊗...⊗
⊗
+
0 1
0 1
0 β

← acting on the leftmost site
← acting on the rightmost site

Observables
As in quantum mechanics, we are interested in measuring certain observables of interest.
In quantum physics, observables are represented by Hermitean operators M = M†
whose expectation value is given by

⟨M⟩ = ⟨ψ|M|ψ⟩ ,

(2.48)

where |ψ⟩ is the actual quantum state normalized by ⟨ψ|ψ⟩ = 1. Note that the state
vector enters twice, both in the expectation value and the normalization, meaning that
in this sense quantum mechanics has a quadratic structure. In stochastic Markov processes, however, the situation is different. Here the actual state of the system is described by a probability vector | P⟩. This vector is normalized linearly by ⟨Σ| P⟩ = 1,
and therefore it is no surprise that the same applies to measurements. More specifically, if M is a measurement operator, its expectation values given by

⟨M⟩ = ⟨Σ|M | P⟩ .
| {z }

(2.49)

⟨ M|

Opposed to quantum theory, the left vector ⟨Σ| is constant in this case. Therefore, as
indicated by the curly bracket in the expression above, we do not need measurement
operators in the framework of this theory, rather it is fully sufficient to work with measurement vectors.
A measurement vector is a row vector where each component corresponds to a particular configuration of the system. The meaning of these components is very simple:
it just contains the value of what the measurement apparatus would measure in the respective configuration. For example, on a chain with two lattice sites, the probability of
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finding a particle at the left site can be measured by applying the measurement vector
∅∅, ∅A, A∅, AA

⟨ M| = (0, 0, 1, 1) = (0, 1) ⊗ (1, 1) .

(2.50)

As shown above, the vector can be written as a tensor product of two local vectors. The
left local vector (0, 1) represents a measurement which responds with ’1’ to a particle
and with a ’0’ otherwise. The right local vector (1, 1), on the other hand, is neutral and
has the simple meaning of ’measuring nothing’.
As a second example, let us consider a vector measuring the mean number of particles on the chain:
∅∅, ∅A, A∅, AA

⟨ M| = (0, 1, 1, 2) = (0, 1) ⊗ (1, 1) + (1, 1) ⊗ (0, 1) .

(2.51)

As can be seen, this is simply the sum of the particle occupancy vector (0, 1) at the
leftmost and the rightmost site.

Correlation functions:
In the literature the notion of measurement vectors is very uncommon. Instead one uses
diagonal measurement operators, where the diagonal elements are just the components
of the corresponding measurement vector. These matrices are usually constructed as
sums of the tensor products of the form


0 0
⊗(i −1)
⊗( L−i )
⊗χ⊗1
,
χ=
,
(2.52)
χi = 1
0 1
which gives the probability of finding a particle at site i (while the meaning of identity
matrices is again that of ”measuring nothing”). For example, the average density of
particles ρ can be measured by applying the measurement operator
ρ(t) =

1
⟨Σ| N | P(t)⟩ ,
L

L

N=

∑ χi .

(2.53)

i =1

Another important example is that of a two-point correlation function
Cij (t) = ⟨Σ|χi χ j | P(t)⟩
χi χ j =

1 ⊗ . . . ⊗ 1 ⊗ χ ⊗1 ⊗ . . . ⊗ 1 ⊗ χ ⊗1 ⊗ . . . ⊗ 1
|{z}
i

(2.54)

|{z}
j

which measures the probability that the lattice sites i and j are both occupied at the
same time. However, finding positive values Cij (t) > 0 does not necessarily mean that
the two sites are really correlated. For example, in a fully occupied system we have
Cij = 1 although the two sites do not communicate with each other. For this reason it is
meaningful to subtract the product of the expectation values at each site. This is known
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as the “connected part” of the correlation function:
Cijconn (t) := ⟨Σ|χi χ j | P(t)⟩ − ⟨Σ|χi | P(t)⟩ · ⟨Σ|χ j | P(t)⟩ .

(2.55)

Note that the connected part of a correlation function is non-linear in the state vector
| P(t)⟩. Therefore, it cannot be expressed in terms of a single observable Cijconn such that
Cijconn (t) = ⟨Σ|Cijconn | P(t)⟩.

2.2.3. From product states to matrix product states
Product States:
A (stationary) state | P⟩ is called factorizable or product state if it can be written as a tensor
product of the form
     
 
e1
e2
e3
e
| P⟩ =
⊗
⊗
⊗...⊗ L .
(2.56)
d1
d2
d3
dL
Note that if each of the tensor factors is rescaled individually, the scale factors can be
pulled out in front of the expression, i.e.,

 
 



λ 1 e1
λ 2 e2
λ 3 e3
λL eL
⊗
⊗
⊗...⊗
= λ1 λ2 λ3 · · · λ L | P ⟩ .
(2.57)
λ1 d1
λ2 d2
λ3 d3
λL dL
Therefore, without loss of generality, each of these factors can be normalized in such a
way that its components add up to 1, i.e., di + ei = 1. With this convention the resulting
vector is already properly normalized, and di = pi may be interpreted as the probability
of finding a particle at site i:

 
 



1 − p1
1 − p2
1 − p3
1 − pL
| P⟩ =
⊗
⊗
⊗...⊗
.
(2.58)
p1
p2
p3
pL
This argument shows that a product state involves only L degrees of freedom. Since a
general normalized vector is characterized by 2 L − 1 independent degrees of freedom,
it is clear that product spaces form only a small subspace in the full state space. To
find out in what sense product states are special, we note that the connected part of the
two-point correlation function vanishes:
Cijconn = ⟨Σ|χi χ j | P(t)⟩ − ⟨Σ|χi | P(t)⟩ · ⟨Σ|χ j | P(t)⟩ = pi p j − pi p j = 0 .

(2.59)

The same applies to any connected n-point correlation function. Thus, we can conclude
that
Product states have no correlations.
However, in reversed direction we have to be very careful. For example, if all connected
two-point correlation functions vanish, this does not imply that the system is necessarily in a product state. In fact, there could be hidden three-point correlations although
all two-point correlations vanish.
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Remark: Note that product states in classical stochastic systems are analogous to nonentangled states in quantum physics, which also factorize into tensor products.

Stationary product states:
Since product states are so simple but also very special, the question arises under which
conditions a given system has a factorizing stationary state without any correlations. As
an example let us again consider the asymmetric simple exclusion process (ASEP) without boundary terms. As discussed above, the time evolution of this model is generated
by the Liouvillian
L −1

L=

∑ Li,i+1 ,
(2)

(2.60)

i =1

where L(2) is the 4 × 4 matrix defined in Eq. (2.28). Stationarity means that

L| P⟩ = 0.
Obviously, there are two possibilities how this can happen:
• It may happen that each of the summands in Eq. (2.60) applied to the product
(2)
state vanishes individually, i.e. Li,i+1 | P⟩ = 0 for all i = 1, . . . , L − 1.
• It may happen that the individual summands do not vanish separately, but the
terms cancel each other so that the total sum gives zero. This requires a nontrivial
cancellation mechanism between adjacent pairs of sites.
Let us start with the first case, where each term is supposed to vanish separately. This
means that

 

1 − pi
1 − p i +1
(2)
L
⊗
=0
∀i = 1, . . . , L − 1
(2.61)
pi
p i +1
or equivalently


0
0
0
0 w L − w R

0 − w L w R
0
0
0



 
0
(1 − pi )(1 − pi+1 )
0





0   (1 − p i ) p i +1 
0 .
=
0
0   p i (1 − p i +1 ) 
0
p i p i +1
0

(2.62)

Since L(2) has four lines one obtains in principle four different equations. In the present
case, however, the first and the last line vanish identically while the second and third
line are linearly dependent. Therefore, in the case of the ASEP one obtains only a single
equation, namely
w L (1 − p i ) p i +1 = w R p i (1 − p i +1 ) ,
(2.63)
leading to the recursion relation
p i +1 = f ( p i ) =

w R pi
.
w L (1 − p i ) + w R p i
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Figure 2.7.: Density profiles according to Eq. (2.65) for the initial probabilities p1 = 0.98 and p1 = 0.8, respectively, and
a rate ratio of w R /w L = 0.95. Since diffusion is biased to the left, the particles are found preferentially in the
left part of the system.

With the help of Mathematica® we can easily convince ourselves that this recursion
relation is solved by the exact solution
pi =

wiR p1
.
wiL (1 − p1 ) + wiR p1

(2.65)

As shown in Fig. 2.7) this allows us to compute density profiles, describing the stationary state of the system. However, we should keep in mind that the dynamics of the
ASEP conserves the number of particles in the system, decomposing the configuration
space into several independent sectors with a fixed number of particles, but the product state computed above actually describes a probabilistic ’superposition’ over many
of such sectors. In order to compute the stationary state for a given number of particles,
it is therefore necessary to project this solution onto the corresponding sector (left as an
exercise to the reader).
Let us now turn to the generalized model with external reservoirs and let us find out
under which conditions it possesses a factorizable stationary state. If all terms in the
sum of the Liouvillian vanish separately, this would imply that its action on the first
two sites of the system obeys the equation

 

1 − p1
1 − p2
(2)
( L + A ⊗ 1 + 1 ⊗ B)
⊗
= 0,
(2.66)
p1
p2
or, equivalently




 
(1 − p1 )(1 − p2 )
0
α
−β
0
0
 0 w L + α + β − w R 0   (1 − p1 ) p2 
0


 =  .
−α
0
−w L
w R − β   p1 (1 − p2 ) 
0
−α
0
β
p1 p2
0

(2.67)

As can be seen, we now have three independent lines in the matrix while the vector
involves only two degrees of freedom (namely, p1 and p2 ). This means that for generic
values of the rates the system of equations is over-determined. This demonstrates that it

© H AYE H INRICHSEN — P HYSICS OF C OMPLEX S YSTEMS — CC BY-SA 4.0

2.2 The exclusion process on a one-dimensional lattice

67

is no longer possible to find stationary states for which all summands of the Liouvillian
vanish separately. However, as we will see in the next paragraph, stationary product
states are still possible thanks to an elaborate compensation mechanism between adjacent terms.

Zipper-like compensation mechanism for stationary product states:
In the following we demonstrate that the asymmetric exclusion process
(ASEP) coupled to external reservoirs still admits factorizable solutions
thanks to a compensation mechanism between adjacent sites. Such product states are homogeneous, i.e., they consist of identical tensor factors:
   
 
1 e
e
e
| Pstat ⟩ =
⊗
⊗...⊗
,
(2.68)
d
d
N d

Zipper [Wikimedia]

where N = (d + e) L is a normalization factor. The notation with letters e and d is
frequently used in the literature and corresponds to the probabilities 1 − p and p.
First, we note that the application of A at the leftmost site yields the vector
  
 
 
e
α 0
e
1
A
=
= +αe
.
d
−α 0
d
−1

(2.69)

Remarkably, the application of B at the rightmost site yields the same vector, although
with a different prefactor:
  
 
 
e
0 −β
e
1
B
=
= − βd
.
(2.70)
d
0 β
d
−1
Clearly, the two vectors on the right hand side coincide up to a minus sign, provided
that eα = dβ. Thus let us from now on choose e and d in such a way that
eα = dβ = 1 .

(2.71)

As an example, let us investigate a system with only two sites (L = 2). With the choice
eα = dβ = 1, the action of the boundary terms is given by
   
   
e
e
1
e
A1
⊗
=+
⊗
(2.72)
d
d
−1
d
   
   
e
e
e
1
B2
⊗
=−
⊗
.
(2.73)
d
d
d
−1
For establishing a zipper-like compensation mechanism, the vector (1, −1)T marked in
red color has to be “commuted” from the leftmost to the rightmost site by means of the
remaining contributions in the bulk of the chain. In the case of a two-site system, there
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is only one such contribution, namely

0
0
0
   

0
w
−
wR
e
e
L
L (2)
⊗
=
0 − w L w R
d
d
0
0
0



  2
0
e
0


 
0
 ed = −de(w R − w L ) .
+de(w R − w L )
0 ed
2
0
d
0

This can be rewritten in the form
   
        
de(w R − w L )
e
e
1
e
e
1
(2)
L
⊗
=
−
⊗
+
⊗
.
−1
d
d
−1
d
d
d+e

(2.74)

(2.75)

In fact, adding the boundary contributions (2.72) and (2.73) and the bulk contribution (2.75), it is easy to see that the sum is zero provided that the pre-factor in (2.75)
is tuned in such a way that
de(w R − w L )
= 1.
(2.76)
d+e
Because of αe = βd = 1 this means that α + β = w R − w L . Thus, with this particular
tuning of the rates, the two-site product state is indeed stationary:
  e   e 

(2)
⊗
= 0.
(2.77)
L + A1 + B2
d
d
The same applies to chains with more than two sites. For example, for a chain with
three sites, we obtain the contributions
"  #
⊗3
e
A1
d
"  #
⊗3
e
(2)
L12
d
"  #
⊗3
e
(2)
L23
d
"  #
⊗3
e
B3
d



=
=
=
=

    
1
e
e
⊗
⊗
+
−1
d
d
           
1
e
e
e
1
e
−
⊗
⊗
+
⊗
⊗
−1
d
d
d
−1
d
           
e
1
e
e
e
1
−
⊗
⊗
+
⊗
⊗
d
−1
d
d
d
−1
     
e
e
1
−
⊗
⊗
d
d
−1

which, adding them all up, cancel mutually on the r.h.s., hence

  e   e   e 
(2)
(2)
L12 + L23 + A1 + B3
⊗
⊗
= 0.
d
d
d

(2.78)
(2.79)
(2.80)
(2.81)

(2.82)

Thus, we have shown that the ASEP coupled to external reservoirs possesses a stationary product state on a particular line in the phase diagram given by the condition
α + β = wR − wL .

(2.83)

Obviously this implies the inequality w R > w L as a necessary condition. This is physically reasonable since a homogeneous stationary state can only be established if the
chain transports particles preferentially to the right since otherwise there would be
some kind of “traffic jam” emerging at one of the boundaries.
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Note that in the case of particle input and output there is no particle conservation any
more, hence the system is ergodic and the stationary state is unique.
Since the tensor factors are identical along the chain, the particle density will be constant. Nevertheless, the random walk of the particles is biased to the right, generating
a constant flux of particles. As will be discussed later, this is a simple example of a
so-called non-equilibrium steady-state (NESS).

2.2.4. Matrix product states
So far we have seen that the stationary state of the asymmetric exclusion process is
given by a product state, provided that α + β = w R − w L . This means that we have
solved the stationary problem along a particular line in the phase diagram, where the
lattice sites are uncorrelated. Is it possible to solve the same problem for arbitrary rates
α, β, w L , and w R , where the system is expected to exhibit non-trivial correlations ?
A very elegant solution to this problem was proposed by Bernhard Derrida and
coworkers in the middle of the 90s [3, 4]. They realized that the main restriction with
ordinary product states comes from the fact that the product of two tensor factors
 2
e
   
ed
e
e

⊗
=
ed
d
d
d2

(2.84)

always gives identical numbers in the second and third component of the resulting vector on the right-hand side. As a way out they proposed to replace the numbers e and d
by non-commutative objects Ẽ and D̃. These objects may be thought of as nontrivial
operators acting in some fictitious auxiliary space. This space must not be confused
with the configuration space of the system, rather it is an additional space on top of
that whose only purpose is to establish a certain type of non-commutativity between Ẽ
and D̃. Once a suitable representation of the commutation relations is found, Ẽ and D̃
can be expressed as matrices acting in the auxiliary space. In order to avoid confusion,
we mark all quantities acting in the auxiliary space by a tilde.
Before entering the problem of finding such operators, let us first consider the consequences of this approach. Replacing the numbers e and d in the product state
   
 
e
e
e
stat
|P ⟩ =
⊗
⊗...⊗
(2.85)
d
d
d
literally by non-commutative matrices Ẽ and D̃, we would obtain a vector with entries
consisting of matrices instead of numbers. For example, on a chain with two sites we
would get


ẼẼ
   
 ẼD̃ 
Ẽ
Ẽ

| Pstat ⟩ =
⊗
=
(2.86)
 D̃Ẽ  .
D̃
D̃
D̃D̃
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In this vector the components would be matrices acting in the auxiliary space. However, in the end what we need is a vector of real-valued probabilities. Therefore, another
operation is needed to map these matrices back to numbers. This mechanism depends
on the boundary conditions under consideration. For example, if the system is open
(i.e. coupled to reservoirs) we may take the expectation value of the matrix-valued
components between two vectors ⟨α̃| and | β̃⟩ living in the auxiliary space, i.e.
   
 
1
Ẽ
Ẽ
Ẽ
stat
| P ⟩ = ⟨α̃|
⊗
⊗...⊗
| β̃⟩ ,
(2.87)
D̃
D̃
D̃
N
where N is a normalization factor given by

N = ⟨α̃|C̃ L | β̃⟩ ,

C̃ = D̃ + Ẽ .

(2.88)

For example, in the case of L = 2 sites the explicit vector reads

⟨α̃|ẼẼ| β̃⟩
 ⟨α̃|ẼD̃| β̃⟩ 
1

.
| Pstat ⟩ =
⟨α̃|C̃2 | β̃⟩  ⟨α̃|D̃Ẽ| β̃⟩ 
⟨α̃|D̃D̃| β̃⟩


(2.89)

Thus, if we had found a valid set of matrices, this would allow us to compute any physical quantity, unfolding the full power of the approach. For example, the probability of
finding the configuration ∅A∅A in a four-site system would be given by
Pstat (∅A∅A) =

⟨α̃|ẼD̃ẼD̃| β̃⟩
⟨α̃|C̃4 | β̃⟩

(2.90)

That is, to get the probability of a given configuration, we simply we have to replace
a vacancy by the operator Ẽ and a particle by the operator D̃ and then compute the
product of these matrices. Note that the string ẼD̃ẼD̃ is an ordinary operator product
(matrix product) in auxiliary space and should not be confused with the tensor product
in configuration space.
Remark: Another important case is that of periodic boundary conditions. Here the most
natural choice for the reduction of matrices to numbers would be a trace operation
 
   
1
Ẽ
Ẽ
Ẽ
⊗...⊗
.
(2.91)
⊗
Tr
| Pstat ⟩ =
D̃
D̃
D̃
N
with the normalization

h i
N = Tr C̃ L ,

C̃ = D̃ + Ẽ ,

(2.92)

where the trace is carried out in auxiliary space. Likewise, the probability of the configuration ∅A∅A in the case of periodic boundary conditions would be given by


Tr ẼD̃ẼD̃
  .
Pstat (∅A∅A) =
(2.93)
Tr C̃4

So far we have only outlined the general idea how to represent a stationary state with
non-commutative operators, but we have not yet addressed the question whether such
operators exist at all. In fact, the existence of such matrices depends significantly on the
specific form of the Liouvillian.
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As an example, let us find out under which conditions the asymmetric exclusion
process (ASEP) with open boundaries admits a matrix representation obeying the same
zipper-like compensation mechanism as outlined above for ordinary product states. In
analogy to Eqs. (2.75)-(2.76) let us postulate the bulk relations
   
       
Ẽ
Ẽ
Ẽ
Ẽ
1
1
(2)
L
⊗
= −
⊗
+
⊗
(2.94)
D̃
D̃
D̃
D̃
−1
−1
or, explicitly:


0
0
0
0 w L − w R

0 − w L w R
0
0
0







0
ẼẼ
0
0






0
  ẼD̃  = w L ẼD̃ − w R D̃Ẽ = −D̃ − Ẽ .






0
D̃Ẽ
w R D̃Ẽ − w L ẼD̃
D̃ + Ẽ 
0
D̃D̃
0
0

(2.95)

Again, the second and the third line are linearly dependent, giving a single algebraic
relation for the operators Ẽ and D̃:
w R D̃Ẽ − w L ẼD̃ = D̃ + Ẽ .

(2.96)

This is the so-called matrix algebra induced by the Liouvillian. If the two operators
were just numbers, this relation would be equivalent to that of Eq. (2.76). In other
words, the product state solution discussed before is nothing but the special case of a
one-dimensional representation of the matrix algebra.
Let us now turn to the boundary equations. Following the same strategy of literally
replacing numbers by matrices in Eqs. (2.69) and (2.70) we would postulate the relations
 
 
 
 
Ẽ
1
Ẽ
1
A
=+
and
B
=−
,
(2.97)
D̃
−1
D̃
−1
giving
αẼ = βD̃ = 1 .

(2.98)

But obviously, this result is too restrictive because it would force us to use the onedimensional representation, reproducing again the case of a product state. However,
at this point we can exploit the fact that the boundary matrices at the leftmost and the
rightmost site are always contracted with the boundary vectors ⟨α̃| and | β̃⟩. That is,
instead of Eqs. (2.97) it rather suffices to have
 
 
 
 
1
Ẽ
1
Ẽ
= +⟨α̃|
and
B
| β̃⟩ = −
| β̃⟩ ,
(2.99)
⟨α̃|A
D̃
−1
D̃
−1
turning the scalar equation (2.98) into two eigenvalue problems

⟨α̃|Ẽ =
D̃| β̃⟩ =

1
⟨α̃|
α
1
| β̃⟩ .
β

(2.100)
(2.101)

These eigenvalue equations are in fact more general and allow for a nontrivial matrix
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representation, as we will see in the following.

Finding matrix representations:
With the ansatz described above, the problem of calculating the stationary state of the
ASEP with open boundaries has now been shifted to the problem of finding a representation of the matrix algebra, i.e., identifying two matrices Ẽ and D̃ as well as two
boundary vectors ⟨α̃| and | β̃⟩ obeying the relations
w R D̃Ẽ − w L ẼD̃ = D̃ + Ẽ ,

⟨α̃|Ẽ =

1
⟨α̃| ,
α

D̃| β̃⟩ =

1
| β̃⟩ .
β

(2.102)

Finding such matrix representation is not easy at all, and, if successful, can be considered as a little breakthrough. A general guide for finding matrix representations
was written by Blythe and Evans [1], where one can find several representations of the
quadratic algebra given above. It turns out that in this case, any matrix representation
has to be infinite-dimensional. One of them is:


√
1+b
c0
0
0
···
√
 0

1 + bq
c1
0


√
1
2
 0

c2
0
1 + bq
D̃ =


3

wR − wL  0
0
0
1 + bq


..
..
.
.


1+a
0
0
0
···
√
 c0 1 + aq

0
0


√
1
2
 0

c1 1 + aq
0
Ẽ =
(2.103)


√
3

wR − wL  0
0
c
1
+
aq
2


..
..
.
.
 
1



0
⟨α̃| = 1 0 0 · · · ,
| β̃⟩ = 0 ,
 
..
.
where
q=

wL
,
wR

a=

wR − wL
−1,
α

b=

wR − wL
−1,
β

cn = (1 − qn+1 )(1 − abqn ) .

(2.104)
This representation is not unique since it can be mapped to other ones by similarity
transformation. Let us again remind the reader that these matrices live in an infinitedimensional auxiliary space, which must not be confused with the (finite-dimensional)
configuration space.
Interestingly, there are exceptions: As one sees from the matrices, for certain choices
of the parameters, namely for
1 − abqn = 0 ,
(2.105)
the representation becomes finite-dimensional since cn = 0 and thus the upper left
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Figure 2.8.: Lines in (α, β) parameter space for fixed q = 0.5, where one-, two-, and three-dimensional representations
exist (indicated by the blue, orange, and green line, respectively).

corner of the matrices becomes disconnected from the rest (we will study the special
case of a two-dimensional representation in the tutorial). These special representations
exist along certain submanifolds in the parameters space (see Fig. 2.8). But apart from
these special cases one can show that generically an infinite-dimensional representation
is needed.
Is this really useful? Is it really an advantage to compute the probability of a configuration with say four sites in terms of the product of four infinite-dimensional matrices?
It turns out that for finite chains it is in fact possible to truncate the matrices. For example, for a system with only four sites, it suffices to consider only the first four rows and
columns of the matrix. This is because the matrices are nonzero only along their diagonal and one of its neighboring diagonals while the boundary factors have only a single
entry in the first component. This means that the matrices D̃ end Ẽ can be thought of
as some kind of ladder operators, moving forward and backward by one component in
the auxiliary space.

Using matrix product states:
Having determined matrix representation it is possible to compute almost any quantity
of interest in the stationary state. The most important one is ρistat , the density of particles
at site i. For example, in a system with only three sites, the density of particles at the
leftmost site would be given by
ρ1stat = Pstat ( A∅∅) + Pstat ( A∅A) + Pstat ( AA∅) + Pstat ( AAA) = Pstat ( A ⋆ ⋆)
(2.106)
stat
with P given by Eq. (2.87), that is, we have to “integrate out” the degrees of freedom
of the other two sites which are ignored. In the matrix product formalism this process
of “integrate out” is accomplished by the matrix C̃ = D̃ + Ẽ in that we simply put this
matrix in all places which are ignored. In the three-site example, this can be accounted
for by writing
⟨α̃|D̃C̃C̃| β̃⟩
ρ1stat =
.
(2.107)
⟨α̃|C̃C̃C̃| β̃⟩
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More generally, on a chain with L sites, the probability to find a particle at site i is given
by
⟨α̃|C̃i−1 D̃C̃ L−i | β̃⟩
ρistat =
.
(2.108)
⟨α̃|C̃ L | β̃⟩
The density profile can now be computed by simply inserting the matrices Eq. (2.103)
and evaluating the corresponding matrix products. Similarly, it is in principle possible
to compute any type of n-point correlation function. For example, two point-function
is given by
⟨α̃|C̃i−1 D̃C̃ j−i−1 D̃C̃ L− j | β̃⟩
Cijstat =
.
(2.109)
⟨α̃|C̃ L | β̃⟩

How useful is the matrix product technique?
The matrix product method is a powerful technique which allows certain problems
(such as the ASEP with open boundaries) to be solved exactly. As quantum mechanics,
which relies on the idea of replacing real-valued phase space variables by non-commutative operators, this method replaces real-valued probabilities by non-commutative
matrices. Physical quantities such as density profiles and correlation functions can be
expressed conveniently in terms of simple matrix products.
Nevertheless, the range of applicability seems to be limited. In non-equilibrium statistical physics, the range of soft models seems to be restricted to systems describing
various kinds of diffusion. So far only very few systems with particle reactions can be
described in terms of matrix products.

2.3. Tensor networks
2.3.1. Tensor network topologies - a brief overview
To be discussed here:
• MPS: Matrix product state (1D chain of tensors)
• PEPS: Projected entangled pair states (2D square lattice of tensors)
• MERA: Multiscale entanglement renormalization ansatz (hierarchical tensor network)

2.3.2. Example: Fast Fourier Transformation (FFT) as a tensor network
In this subsection we demonstrate how a tensor network can be used to implement
important algorithms such as the so-called Fast Fourier Transformation (FFT). To this end
let us first recall the basics of the discrete Fourier transforms:
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Discrete Fourier transformations
Suppose that you have a data set in the form of a finite list of real or complex numbers

{ a 0 , . . . , a N −1 } .
Then it is possible to map this list to a different list { ã0 , . . . , ã N −1 } of the same length by
means of a discrete Fourier transformation (DFT), defined as
N −1

1
ãk = √
N

∑

an exp

 2πikn 

k = 0, . . . , N − 1 .

N

n =0

(2.110)

This mapping is invertible with the inverse discrete Fourier transform being given by
1
an = √
N

N −1

 2πikn 
ãk exp −
N

∑

k =0

n = 0, . . . , N − 1 .

(2.111)

These linear transformations can be written in matrix notation
ãk = Fkn an ,

−1
an = Fnk
ãk

(2.112)

where the matrices are given by
 2πikn 
1
,
Fkn = √ exp
N
N

 2πikn 
1
−1
Fnk
.
= √ exp −
N
N

(2.113)

−1
One can easily confirm that ∑n Fkn Fnk
′ = δkk ′ by using the fundamental relation
N −1

∑

exp



 2πikn 

=

N

n =0

N if k is a multiple of N,
0 otherwise.

Moreover it is straight-forward to confirm that F F † =
actually a unitary transformation.

(2.114)

1, meaning that the DFT is

With Mathematica® a numerical DFT can be performed by the command
FT=Fourier[{a1,a2,a3,a4,...,aN}]

The original list is then returned using InverseFourier[FT].
Remark: The above definition of discrete Fourier transformations is suitable for all programming languages in which vectors (arrays) are indexed from 0 to N − 1, e.g. C/C++,
Java, and Python. On the other hand, Mathematica® and the ancient language FORTRAN
use the convention of subscripting from 1 to N, which is somewhat inconvenient when it
comes to Fourier transformations. In fact, the transformation formulas look a bit more complicated, but differ only by a shift in the indices:
ãk
an

=
=

1
√
N
1
√
N

N

∑ an exp



n =1
N

∑ ãk exp

k =1



2πi

(k − 1)(n − 1) 
N

−2πi

(k − 1)(n − 1) 
N

k = 1, . . . , N
n = 1, . . . , N .

Recall that in Mathematica® there are two commands:
Fourier[{...}] ≡ discrete Fourier transformation
FourierTransform[f[x],x,k] ≡ continuous Fourier transformation
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Fast-Fourier-Transform (FFT)
The execution time is an important criterion for the efficiency of an algorithm. However, in information technology the absolute execution time plays a rather subordinate
role; much more important is the question of how the execution time scales with the
size of the problem, i.e., in the present case with the length of the list. Knowing the
scaling properties, even small test runs on a desktop computer can be used to predict
the execution time required on a large mainframe computer.
So far we have seen that the DFT is a linear transformation and can therefore be
understood as a matrix multiplication (see Eq. 2.113). The execution time required for
such a matrix multiplication increases in proportion to the number of matrix elements,
i.e. proportional to N 2 . In the IT jargon one also speaks of an N 2 algorithm.
The Fast Fourier Transform (FFT) is an alternative algorithm that scales like N ln N,
so its scaling behavior is significantly better than that of a direct matrix multiplication.
However, it is restricted to data sets where the number of entries N is a power of two.2
The FFT algorithm for N being a power of 2 works as follows. First the sum in
Eq. (2.110) is broken up into even and odd contributions
N/2−1

∑

ãk =

t =0

|
(N)

where Fk,n =

√1
N

N/2−1

Fk,2t a2t + ∑ Fk,2t+1 a2t+1 ,
t =0
|
{z
}
{z
}
(N)

even

(N)

(2.117)

odd

exp( 2πikn
N ). Because of
1 ( N/2)
(N)
,
Fk,2t = √ Fk,t
2

(N)

Fk,2t+1 =

exp( 2πik
) ( N/2)
√ N Fk,t
2

(2.118)

this expression can also be written
ãk =

) N/2−1 ( N/2)
exp( 2πik
1 N/2−1 ( N/2)
√ ∑ Fk,t
√N
a2t +
∑ Fk,t a2t+1 .
2 t =0
2
t =0
|
|
{z
}
{z
}
even

(2.119)

odd

Note that the curly brackets are again two discrete Fourier transformations, each with
half as many data points. This means that the FFT algorithm basically amouts to a
recursion. In fact, using these formulas, the FFT can be conveniently programmed
recursively. One only has to add as a terminating condition that the Fourier transform
of a single number at N = 1 is the number itself, or in other words, F (1) = 1.
Here is a recursive Mathematica® function for the FFT algorithm. The argument of the
function is the list lst. If the length is L = 1, it is aborted and the list is returned
unchanged, otherwise the list is split into two partial lists even and odd. Both are
then recursively Fourier-transformed. With Join[fteven, fteven] or Join[fteven,
fteven], the Fourier transforms are periodically doubled and then multiplied element
2 Modern

implementations of the FFT can also handle arbitrary sizes by suitably adding “dead entries”
in the data list. However, an FFT is particularly efficient if the data size is exactly a power of 2.
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by element with the phase factors stored in phases:
FFT[lst_ ] := Module[{L, even, odd, fteven, ftodd, phases},
L = Length[lst];
If[L == 1, lst,
even = Table[lst[[2 x - 1]], {x, 1, L/2}];
odd = Table[lst[[2 x]], {x, 1, L/2}];
fteven = FFT[even]; ftodd = FFT[odd];
phases = Table[Exp[2 Pi I (s - 1)/L], {s, 1, L}];
(Join[fteven, fteven] + phases*Join[ftodd, ftodd])/ Sqrt[2] ]]
Remark: If you want to carry out ultra-fast FFT’s, the package of choice in the programming
language C is FFTW3, available for free at the website https://www.fftw.org.

Realization of the FFT as a tensor network
Let us represent the FFT F ( N ) of size N = 2l as a red box, mapping the input data set
{ a0 , . . . , a N −1 } provided at the lower legs to the output data set { ã0 , . . . , ã N −1 } at the
upper legs:

As shown in the figure, the case N = 1 is special: The Fourier transform of a single
number yields the very same number, hence the FFT for N = 1 is just the identity. We
shall represent this identity simply as a vertical black line.

Let us furthermore introduce the phase shift tensor as a green box, which maps a value a
to ã = eiϕ a.
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Now we have all ingredients to represent the recursion relation (2.119) graphically. In
fact, a possible graphical representation (see exercise) is given by

where

is a suitable tensor acting on pairs of
legs to be determined in the exercise.
Note that each green tensor comes
with an individual phase shift.
Remark: These tensors work
more like maps, they differ
from the notion of tensors as
a quantity with many indices.
The reason is that the FFT in
the example above can be interpreted as acting in a singleparticle space, whereas the MPS
discussed before lives in a
many-particle space. The FFT
Quantum sine transformation
discussed here can be generalin https://arxiv.org/pdf/1705.10186.pdf
ized here to second-quantized
many-particle situations. According to a mathematical theorem, the diagrammatic structure does not change during
second quantization, all what
changes is the definition of lines and tensors. The figure on the right side shows a 16-channel
quantum sine transformation, which was a master thesis in our group some time ago, published in https://arxiv.org/pdf/1705.10186.pdf.
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2.4. Other algebraic structures
2.4.1. Symmetries and conserved quantities
From quantum mechanics we know that a conserved quantity is represented by an operator A which commutes with the Hamiltonian H. This is plausible since H is the
generator of translations in time. Therefore, the condition [H, A] = 0 implies that it
does not make a difference whether we first measure A and then evolve the system in
time or the other way round, meaning that the measurement statistics does not depend
on time. The conserved quantity A usually reflects a certain symmetry property of the
system. For example, if the angular momentum is conserved, the system is expected to
be invariant under rotations.
The same applies to the formalism of continuous-time Markov processes: An operator A which commutes with the Liouvillian L represents a symmetry associated with
a conserved quantity. As an example let us again consider the symmetric exclusion
process with 2 sites and without particle input and output at the boundaries. Setting
w L = w R = 1, the Liouvillian is given by the matrix


L (2)

0 0
0
0 1 −1
=
0 −1 1
0 0
0

Using the Pauli matrices




0 1
0 −i
σx =
, σy =
,
1 0
i 0

σz =




0
0
.
0
0

1 0
0 −1

(2.120)


,

1=



1 0
0 1


(2.121)

it is easy to show that the Liouvillian (2.120) can be rewritten as

L=

1
2



1 ⊗ 1 − σ x ⊗ σ x − σy ⊗ σy − σz ⊗ σz ,

(2.122)

so up to a shift (the constant 1 ⊗ 1 which commutes with everything) and a prefactor − 21 , the Liouvillian is essentially given by the square of the Pauli vector operator,
namely,
σ2 = (⃗σ ⊗ 1) · (1 ⊗⃗σ) = σ x ⊗ σ x + σy ⊗ σy + σz ⊗ σz
and – recalling what we have learned about two spin-1/2 particles in quantum mechanics – we expect it to be an invariant under the symmetry group SU (2).
Remember: The symmetry group SU (2) describes special (that is without reflections)
unitary (i.e. probability-conserving) complex transformations in two dimensions and it is
known to describe the phenomenon ’spin’ in quantum mechanics. It consists of all transformations of the form
i
T (⃗α) = exp(− ⃗α · σ) , ⃗α ∈ R3 ,
2
where α plays the role of a rotation axis. The SU (2) is a Lie-group, i.e. it can be Taylorexpanded around the identity admitting infinitesimal transformations. The corresponding
generators are the Pauli matrices ⃗σ = (σ x , σy , σz ) = (σ1 , σ2 , σ3 ) which obey the su(2)-Lie
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algebra (= set of commutation relations)

[σ j , σl ] = 2iϵ jkl σl .
The ordinary rotations SO(3) in three dimensions obey the same algebra (called angular momentum algebra) wherefore SO(3) and SU (2) are locally isomorphic, giving spin its interpretation of an intrinsic angular momentum.

When dealing with the SU(2), it is convenient to introduce raising and lowering operators

1 x
σ± =
σ ± iσy
(2.123)
2
as well as the number operator
n = σ+ σ− .
(2.124)
The three operators σ± , n can be used instead of σ x , σy , σz as an alternative basis of the
su(2) Lie algebra with the well-known commutation relations

[n, σ± ] = ±σ± .

(2.125)

So far we have summarized how the symmetry group SU (2) can be realized on a single
vector space C2 , i.e., on a single site. When dealing with two sites as in the example
above, we have to employ as in many-particle quantum mechanics. That is, we define
the operators
N = n ⊗ 1 + 1 ⊗ n , S± = σ± ⊗ 1 + 1 ⊗ σ± .
(2.126)
As can be verified easily, these operators obey the same algebra, namely
N = S+ S− ,

[ N, S± ] = ±S± ,

(2.127)

hence they are just a two-site (reducible) representation of the su(2) algebra. The generalization to L > 2 sites is straight-forward by adding more and more summands in
Eq. (2.126). It is also easy to check that this L-site representation of the SU(2) is a symmetry group of the symmetric exclusion process, simply by checking that all generator
commute with the Liouvillian:

[S± , L] = [ N, L] = 0.

(2.128)

Nevertheless, the representations (σ± , N ) and (S± , N ) are different in so far as they
exhibit a different multiplet structure. For example, on a single site we have (σ+ )2 = 0,
while on two sites (S+ )2 ̸= 0.

Interpretation of the SU(2) in the exclusion process
The interpretation of the symmetry group in the context of the exclusion process is
very simple: The symmetry is just the conserved number of particles. The operator N
just counts the number of particles, while S± add and remove a particle, respectively.
Therefore, the interpretation of the SU(2) in the context of the exclusion process is much
simpler than in the context of quantum spins.
How can we ’detect’ a symmetry in a given Markov process? The answer is:
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Figure 2.9.: Biased exclusion process, where the asymmetry is controlled by a deformation parameter q.

In Markov processes, symmetries and conserved quantities
imply degeneracies in the spectrum of the Liouvillian.
The multiplet structure allows us to identify the symmetry group.
Let us verify this claim in the example of the 2-site exclusion process discussed above.
The eigenvalues of the Liouvillian (2.120) are

(0, 0, 0, 2).
This is a triplet and a singlet, a typical hallmark of SU(2) which we also get when adding
two spin-1/2 by Clebsch-Gordon coefficients. The triplet represents three different stationary states with 0, 1, and 2 particles, respectively. The operator N distinguishes the
states while the operators S± allow us to switch between them. In addition, there is only
one excited mode in the sector with one particle since the other two sectors (empty of
fully occupied) are frozen in the stationary state.
Moving to three sites, we expect a degeneracy pattern of two doublets and one quartet.

Quantum groups *
In the 90’s so-called quantum groups were extremely fashionable. Roughly speaking,
a quantum group and the associated quantum Lie algebra are a kind of continuously
deformed group (togehter with a corresponding deformed Lie algebra), typically in
terms of a continuous deformation parameter q defined in such a way that the nondeformed standard case is recovered for q = 1.
In the spectrum of the time evolution operator, the effect of changing the deformation
parameter amounts to shifting the eigenvalues while the degeneracies are preserved. In
other words, the system is deformed without destroying its symmetry.
Again, the exclusion process is probably the simplest example where we can study
and understand a quantum group. To this end we simply consider asymmetric hopping
rates w R = q, w L = q−1 . It is trivial to see that this modification does not destroy
the symmetry of particle conservation, hence it preserves the multiplet structure of the
levels in the spectrum of the Liouvillian. However, it turns out that the definition of the
two-site generators in Eq. (2.126) has to be replaced by tensor products with different
weights.
However, the real fun starts only in the quantum case, when the deformation parameter q is complex. Here it can happen (especially if q is a root of unity) that different
multiplet merge into a single larger one, hence leading to a new degeneracy pattern
and therewith to a higher degree of symmetry. This is a mathematically fascinating
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subject on its own, which we will not address here in further detail.

2.4.2. Spectrum-generating algebra
So far we were concerned with symmetry groups and their Lie algebras, which determine the degeneracies in the spectrum of the Liouvillian. But what about the actual
values of the levels, which determine the inverse time scale of the corresponding relaxation modes? It turns out that under certain circumstances it is also possible to explain
the eigenvalues by means of algebraic methods.
To this end let us consider the symmetric exclusion process with three sites by introducing the following notations:


L (2)

0 0
0
0 1 −1
=
0 −1 1
0 0
0


0
0
,
0
0

e1 : = L (2) ⊗ 1 ,

e2 : = 1 ⊗ L (2)

(2.129)

e2 e1 e2 = e2 .

(2.130)

so that L = e1 + e2 . It is easy to check that
e12 = 2e1 ,

e22 = 2e2 ,

e1 e2 e1 = e1 ,

Now the idea is to consider these equations as algebraic relations independent of the
underlying matrix representation and to compute the spectrum algebraically in a representation-free framework.

Temperley-Lieb algebra
An algebra is not a secret science, on the contrary. It is a kind of construction kit which
works as follows:
• Elementary objects: Starting point is a set of ’letters’, say A, B, C, or q̂ and p̂
in quantum mechanics, a, a† in the harmonic oscillator or, as in our case, the interaction operators e1 , e2 , . . . , e L−1 . These letters are the elementary objects of the
algebra.
• Monomials: As in any language, the letters can be used to form words, the socalled monomials of the algebra, such as ABCBA, q̂ p̂, a† a, or e1 e2 e7 e4 . There are of
course infinitely many possibilities to form words. For multiple letters like AAA,
one uses a power notation A3 .
• Polynomials: The next step is to introduce a linear space over the words, i.e. we
can add different words and multiply them by a (real or complex) scalar. For example, we may consider the linear combination e1 e2 − 5e6 e7 . Linear combinations
of more than one monomial are called polynomials and the corresponding space is
the word space or polynomial space.
• Algebraic relations: The core of an algebra is a set of relations which restrict the
word space. They often come in the form of commutation relations. The algebraic
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relations establish linear dependencies between different words.
• Identity: Algebras may or may not contain the identity 1 as an elementary object.
The identity is a special ’letter’ which is restricted by the algebraic relations 1e =
e1 = e for all other elements e of the algebra.
• Monomial basis: A maximal set of monomials (words) which spans the whole
word space by linear combinations (constrained by the algebraic relations) is
called a monomial basis. Each polynomial can be represented as a vector of numbers in terms of these basis elements.
• Closed algebra: An algebra is said to close if the monomial basis is finite.
• Lie groups and Lie algebras: A Lie group is a group G which can be Taylorexpanded around the identity. A well-known example are the rotations in Rn ,
forming the special orthogonal group SO(n). The group elements g ∈ G can be
expressed as g = exp(λh), where h is the generator of g and λ is a scalar parameter. The generators form an algebra, called the corresponding Lie algebra, where
the group structure induces certain commutation relations on the generators.

Example: Group of phase shifts U (1)
In quantum mechanics and elsewhere, phase shifts are operations of the form |ψ⟩ → eiϕ |ψ⟩.
The corresponding Lie algebra contains only the identity and another a single elementary
element, say a, as well as a single algebraic relation, namely, a2 = −1. This restricts the
word space to linear combinations of the monomial basis {1, a}. The group elements of the
U (1) are of the form
∞

g = exp(λa) =

∞
∞
ak λk
(−) j λ2j
(−) j λ2j+1
=1∑
+a∑
= 1 cos λ + e sin λ.
k!
(2j)!
(2j + 1)!
j =0
j =0
k =0

∑

Note that the above equation is abstract and does not use an explicit representation. If we
want to find a representation of the Lie algebra and the corresponding Lie group, we have
to find objects which precisely obey the correct commutation relations. In the present case
possible representations include:


0 −1
a = i (the imaginary unit), and a = 1
0 .

Returning to the Temperley-Lieb algebra
e12 = 2e1 ,

e22 = 2e2 ,

e1 e2 e1 = e1 ,

e2 e1 e2 = e2

we first note that the elementary letters are e1 and e2 and that the words may never contain the same letter in a row. Hence the words can only be made up of alternating letters,
e.g. e1 e2 e1 e2 . . ., but those are in turn contrained by the cubic algebraic relations. Thus
the only remaining words, which serve as a monomial basis, are e1 , e2 , e1 e2 , e2 e1 . Thus
the Temperley-Lieb algebra closes and its word space on two sites is four-dimensional.
All elements E of the algebra can thus be expressed as linear combinations
E = αe1 + βe2 + γe1 e2 + δe2 e1

↔

(α, β, γ, δ)

(2.131)

and may therefore be understood as a vector of coefficients ⃗E = (α, β, γ, δ). Two ele-
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ments of the algebra E and E′ can be combined, giving the result
EE′ = (αe1 + βe2 + γe1 e2 + δe2 e1 )(α′ e1 + β′ e2 + γ′ e1 e2 + δ′ e2 e1 )

(2.132)

= αα′ e1 e1 + αβ′ e1 e2 + αγ′ e1 e1 e2 + αδ′ e1 e2 e1
+ βα′ e2 e1 + ββ′ e2 e2 + βγ′ e2 e1 e2 + βδ′ e2 e2 e1
+γα′ e1 e2 e1 + γβ′ e1 e2 e2 + γγ′ e1 e2 e1 e2 + γδ′ e1 e2 e2 e1
+δα′ e2 e1 e1 + δβ′ e2 e1 e2 + δγ′ e2 e1 e1 e2 + δδ′ e2 e1 e2 e1
= 2αα′ e1 + αβ′ e1 e2 + 2αγ′ e1 e2 + αδ′ e1
+ βα′ e2 e1 + 2ββ′ e2 + βγ′ e2 + 2βδ′ e2 e1
+γα′ e1 + 2γβ′ e1 e2 + γγ′ e1 e2 + 2γδ′ e1
+2δα′ e2 e1 + δβ′ e2 + 2δγ′ e2 + δδ′ e2 e1


= 2αα′ + αδ′ + γα′ + 2γδ′ e1 + 2ββ′ + βγ′ + δβ′ + 2δγ′ e2


+ αβ′ + 2αγ′ + 2γβ′ + γγ′ e1 e2 + βα′ + 2βδ′ + 2δα′ + δδ′ e2 e1
meaning that the corresponding ’vectors’ are combined by the rule
   ′ 

α
α
2αα′ + αδ′ + γα′ + 2γδ′
′ + βγ′ + δβ′ + 2δγ′ 
   ′ 

⃗E ◦ ⃗E′ =  β  ◦  β ′  =  2ββ
γ γ  αβ′ + 2αγ′ + 2γβ′ + γγ′ 
δ
δ′
βα′ + 2βδ′ + 2δα′ + δδ′

(2.133)

Obviously, this rule captures the entire structure of the algebra.
Eigenvalue problem on the abstract level of the algebra
Let us now return to the exclusion process without particle input and output on L = 3
lattice sites. As for the spectrum-generating algebra, it is important to note that the
Liouvillian itself is an element of the Temperley-Lieb algebra, namely, L = e1 + e2 . This
allows us to set up an ’eigenword problem’ of the form

L E = λE

⇒

⃗ ◦ ⃗E = λ⃗E ,
L

(2.134)

where E is the ’eigenword’ and λ the corresponding eigenvalue. In practice we can
⃗ ◦ ⃗E = λ⃗E, which is an ordinary linear eigenvalue problem
simply solve the equation L
in the unkown coefficients α, β, γ, δ and the eigenvalue λ.
We leave it as an exercise to show that on the one hand the eigenvalues λ exactly
reproduce the eigenvalues of the Liouvillian, although the degeneracies are not necessarily the same. The ’eigenwords’ W, on the other hand, when inserting the matrices for
e1 and e2 , turn out to be projectors onto the subspace corresponding to that eigenvalue.
Note that the algebraic eigenvalue problem has the size 4 × 4 which is smaller than the
original eigenvalue problem L| P⟩ = λ| P⟩ of size 8 × 8.

Difficult? Not at all! Algebra is great fun!
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3.1. Entropy as an information measure
In statistical physics and the theory of complex systems,
Entropy is one of the most fundamental concepts. But entropy differs from other physical quantities in many respects. On the one hand, there is a large variety of possible definitions of entropy. On the other hand, unlike
other physical quantities such as energy and momentum
that can be measured and have a clear intuitive meaning,
entropy measures the degree of “uncertainty” is conceptually much more difficult to understand. In 1948, when
Claude Shannon found a lower bound for the required
bandwidth of telephone lines for which he needed an appropriate name, it is said that J. v. Neumann gave him the
advice to

Claude Shannon and his intelligent mouse
[Wikimedia]

“...call it entropy. [...] Nobody knows what entropy really is, so in a debate you will
always have the advantage.” (see e.g. [27])
Shannons discovery was actually a rediscovery, but it changed the point of view fundamentally. Traditionally, entropy was introduced in the context of thermodynamics.
Even today, many scientist argue that there are several kinds of entropy around, such
as for example information entropy and thermodynamic entropy. Personally I never
understood this debate. For me there exists (up to some freedom regarding the contextuality) only one kind of entropy, which is just the same as information. This is the
underlying assumption in all what follows: Entropy and Information are just two words
for the same thing.

Verbal definition of information
Information is a relative concept which requires a subject and
an object and deals with a situation where the subject wants
to know something about the object. Roughly speaking, the
information of the object is what the subject does not yet know
about the object. Or, in other words, information is something
like the amount of data that the subject would need to gain Digital storage: From 360KB on a large
Floppy disk (1976) to 256GB on a tiny
maximal knowledge about the object. Obviously, this amount micro SD card (2017) [Flickr,Wikimedia]
of data depends on the already existing knowledge of the subject about the object.
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The object could be anything, for example a physical system, a digital storage, a news
channel, a black hole, or the text of the bible. In addition, we have to specify the level
of the description we are interested in. For example, in the case of a SD card, it makes a
difference whether we are interested in the digital information stored on the chip or in
the actual position of all molecules of the SD card.
In what follows we will mostly use the example of a classical Markov process introduced in the previous chapter, choosing the microscopic configurations as the level of
description. For simplicity let us assume that the set of possible configurations, the configuration space Ω, is finite and let us denote by N = |Ω| the number of its elements.
A light switch, for example, possesses a configuration space Ω = {on,off} with N = 2
states while a die has the configuration space Ω = {1, 2, 3, 4, 5, 6} with N = 6 states.
Within this framework we start out by defining verbally:
The information or entropy S of a system is the minimal number of bits
needed to specify its configuration.
In other words, entropy or information can be thought of as the minimal length of a
file on a computer that is needed to describe a system in detail. It is important that
this length is minimal, i.e., one has to compress the file by removing all redundancies
in the description of the configuration. Alternatively, one may define entropy as the
number of binary yes-no questions which is necessary to fully identify the microscopic
configuration of the system.
As the entropy of a system is the minimal length of a describing file, any composite
system can be characterized by first describing its parts and then concatenating the
files to a single one. If the components of the system were uncorrelated, it would be
impossible to compress the concatenated file even further. It is therefore obvious that
entropy is an extensive, i.e. additive quantity.
It should be emphasized that the term ‘information’ used in the present
context must not be confused with the notion of information in everyday
life. According to the definition given above, a meaningless sequence of
random numbers contains a lot of information since a large amount of data is
needed to specify all random numbers in detail. Nevertheless these random
numbers are meaningless, i.e., they have no ‘information’ in the usual sense.

The ’bit’ as elementary unit of information
If the configuration space of a system contains only one element, meaning that the system is always ina unique configuration, it is already fully characterized and therefore
it has the entropy zero. Contrarily, a binary system such as a light switch can be in
two possible states, hence it is characterized by a single binary digit, called bit. A bit
is the smallest possible portion of information and plays the role as a fundamental information unit, from which other commonly used units of information are derived (see
Table 3.1).
It should be pointed out that ‘bit’ is not a physical unit like ‘meter’, which needs to
be gauged by an international prototype in Paris. Since the unit ‘bit’ is not scalable,
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Byte (B)
Kilobyte (kB)
Megabyte (MB)
Gigabyte (GB)
Terabyte (TB)

=
=
=
=
=
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8 bit
8 · 103 bit
8 · 106 bit
8 · 109 bit
8 · 1012 bit

Byte (B)
Kibibyte (KiB)
Mebiibyte (MiB)
Gibibyte (GiB)
Tebibyte (TiB)

=
=
=
=
=

8 bit
213 bit
223 bit
233 bit
243 bit

Table 3.1.: Commonly used units of information.

it is rather defined in itself. In fact, aliens on a different planet will use the same unit
of information as we do. For this reason the universal unit ‘bit’ is often suppressed,
treating entropy as a dimensionless quantity.

Non-integer number of bits:
Since n bits can form 2n different combinations, it is immediately clear that a system
with |Ω| = 2n configurations can be characterized by n bits. But what happens if the
number of state is not a power of 2? For example, two bits with 22 = 4 configurations
are not sufficient to encode the six faces of a die, but with three bits two of the 23 = 8
possibilities would be wasted. This suggests that the actual information content of a
die is somewhere between 2 and 3 bits.
In order to define such a non-integer information in cases where |Ω| is not a power of
2, let us now consider M (uncorrelated) copies of the system. Since each of the copies
can be in |Ω| possible configurations, the total system of M copies can be in |Ω| M possible configurations. Let k be the minimal number of bits used to encode one of them,
i.e.
| Ω | M −1 < 2k ≤ | Ω | M .
(3.1)
To determine the average information content per copy k/M, we first take the logarithm
to base 2 and then divide by M. This turns the inequality given above into
M−1
k
log2 |Ω| <
≤ log2 |Ω|.
M
M

(3.2)

When taking M → ∞, this inequality becomes sharper and sharper, and it is easy to see
that the information content per copy tends to
S = lim

M→∞

k
= log2 |Ω|
M

(3.3)

Following this argument it is well motivated that the information or entropy of the
system is given by
S = log2 |Ω| .
(3.4)
With this formula we can easily confirm that the entropy is additive (extensive) on uncorrelated subsystems: Since the total number of configurations of a system composed
of independent subsystems is obtained by multiplying the number of configurations of
the respective subsystems, the total entropy is just the sum of their entropy of the parts.
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letter
frequency
morse code

E
12.70%
.

T
9.06%
-

A
8.17%
.-

...
...

X
0.15%
-..-

Q
0.09%
–.-

Z
0.07%
–..

Table 3.2.: The six most and least frequently used characters of the English alphabet, their probabilities and

the corresponding Morse code (see text).

Conventions and scientific cultures
The definition of information-theoretic quantities depends on the commuity. Basically,
there are three major conventions, namely
Information theory
Mathematics
Physics

S = log2 |Ω|
S = ln |Ω|
S = k B ln |Ω|

← preferred choice

Information scientists use log2 because they prefer to read information in units of bits.
Mathematicians prefer the natural logarithm because it is, as the name tells us, the most
natural one and can be inverted by the exponential function. Physicists have the worst
definition: It comes with an additional factor k B , which gives entropy the unit of energy
per Kelvin, thus masking its real meaning.
The Boltzmann constant k B is a historical accident due to the fact that entropy was
discovered first in the thermodynamic context. We decided to give temperature its
own unit, namely, Kelvin. However, as we will see below, this unit is not really needed,
and the price we have to pay for a superfluous unit is a superfluous conversion factor,
called k B .
From now on we use the convention S = ln |Ω|, setting k B = 1.

Information with previous knowledge in form of a probability distribution
In defining entropy we assumed that the observer, who is informed about the actual
configuration of the system, does not have any previous knowledge about the system.
However, if the observer possesses some partial information in advance, it is intuitively
clear that less information is needed to characterize a specific configuration of the system. For example, if the observer already knows that a die is manipulated in such a
way that the result is always even, then the accessible configuration space is reduced
from six to three possibilities, decreasing the necessary information by one bit.
In many cases an observer has a previous knowledge in form of a probability distribution. For example, in the English alphabet the letters ‘E’ and ‘T’ are much more
frequent than the letters ‘X’ and ‘Q’. Samuel Morse was one of the first to recognize that
it is then more efficient to represent frequent characters by short and seldom ones by
longer codes (see Table 3.2). The Morse alphabet is in fact a very early example of what
is known today as entropy-optimized coding.
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Individual entropy of a specific configuration:
To understand the reduction of information by previous knowledge in the form of a
probability distribution, let us consider an arbitrary space Ω of configurations c ∈ Ω
occurring with the probabilities pc ∈ [0, 1]. This probability distribution has to be normalized, i.e.
(3.5)
∑ pc = 1 .
c∈Ω

For simplicity, let us assume that these probabilities are rational numbers,1 . which we
will express in terms of their common denominator m ∈ N by pc = mc /m. With these
numbers let us now construct a fictitious set with m elements, where the configuration
c occurs mc times. In this fictitious set the relative frequency of the configuration is
exactly equal to the given probabilities.
Let us then choose one element from this fictitious set. To specify which of the elements was selected, we would need an information of log2 m bit. However, since the set
may contain several copies of the same configuration which cannot be distinguished,
the information which of the copies was selected is not of interest and has to be subtracted. Therefore, the configuration c has the information content
 
m
Sc = log2 m − log2 mc = log2
(3.6)
mc
in units of bits, or, using the mathematical convention:
 
m
Sc = ln
.
mc

(3.7)

Because of mc /m = pc we arrive at the main result that the configurational or individual
entropy Sc of configuration c with respect to a previously known probability distribution
is given by
Sc = − ln pc
(3.8)
For example, in the English alphabet the most frequent character E, which occurs with
the probability p E = 0.127, carries an information of approximately three bit, while
the rarely used letter Z carries an information of roughly 10 bits. The less likely a
configuration is, the greater its information.
Example: Entropy of an information channel:
Let us consider an information channel transmitting three different characters A, B, and C.
Furthermore let it be known that these characters occur with the probabilities p A = 1/2,
p B = 1/3, and pC = 1/6. According to the prescription above, we construct a fictitious set
{ A, A, A, B, B, C } in which the relative frequency of the characters equals these probabilities.
In this set the configurational entropies are given (in units of bits) by
SA
SB
SC

=
=
=

− log2 (1/2) = 1 bit ,
− log2 (1/3) ≃ 1.585 bit ,
− log2 (1/6) ≃ 2.585 bit

1 This

restriction is not very severe, since any real number can be approximated by a rational number to
arbitrary precision.
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Average entropy:
In many cases, one is not interested in each of the individual entropies Sc but only in
their arithmetic average
S : = ⟨ S ⟩Ω = −

∑

pc ln pc .

(3.9)

c∈Ω

This expectation value is the celebrated Gibbs-Boltzmann or Shannon entropy. In the
case of data transmission, it just gives the minimal information capacity of the transmission channel that is required to transmit the signal. Note that configurations with a
vanishing probability pc = 0, for which the logarithm in the above expression diverges,
do not occur and can be excluded. Mathematically this can be accounted for by using
the convention
0 ln 0 = 0 .
(3.10)
Example: In the previous example of an information channel transmitting three letters
A,B,C with different probabilities, the Shannon entropy would be given by
S =

∑

pc Sc = 1.459 bit .

c= A,B,C

Without previous knowledge the entropy of the system (information channel) would have
been S = log2 3 ≃ 1.585 which is larger. This demonstrates that previous knowledge in form
of a probability distribution reduces the amount of information.

Numerical estimation of entropy by sampling on a computer
Everyone knows that the average number of dots on a die can be estimated by throwing
the die many times and computing the arithmetic mean of the results. The reason is
that the probabilities pc can be estimated by the relative frequency nnc of the results in n
repeated experiments, where nc of them give the result c. According to the
√ central limit
theorem we know that the error of such an estimate goes down with 1/ n.
The entropy of a system can simply be estimated in the same way by replacing the
probabilities with the relative frequencies, i.e.
S ≈ −

nc nc
ln .
n
n
c∈Ω

∑

(3.11)

As any average, this estimator converges to the exact value in the limit n → ∞. However, as an important difference we encounter systematic errors on top of the statistical
ones. In order to demonstrate these errors, Fig. 3.1 shows the actual value of the estimator for the entropy of a die plotted against the number of experiments (red curve).
As expected, the data converges to the theoretical value S = ln 6, which is indicated
as a green horizontal line. However, the red data points are not symmetrically scattered around the expected limit, instead they approaches the green line from below,
indicating the presence of systematic corrections. To rule out that this effect is just a
fluctuation, we averaged over many such sequences, plotting the result as a red dashed
line.
These systematic corrections can be traced back to the nonlinearity of the logarithm
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Figure 3.1.: Numerical estimation of the entropy of a die (red data) depending on the number of trials n together with
the average over many repetitions (dashed line). This systematic bias of the data can be compensated by
applying Millers correction method (blue data, see text).

in the entropy. Even many experts do not know that various correction methods have
been developed which can compensate these systematic deviations to a different extent.
The simplest one is the correction term
S ≈

|Ω|
−
2n

nc nc
ln
n
n
c∈Ω

∑

(3.12)

introduced by Miller [22]. As is shown in Fig. 3.1 in blue color, this simple 1/n correction improves the entropy estimates significantly.
An even better estimator was suggested by Grassberger in 2003, who added another
term, reading [8]
|Ω|
1
(−1)nc
nc nc
S ≈
−
− ∑
ln
.
(3.13)
∑
2n
n c∈Ω nc + 1
n
n
c∈Ω
|{z}
|
{z
}
|
{z
}
Miller
Grassberger

naive estimator

Deformed measures of information *
Having understood that entropy is basically same as the information content of an object, it may be surprising that several other “entropies” are discussed in the literature. If
there are several entropies, what is there meaning with respect to information? In most
cases such alternative entropies involve a continuous “deformation parameter”. Since
deformed entropies play an important role in current research, we will shortly address
the most important examples.

Deformations
In physics, a deformation of a physical law is a modification controlled by a continuously
varying parameter in such a way that the original law is retrieved in a particular limit of
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the control parameter. A famous example is the formula for the non-relativistic kinetic
energy Ekin = 12 mv2 = p2 /2m. In special relativity, this formula is replaced by the
deformed variant
q
m2 c4 + p2 c2

E=

(3.14)

which depends on a deformation parameter, namely, the velocity of light c. For large c the
square root in the expression given above can be Taylor-expanded as
r
p2
p2
p4
2
(3.15)
E = mc
1 + 2 2 ≃ |{z}
mc2 +
− 2 + O(c−4 ) .
m c
}
| 2m 4c{z
E0

Ekin

As can be seen, one gets a additional constant offset E0 = mc2 . Moreover, the nonrelativistic formula Ekin = p2 /2m is retrieved in the limit c → ∞.

Continuous deformations of the Shannon entropy
In the following we are interested in a continuous deformation of the Shannon entropy
S = − ∑c Pc ln Pc . We would like to deform it in a way that the deformed entropy
• is extensive on uncorrelated subsystems,
• vanishes if the actual configuration is known, and
• equals ln |Ω| in the case of uniform distribution.
In order to find out whether such a deformed entropy exists, we first note that the
Shannon entropy can be written in the form




SX = f ⟨ g( PX )⟩ = f ∑ P( x ) g( P( x ))
with f ( x ) = x and g( x ) = − ln x .
x

Our aim is to find a continuously parameterized family of functions f , g in such a way
that it meets the requirements listed above.
Let us first check under which conditions such a deformed entropy is still extensive
on uncorrelated subsystems. To this end let A, B be two subsystems with configurations
a ∈ Ω A and b ∈ Ω B . Let us assume that the two parts are uncorrelated, meaning that
the probability distribution Pc of the composite system with the configuration c = ( a, b)
factorizes:
Pc = Pa Pb .
(3.16)
The deformed entropy is extensive if S AB = S A + SB , hence




S AB = f ∑ Pc g Pc = f ∑ Pa Pb g Pa Pb
c

?

= S A + SB = f

a,b






P
g
(
P
)
+
f
P
g
(
P
)
∑ a a
∑ b b .
a

(3.17)

b

Since the product of probabilities has to be converted into sum, it is clear that this
will not work without a logarithm. Turns out that there are basically two possibilities.
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The logarithm could be either placed inside or outside the summation. If it is inside,
meaning that g( x ) ∝ ln x, we recover the Shannon entropy. However, if the logarithm
is in front of the sum ( f ( x ) ∝ ln x), we can define a different kind of entropy, provided
that
i h
i
 h
=
P
g
(
P
)
·
P
g
(
P
)
(3.18)
P
P
g
P
P
∑ a a
∑ b b
∑ a b a b
a

ab

b

Obviously, this requires the function g to be homogeneous, that is

g Pa Pb = g( Pa ) g( Pb )

⇒

g Pa Pb



=

Pa Pb

β

,

(3.19)

where β plays the role of a deformation parameter. In addition, extensitivity requires
the function g(z) to be a linear function of ln z. This linear function can be fixed by
requiring that the deformed entropy vanishes in situations where we know the actual
configuration, i.e., for distribution Pc = δc,c0 , and that it equals ln |Ω| in the case of a
uniform distribution Pc = 1/|Ω|. The first condition implies that the deformed entropy
is of the form
β
1+ β
Sβ = Cβ ln ∑ Pc Pc = Cβ ln ∑ Pc
(3.20)
c

x

with some (possibly β-dependent) pre-factor Cβ . The second condition means that
h
i
ln |Ω| = Cβ ln |Ω| |Ω|−1− β

(3.21)

hence Cβ = − β1 . Altogether we arrive at the conclusion that in addition to the Shannon
entropy there exists another family of extensive entropies of the form
1
1+ β
Sβ = − ln ∑ Pc
β
c

(3.22)

Rényi entropy
In the literature the deformed entropy derived above is known as
Rényi entropy, named after the Hungarian mathematician Alfred
Rényi (1921-1970). The only difference is that we have to replace
β → 1 − α. For a given probability distribution { Pω } on a sample
space Ω the Rényi entropy H R is defined by2
SαR =

1
ln Pcα ,
1−α ∑
c

(3.23)
Alfred Rényi [alchetron.com]

where α > 0 is the deformation parameter. The corresponding continuous version, the differential Rényi entropy reads
SαR =

1
ln
1−α

Z +∞
−∞

dx [ p( x )]α .

The Rényi entropy includes four important special cases:
2 Note

that it is not allowed to commute the sum with the logarithm which is highly non-linear.

© H AYE H INRICHSEN — P HYSICS OF C OMPLEX S YSTEMS — CC BY-SA 4.0

(3.24)

94

Entropy and Information
α
0
1
2
∞

expression
S0R = ln |Ω|
S1R = − ∑c Pc ln Pc
S2R = − ln ∑c Pc2
R = − ln max P
S∞
c c

expression
Hartley entropy
Shannon / information entropy
Correlation entropy
Minimal individual entropy

In particular, as can be shown easily by using the rule of l’Hôspital, the Rényi entropy
reduces to the ordinary Shannon entropy in the limit α → 1:
lim SαR = S.

(3.25)

α →1

The meaning of the Rényi entropy: Moments and cumulants of information
It is very interesting that the Rényi entropy has a clear and significant mathematical
interpretation. To see this let us first recall that for a given probability distribution { Pc }
each configuration c carries an individual entropy (cf. Sect. 3.1 on page 89)
Sc = − ln Pc .

(3.26)

The ordinary Shannon-Gibbs-Boltzmann entropy is in fact nothing but its expectation
value (arithmetic mean)
S = ⟨ Sc ⟩ =

∑ Pc Sc = − ∑ Pc ln Pc .
c

(3.27)

c

Thus, if we know the Shannon entropy of the system, we actually know very little
about the entire probability distribution, namely, only a single number which is the
first moment of the individual entropies (the average information). However, it is of
course also possible to define higher moments of the individual information, i.e.,
mk :=

∑ Pc Sck

=

c

∑ Pc

− ln Pc

k

.

(3.28)

c

These moments characterize the distribution of the individual information content, in
particular m1 = S is just the standard Shannon entropy. As outlined above, this allows
us to define a corresponding moment-generating function (see Sect. D on page 203)
∞

M(t) =

∑

k =0
∞

Mk k
t =
k!

1
=∑
k!
k =0

∞

1

∑ k! ∑ Pc

− ln Pc

k

tk

c

k =0

∑ Pc (− ln Pc )t

k

=

c

= ∑ Pc exp (− ln Pc )t
c



∑ Pc
c

=

∑

∞

1

∑ k!

k =0
−t
Pc Pc =

(− ln Pc )t

k

(3.29)

⟨ Pc−t ⟩c

c

In fact, we can retrieve the standard entropy by computing the first derivative:
d
M(t)
dt

t =0

=

∑
c

d 1− t
P
dt c

t =0

=

∑(− Pc1−t ln Pc ) t=0
c

= − ∑ Pc ln Pc = S.
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Moments are good, cumulants are better!3 In order to obtain the cumulants of the
individual information, we consider the cumulant-generating function
K (t) = ln M (t) = ln ∑ Pc1−t .

(3.31)

c

Comparing the cumulant-generating function with the original expression for the Rényi
entropy given above, we observe that they are closely related by
SαR =

K (1 − α )
.
1−α

(3.32)

This means that, apart from the renamed argument and an additional prefactor, the
Rényi entropy is just the cumulant-generating function of the information content. Thus,
knowing the Rényi entropy for all values of the deformation parameter α, we could in
principle reconstruct all individual entropies Sc and therewith the whole probability
distribution.
Remember: The Rényi entropy is essentially the cumulant-generating function of the individual entropy Sc = − ln Pc . It is extensive and carries in principle all information about the
probability distribution.

Tsallis entropy
Another frequently studied deformed entropy measure is the socalled Tsallis entropy that was introduced in 1988 by Constantino
Tsallis. For a given probability distribution { Pc } with ∑c Pc = 1 the
Tsallis entropy is defined by
SqT =


1 
q
1 − ∑ Pc ,
q−1
c

(3.33)

where q ∈ R is a deformation parameter. As can be shown easily, when taking q → 1 the Tsallis entropy reduces to the ordinary
Shannon-Boltzmann entropy:
lim SqT = − ∑ Pc ln Pc = S,

q →1

C. Tsallis [Wikimedia]

(3.34)

c

meaning that the standard entropy is included as a special case S1T ≡ S. Likewise one
can define a differential Tsallis entropy for continuous probability densities by
SqT

1 
=
1−
q−1

Z

q



[ p( x )] dx ,

(3.35)

where p( x ) dx is the probability to find the random variable x in the infinitesimal interval [ x, x + dx ].
In the literature the physical relevance of Tsallis entropy has been debated controversially, mainly because there is no immediate information-theoretic interpretation.
3 See

Sect. D on page 203.
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However, the concept could be applied successfully to a large variety of physical systems and empirical data, ranging from spin glasses to high-energy experiments.
It is important to note that the deformation destroys the extensivity of the measure.
In fact, if X and Y are two uncorrelated random variables with factorizing probability
distributions, we find that
SqT ( XY ) = Sq ( X ) + Sq (Y ) + (1 − q)Sq ( X )Sq (Y ).

(3.36)

Therefore, Tsallis entropy is not really suitable for uncorrelated systems. However, the
hope is that it might work for correlated systems, for example, with particles interacting
by long-range forces such as gravity or electromagnetic interactions.
In more recent papers, it was shown that the Tsallis and the Renyi entropy can be
mapped onto each other. This means that they carry in principle the same information
content.

3.2. Entropy in Statistical Physics
Gibbs postulate and Second Law
Entropy as a measure of information has no direct physical meaning in itself. It acquires
a physical meaning only through the circumstance that sufficiently complex physical
systems evolve chaotically. Chaotic behavior means that any kind of fluctuation is amplified by the nonlinear equations of motions, leading effectively to an apparent random behavior. As discussed before, this allows us to use the cartoon introduced in the
previous chapter of a system jumping randomly in its classical configuration space Ω
according to specific rates wc→c′ . How this simple picture can be justified within the
theory of quantum chaos is an interesting research topic on its own.

Quantum reversibility: As already mentioned in the previous chapter, to our present
knowledge any physical system is ultimately described by the laws of quantum physics.
In a nonrelativistic setting this means that even a very complex system evolves in time
according to the Schrödinger equation
ih̄

∂
|ψ⟩ = Hψ .
∂t

(3.37)

This equation has the remarkable property that it is invariant under time reversal combined with complex conjugation
t → −t ,

ψ → ψ∗

(3.38)

Likewise the Hamilton equations of motion, which plays the role of a classical pendant
the Schrd̈inger equation,
∂H
∂H
ṗ = −
,
q̇ = +
(3.39)
∂q
∂p
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is invariant under time reversal:
t → −t ,

p → −p .

(3.40)

Time reversal means the following: if a movie showing a physical time evolution is
played backward it looks physically reasonable, i.e., it could be a valid solution of the
evolution equation with appropriate initial conditions.
The underlying assumption of the unitary Schrödinger evolution and the Hamilton
equations, which is often omitted in textbooks, is that the system under consideration
is completely isolated from the environment. In other words, these equations are only
valid in isolated systems.

Equal a priori postulate: Transferring this insight to the cartoon of a system jumping
randomly in its configuration space we arrive at the conjecture that a isolated system
described within this framework should be time-reversal invariant as well. This means
that the probability of any stochastic sequence of transitions forward in time has to be
exactly equal to the probability of the reversed sequence backward in time. This is the
case if and only if their rates in forward and backward direction are identical, leading
us directly to the most fundamental postulate of statistical physics:
In an isolated physical system the transition rates are symmetric:
wc→c′ = wc′ →c

(3.41)

This axiom holds for isolated systems which are perfectly isolated so that they do not interact with their environment. Under this condition the axiom states that spontaneous
jumps between a pair of states are equally probable in both directions. Therefore, the
motion of the system has no preferred direction, it rather diffuses in its configuration
space like a random walker.
For symmetric transition rates the Liouvillian is by construction symmetric. Hence
the condition of probability conservation ⟨1|L = 0 (see Eq. (2.14)) immediately implies
the equality
LT |1⟩ = L|1⟩ = 0 ,
(3.42)
i.e., the column vector (1, 1, 1, . . .)T is a right eigenvector to the eigenvalue zero. In addition, if the system is ergodic, this eigenvector has to be proportional to the stationary
state of the system, implying
1
| Pstat ⟩ =
|1⟩ .
(3.43)
|Ω|
Thus, in the long-time limit t → ∞, an isolated ergodic system will relax into a stationary state where all configurations are equally probable. This is also known as the
equipartition postulate, the equal-a-priori postulate or as the Gibbs postulate:
In an isolated stationary ergodic system all states occur
with the same probability pi = 1/|Ω|.

© H AYE H INRICHSEN — P HYSICS OF C OMPLEX S YSTEMS — CC BY-SA 4.0

98

Entropy and Information

As we will see below, the whole theory of equilibrium statistical mechanics and thermodynamics can be derived from this simple postulate.

Second Law of thermodynamics:
Suppose that we have obtained the information
that the system is in the configuration c0 at time t = 0, meaning that the initial probability distribution is given by Pc (t0 ) = δc,c0 . If we let the system evolve without further
measurement and if the rates are symmetric in both directions, the system will basically
perform a random walk in its own configuration space. Thus, as time proceeds, it will
be less and less clear where the system actually is, meaning that the information needed
to characterize its configuration increases. This is the essential content of the famous
Second Law of Thermodynamics:

In an isolated physical system the average entropy cannot decrease.

∆S ≥ 0
The Second Law can be proven as follows. Since the rates are assumed to be symmetric
(wc→c′ = wc′ →c =: wcc′ we simply insert the master equation Ṗc = ∑c′ wcc′ ( Pc′ − Pc ) into
the temporal derivative of the Shannon entropy:
 d

Pc (t) d
Pc (t) ln Pc (t) − ∑
Pc (t)
dt
c
c
c Pc ( t ) dt
h

i
d
= − ∑ ln Pc (t) ∑ wcc′ Pc′ (t) − Pc (t) −
∑ Pc (t)
dt
(3.44)
c
c′
|c {z }
=1


= − ∑ ln Pc (t)wcc′ Pc′ (t) − Pc (t)

d
d
S(t) = −
dt
dt

∑ Pc (t) ln Pc (t)

= −∑

c,c′

Now we use the following trick: In the last expression we can rename the indices c ⇔ c′ :




− ∑ ln Pc (t)wcc′ Pc′ (t) − Pc (t) = − ∑ ln Pc′ (t) wc′ c Pc (t) − Pc′ (t)
|{z}
c,c′
c,c′
=wcc′

Since both expressions are identical, we can instead write their sum divided by 2. This
leads us to



i
d
1 h
S(t) = − ∑ ln Pc (t)wcc′ Pc′ (t) − Pc (t) + ln Pc′ (t)wcc′ Pc (t) − Pc′ (t)
dt
2 c,c′
h



i
1
= − ∑ wcc′ ln Pc (t) Pc′ (t) − Pc (t) − ln Pc′ (t) Pc′ (t) − Pc (t)
(3.45)
2
c,c′

=+




1
′
′
′
w
ln
P
(
t
)
−
ln
P
(
t
)
P
(
t
)
−
P
(
t
)
.
c
c
cc
c
c
2∑
c,c′

We now focus our attention on the two brackets in the sum. Since the logarithm is a
monotonously increasing function, it is clear that both brackets, if nonzero, have always
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the same sign, hence their product is non-negative. In addition, the rates wcc′ are by
d
definition non-negative. Hence we can conclude that dt
S(t) ≥ 0, completing the proof.
We will come back to the second law when studying fluctuation theorems.

Subsystems
In most physical situations the system under consideration is not isolated, instead it interacts with
the environment. In this case the usual approach
of statistical physics is to consider the system
combined with the environment as a composite
system. From an extreme point of view this could
encompass the entire Universe. This superordinate total system is then assumed to be isolated,
following the same rules as outlined above.
To distinguish the total system from its parts, we will use the suffixes ‘tot’ for the total
system while ‘sys’ and ’env’ refer to the embedded subsystem and its environment,
respectively.
The total system, which includes the laboratory system as well as the environment,
is characterized by a certain space Ωtot of classical configurations c ∈ Ωtot . The number
of these configurations may be enormous and they are usually not accessible in experiments, but in principle there should exist a corresponding probability distribution Pc (t)
evolving by some master equation (cf. Eq. (2.3))
d
Pc (t) =
dt

∑




Jc′ →c (t) − Jc→c′ (t) .

(3.46)

c′ ∈Ωtot

Here we introduced the so-called probability current
Jc→c′ (t) = Pc (t)wc→c′

(3.47)

flowing from configuration c to configuration c′ , where wc→c′ ≥ 0 denotes the corresponding time-independent transition rate.
Let us now consider a subsystem embedded into an environment. Obviously, for
every classical configuration c ∈ Ωtot of the total system we will find the subsystem
in a well-defined unique configuration, which, for the sake of clarity, we will denote
as s ∈ Ωsys . Conversely, for a given configuration of the subsystem s ∈ Ωsys the environment (and therewith the total system) can be in many different configurations. This
relationship can be expressed in terms of a surjective map π : Ωtot → Ωsys which projects
every configuration c of the total system onto the corresponding configuration s of the
subsystem, as sketched in schematically Fig. 3.2.
The projection π divides the space Ωtot into sectors π −1 (s) ⊂ Ωtot which consist of
all configurations which are mapped onto the same s. Therefore, the probability to
find the subsystem in configuration s ∈ Ωsys is the sum over all probabilities in the
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Figure 3.2.: A subsystem is defined by a projection π which maps each configuration c ∈ Ωtot of the total system
(left) onto a particular configuration s ∈ Ωsys of the subsystem (right), dividing the configuration space
of the total system into sectors. The figure shows a stochastic path in the total system together with the
corresponding stochastic path in the subsystem.

corresponding sector, i.e.
Ps (t) =

∑ Pc (t) ,

(3.48)

c(s)

where the sum runs over all configurations c ∈ Ωtot with π (c) = s, denoted as c(s).
Likewise, the projected probability current Js→s′ in the subsystem flowing from configuration s to configuration s′ is the sum of all corresponding probability currents in the
total system:
Js→s′ (t) = ∑ ∑ Jc→c′ (t) = ∑ Pc (t) ∑ wc→c′ .
(3.49)
c(s) c′ (s′ )

c(s)

c′ (s′ )

This allows us to define effective transition rates in the subsystem by
ws→s′ ( t ) =

∑c(s) Pc (t) ∑c′ (s′ ) wc→c′
Js→s′ (t)
=
.
Ps (t)
∑c(s) Pc (t)

(3.50)

In contrast to the transition rates of the total system, which are usually assumed to be
constant, the effective transition rates in the subsystem may depend on time. With these
time-dependent rates one can show that the subsystem evolves according to the master
equation (see exercise)
d
Ps (t) =
dt

∑
′



Js′ →s (t) − Js→s′ (t)



Js→s′ (t) = Ps (t)ws→s′ (t) .

(3.51)

s ∈Ωsys

From the subsystems point of view the time dependence of the rates reflects the unknown dynamics in the environment. Moreover, ergodicity plays a subtle role: Even if
the dynamics of the total system was ergodic, the dynamics within the sectors π −1 (c)
is generally non-ergodic and may decompose into several ergodic subsectors. As we
will see later, this allows the environmental entropy to increase even if the subsystem
is stationary.

Detailed balance: Let us now consider a situation where the total system (the whole
Universe) approaches a stationary state. In this limit, all configurations of the total
system are equally probable, i.e., Pcstat = 1/|Ωtot |. For the laboratory system, however,
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the equipartition postulate does not apply. In fact, if we evaluate Eq. (3.48) we obtain
Psstat =

∑ Pcstat =

c(s)

|π −1 (s)|
.
|Ωtot |

(3.52)

This means that the stationary probability of a certain configuration s of the laboratory
system is proportional to the number of the corresponding configurations of the total
system |π −1 (s)|.
Let us now turn to the probability currents. Assuming stationarity Eq. (3.49) turns
into
1
(3.53)
Js→s′ (t) =
∑ wc→c′ .
|Ωtot | c∑
(s) c′ (s′ )
As the total system is isolated, we know that the transition rates of the total system have
to be symmetric, i.e., wc→c′ = wc′ →c . Inserting this symmetry into the equation above,
we immediately recognize that the probability currents have to be symmetric as well:
Js→s′ = Js′ →s .

(3.54)

In other words, in the equilibrium state the probability currents cancel one another.
This is of course not very surprising: Since the probability currents in the total systems
cancel by definition, we expect the same to hold in any subsystem.
Note that this cancellation takes place between all pairs of configurations and not
only effectively between groups of configurations. For this reason such a situation,
where all probability currents balance one another microscopically, is referred to as
obeying detailed balance.
A stationary state is said to obey detailed balance
if all probability currents cancel pairwise.4
Obviously, detailed balance implies stationarity since there is no net probability flow
in the system. However, the effective rates of the laboratory system are not necessarily
symmetric:
ws→s′ ̸ = ws′ →s
(3.55)
According to the equipartition postulate the whole Universe is expected to evolve into a
state where all configurations are equally probable. This so-called thermal death hypothesis has been discussed intensively around the end of the 19th century. Today we know
that our expanding Universe is actually far from thermalizing into such a state. However, the immediate surrounding of the laboratory system could be locally thermalized
so that the considerations made above still makes sense.

4 As

we will see in the following chapter, there are also stationary states which do not obey detailed
balance. Such states are called non-equilibrium steady states (NESS).
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Thermodynamic equilibrium:
Throughout this lecture the terms “stationarity” and
“equilibrium” mean something different.
• Stationarity means that the probability distribution Ps (t) does not depend on
time, i.e. Ps (t) = Psstat .
• Equilibrium means that the system is stationary and additionally that the rates
obey the condition of detailed balance.
Therefore, thermodynamic equilibrium is a much stronger condition than stationarity.
This difference can also be seen by looking at the right side of the master equation
d
Ps (t) =
dt

∑




Js′ →s (t) − Js→s′ (t) .

(3.56)

s′ ∈Ωsys

Stationarity requires that the sum on the right-hand side of this equation vanishes identically. Equilibrium, on the other hand, requires that each term of the sum vanishes
individually. Clearly, the second condition is much more restrictive.
If the system under consideration is isolated, the Gibbs postulate tells us that in the
stationary state all configurations are equally probable and that the rates have to be
symmetric. Consequently, the entropy of such an isolated system attains the maximal
possible value S = ln |Ω|.
As we have shown above, the Gibbs postulate allows us to derive that an open system interacting with its environment approaches a stationary state where it obeys detailed balance. In this situation, the configurations are not necessarily equally probable,
meaning that the entropy of the subsystem is not necessarily maximal. Thus, although
the total system (consisting of laboratory system and environment) approaches a state
of maximal entropy, this does not automatically apply to a subsystem. In fact, as will
be shown, different thermodynamic potentials may become extremal in this case.

3.3. Thermostatics with conserved quantities and reservoirs
Systems with conserved quantities
Microcanonical ensemble:
In an isolated system without conserved quantities, the
Second Law tells us that the system would end up in a equally distributed state which
is not particularly interesting. However, as in any field of physics, the situation changes
completely in the presence of symmetries and the associated conserved laws.
As the most important example let us consider energy conservation. As illustrated
in Fig. 3.3, this conservation law divides the configurations space Ωsys into sectors
Ωsys ( E) of the same energy. For an isolated system this means that spontaneous jumps
are now restricted to pairs of configurations within the same sector, while jumps between different sectors are forbidden. Within these sectors the Second Law remains
valid, i.e. the system will approach a stationary equi-partitioned state within this sec-
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Figure 3.3.: Illustration of sectors in the state space of a system with energy conservation.

tor with the (energy-dependent) entropy
S( E) = ln |Ωsys ( E)| .

(3.57)

In statistical physics, this situation is referred to as the microcanonical ensemble.

Systems exchanging entropy and energy: Let us now consider the case of two weakly
interacting systems A and B coupled by a thermal bridge, as shown in Fig. 3.4. In such
a situation the energy conservation law
E = E A + EB

(3.58)

still holds for the combined total system but no longer for its parts. In fact, it may
happen that subsystem A jumps from one energy sector to another one, provided that
subsystem B jumps simultaneously to another sector in opposite direction. Obviously
such an interaction leads to an exchange of energy between the systems.
Furthermore let us assume that the coupling is so weak that the thermal bridge itself does not significantly contribute to the entropy of the entire setup so that the total
entropy of the system can be written as the sum of its parts, i.e.,
S = S A + SB .

(3.59)

Since the composite system AB can be thought of as being isolated, we can again apply the Second Law, meaning that the system approaches a stationary state in which
S = log2 |Ω| is maximal and constant. However, in the stationary state the system still
fluctuates and the two parts continue to exchange energy. This means that S A , SB as
well as E A , EB fluctuate in such a way that their sums are constant, i.e. a gain on one
side implies an equal loss on the other side and vice versa:

S = S A + SB = const
⇒
∆S A = −∆SB and ∆E A = −∆EB .
(3.60)
E = E A + EB = const
Regarding the entropies of the subsystems S A ( E A ) und SB ( EB ) as continuous functions
of the corresponding energies, the differential relation dEX = − dEY implies that
∂S A
∂S
= − A.
∂E A
∂EB

(3.61)

On the other hand, since the entropy of the total system is maximal and constant we
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Figure 3.4.: Two systems exchanging energy. The composite system is considered as being isolated.

have dSx = − dSy, leading to
∂S A
∂S
= − B
∂SB
∂EB

⇒

∂SB
∂S A
=
.
∂E A
∂EB

(3.62)

Thus, in the stationary state of the combined system, the derivative
1
∂S
= β :=
T
∂E

(3.63)

is equal on both sides. Here T is the so-called temperature of the system. Consequently
we can interpret temperature as the change of the required information to specify the
configuration of a system caused by a change of the energy. In other words, it tells
us how much the logarithm of the size of the sector grows if we increase the energy
of the system. According to the arguments given above, the two systems continue to
exchange energy until their temperatures coincide.

The unit of temperature:
In our everyday world we measure temperature in units of Kelvin, Celsius or Fahrenheit. However, from a fundamental point of view, the introduction of an independent unit of temperature is
absolutely superfluous. In fact, since temperature is energy divided by information, the correct SI-unit would be [ T ] = Joule/bit. The price we pay
for introducing an unnecessary unit is the necessity of an unnecessary conversion factor, the so-called Boltzmann constant k B = 1.380649 · 10−23 J/K.
The existence of this constant, like the existence of vacuum permeabilities
ϵ0 , µ0 in electrodynamics, can be considered as a historical accident. However, of course it would be somewhat strange to specify the temperature in
a weather forecast in units of electron volts per kilobyte.

Intuitive interpretation:
To understand the meaning of β = T1 , let us consider two
economies like the crude oil exchange markets in Rotterdam and New York. The traders
working in these places are not interested in crude oil in itself, may be they have never
seen a single barrel, rather they are interested in making money. They do so by randomly trading oil for money between the two places, causing a fluctuating physical
current of oil. Theories in economy tell us that this process continues until the markets
reach an equilibrium state in which the price in dollars per barrel β = dd$oil is the same
on both sides. In this equilibrium state some oil will continue to fluctuate between the
two places, but there will be no net flow any more, hence, both trading places will be in
detailed balance.
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Figure 3.5.: Equilibration of markets (see text).

The analogy with trading places allows us to understand intuitively the meaning of
’hot’ and ’cold’. If the system is hot, it can offer a lot of energy for very little entropy,
i.e., the price of energy in terms of entropy is a low. Conversely, a cold system has only
little energy to sell and therefore the price of energy is high. If two such systems interact
with each other, the cold system will be interested in buying energy from the hot one at
a very low price. As a result energy flows from the hot to the cold system.
Summary: Interpretation of temperature:
β = 1/T is the price at which a system can provide energy in return of entropy. Hot systems
offer energy cheaply. Contrarily, buying energy from a cold system is expensive.

3.4. Conserved quantities and external reservoirs
Systems coupled to a heat bath
Heat baths and free energy:
If one of the two systems is so large that the smaller
system cannot influence the ‘price’ of the exchanged physical quantity in terms of entropy, the larger one is called reservoir. In what follows, we will use the suffixes ’sys’ for
the laboratory system and ’env’ for the reservoir or synonymously the environment.
In the case of energy exchange, the reservoir is usually referred to as a “heat bath”,
which is characterized by a given constant temperature Tenv . The constant temperature
allows us to relate energy and entropy changes in the heat bath without knowing its
actual internal structure:
dEenv = Tenv dSenv .
(3.64)
Since energy is conserved we have
dEsys = − dEenv = − Tenv dSenv .

(3.65)

By integrating this relation we obtain5
Esys = const − Tenv Senv .
5 This

(3.66)

integration has to be taken with a grain of salt. On the one hand the integration is only possible
in case of an exact differential. On the other hand, it is not fully clear whether the environment can be
integrated at all, producing a finite integration constant, and whether there exists definite entropy of
the environment. For simplicity, we ignore these questions at this point.
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Figure 3.6.: Physical system in contact with a heat bath at constant temperature, exchanging both energy and entropy.

Defining the Helmholtz free energy
Fsys = Esys − Tenv Ssys .

(3.67)

(written as F = U − TS in most textbooks) we find that
Fsys = const − Tenv (Ssys + Senv ) = const − Tenv Stot .

(3.68)

As can be seen on the right-hand side of this equation, the maximization of the total
entropy is tantamount with the minimization of Fsys . Therefore, the potential called free
energy, which looks as if it was a property of the system alone, incorporates already the
interaction with the heat bath without knowing its specific internal structure. In other
words, from a formal point of view, the definition of the free energy can be seen as a
clever trick to write the total entropy of the combined system in form of a potential for
a single system. Therefore, whenever we deal with a free energy, we have to keep in
mind that the system is tacitly assumed to be coupled to an external heat bath.
Summary: The meaning of the “free energy” :
The free energy F is nothing but a different way to write the total entropy of the system plus
heat bath (up to a minus sign and a constant) in the form of a single potential of the system
alone. It may be seen as a formal trick to write the combined entropy in a more convenient
form, but it is important to realize that does not introduce a new kind of Second Law.

Individual and mean free energy: Let us be a bit more precise in deriving the free
energy: For a given configuration s ∈ Ωsys the system has a well-defined energy Esys (s),
which we will denote here as the configurational energy. The main assumption is that
upon each microscopic fluctuation of the system the heat bath equilibrates so quickly
that it responds to an energy change with an immediate well-defined change of its
entropy:
∆Senv = β∆Eenv .
(3.69)
Thus, whenever the system undergoes a transition s → s′ , the energies and entropies
change instantaneously as
∆Eenv (s → s′ ) = −∆Esys (s → s′ ) = −( Esys (s′ ) − Esys (s))
′

′

∆Senv (s → s ) = − β( Esys (s ) − Esys (s))

(3.70)
(3.71)

implying that the entropy of the environment is a well-defined function of the system’s
configuration s:
Senv (s) = const − βEsys (s) .
(3.72)
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Therefore, we can express the entropy of the total system solely in terms of the configuration of the subsystem:
Stot (s) = const + Ssys (s) − βEsys (s), .
|
{z
}

(3.73)

=− βF (s)

This allows us to define the configurational free energy
Fs = Esys (s) − TSsys (s) .

(3.74)

Note that this definition associates with each configuration s ∈ Ωsys of the subsystems
an individual free energy. The ordinary definition of the free energy, which can be
found in most textbooks, is obtained by averaging over all subsystem configurations:
F = ⟨ Fs ⟩ = ⟨ Esys (s)⟩ − T ⟨Ssys (s)⟩ = U − TS .
| {z }

(3.75)

=⟨ E⟩=U

The average energy U = ⟨ E⟩ is called the internal energy of the subsystem. Clearly,
minimizing the average free energy F is equivalent to maximizing the averaged total
entropy ⟨Stot ⟩.
Summary: Configurational free energy:
As in the case of entropy, where we distinguish between the configurational entropy Ss and
the average entropy S, we can define a configurational free energy Fs for every system configuration s ∈ Ωsys and an average free energy F, provided that the environment equilibrate
almost instantaneously.
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4. Equilibrium phase transitions
In this chapter we discuss an important sub-discipline of equilibrium statistical mechanics, namely, phase transitions and critical phenomena in stochastic lattice models at
thermal equilibrium. Roughly speaking, the term “phase transition” stands for a sudden change of the macroscopic behavior when external parameters of the surrounding
reservoir, e.g. the temperature or the pressure, are varied.

Definition of an equilbrium system
In contrast to a general nonequilibrium system, which is defined by a configuration
space Ωsys with certain transition rates ws→s′ and where we can compute the entire
dynamics as a function of time, an equilibrium system is defined solely by its configuration space Ωsys and a map which associates with each configuration a well-defined
energy
s 7→ Es
(4.1)
In equilibrium statistical mechanics, we are only interested in the stationary equilibrium
state, where the system is expected to obey detailed balance. Depending on the statistical ensemble (that is, the type of physical interaction with the environment which is
assumed to be large), the probability distribution in the stationary state is fully determined so that we don’t have to solve the master equation explicitly. For example, for a
system in contact with a thermal reservoir at temperature T, we already know that the
stationary probability distribution is given by
Ps =

1 − βEs
e
,
Z ( β)

(4.2)

where β = 1/T. Here Z ( β) is the so-called partition sum which serves as a normalization
factor:
Z ( β) = ∑ e− βEs
(4.3)
s∈Ωsys

For simplicity let us begin with the simplest situation, namely, with systems exchanging
energy with a heat bath. In this case the potential to be extremalized is
V = Hsys − βE

or, in textbook form:

F = E − TH.

(4.4)

As can be seen, the Helmholtz free energy contains two terms with different signs.
One of them is the internal energy, the other one is essentially the entropy of the system. Hence for systems exchanging energy with their surrounding, internal energy
and entropy compete one another. If these two components are in favor of different
macroscopic situations, such a competition could lead to a phase transition when the
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Figure 4.1.: Two-dimensional Ising model in an external field in contact with a heat bath.

temperature is varied.

4.1. Ising model: Phenomenology
As we have seen in the preceding chapter, stochastic systems in contact with external
reservoirs approach an equilibrium state in which the entropy of the system + environment is maximized. Moreover, we have shown that the maximization of the entropy is
equivalent to finding the extremum of an appropriate thermodynamic potential V . The
equilibrium state itself is characterized by a condition called “detailed balance”, stating that all probability currents in the system between pairs of different configurations
cancel each other.
The “harmonic oscillator” of systems
with an equilibrium phase transition is the
celebrated Ising model, named after Ernest
Ising, who investigated this model for the
first time in his PhD thesis. The Ising
model is a lattice model of interacting classical spins si whose quantum nature is
taken into account only in so far as to they
can be either “up” or “down”, corresponding to the values si = ±1.

Magnetization of Nickel [http://www.doitpoms.ac.uk]

As any model in equilibrium statistical mechanics the Ising model is solely defined
by its energy functional Es , which associates with each system configuration s ∈ Ωsys
a well-defined energy Es . In the Ising model this energy functional is defined in such
a way that aligned spins are favored. This introduces some kind of surface tension,
having the tendency of reducing the surface between domains of equally oriented spins
and therefore ordering the system. On the other hand, entropy favors disorder, trying
to orient the spins randomly. Obviously these two mechanisms compete one another.
As we will see in the following, this can lead to in order-disorder phase transition.
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4.1.1. Definition of Ising model
The Ising model is defined on a regular d-dimensional lattice of sites enumerated by
some index i (see Fig. 4.1). The lattice structure goes into the definition of the model by
defining which of the sites are nearest neighbors. In order to indicate that two sites i and
j are nearest neighbors, we will use the notation < i, j >. For example, a sum running
over pairs of neighboring sites will be denoted by ∑<i,j> . With this notation the energy
functional of the Ising model is given by
Es = − J

∑

si s j ,

(4.5)

<i,j>

where J is the coupling constant. For J > 0 , the energy is least when the spins are
aligned. Furthermore, we may apply an additional external magnetic field h, extending
the energy functional by a second term
Es = − J

∑

<i,j>

si s j − h ∑ si .

(4.6)

i

This expression holds for arbitrary lattices. In the special case of the one-dimensional
lattice with periodic boundary conditions, where the lattice sites are enumerated by
i = 1, . . . , L, we have
L

L

i =1

i =1

Es = − J ∑ si si+1 − h ∑ si .

(4.7)

Note that in the case of a vanishing external magnetic field h = 0 the Ising model is
symmetric under the replacement si → −si , i.e., the Ising model exhibits a Z2 symmetry
under a global reversal of all spins. Clearly, this symmetry is broken if an external
magnetic field h is applied.

4.1.2. Thermostatics of the Ising model
The Ising model is assumed to be in contact with a thermal reservoir at temperature
T = 1/β. This is a realistic assumptions since almost all experiments, where the spins
are located on the surface of a substrate, are in thermal contact with the supporting
three-dimensional solid-state body. Allowing this spin system to exchange energy with
environment, its probability distribution will be given by the Boltzmann weight
Ps =

1
exp(− βEs ) .
Z

(4.8)

The thermodynamic potential in the canonical ensemble, which is equivalent to the
Helmholtz free energy, is
V = Hsys − βE = ln Z ,
(4.9)
where the partition sum
Z ( β, h) =

∑

s∈Ωsys

exp

βJ

∑

<i,j>

si s j + βh ∑ si

!

i
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depends on the inverse temperature β = 1/T and on the external magnetic field h. In
the ordinary notation this corresponds to the free energy
1
1
F = E − TH = − ln Z = − V .
β
β

(4.11)

Sometimes it is also convenient to define the thermodynamic potential per lattice site
v=

V
,
N

(4.12)

where N is the total number of sites. As we will see below, this allows us to define
specific (i.e. volume-independent) properties of the system.
Before proceeding, let us define the most important observables of interest.

• Magnetization
The most important quantity is the magnetization, which plays the role of an order
parameter at the phase transition. We distinguish between the total configurational
magnetization
Ms = ∑ s i .
(4.13)
i

the total mean magnetization
M( β, h) = ⟨ Ms ⟩ =

∑

Ps Ms ,

(4.14)

s∈Ωsys

and the corresponding average magnetization per site
m( β, h) =

1
M ( β, h) .
N

(4.15)

Because of Eq. (4.10) these averages can be expressed as partial derivatives with
respect to the external field:
M( β, h) =

1 ∂Z ( β, h)
1 ∂V ( β, h)
=
βZ
∂h
β
∂h

and
m( β, h) =

1 ∂v( β, h)
.
β ∂h

(4.16)

(4.17)

Note that the configurational total magnetization Ms appears in the energy functional Es = − J ∑ij si s j − hMs , where it is multiplied by h, the external magnetic
field. The two quantities, the internal order parameter MS and the external field h,
are said to form a conjugate pair. This is very common in physics. Whenever we
have an observable O of interest, it is useful to define a conjugate field or current J and to add the product ± JO to the action or the energy functional. Then,
the mean of O can be computed by differentiating with respect to J.
• Susceptibility
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Figure 4.2.: Susceptibility of Nickel [http://www.doitpoms.ac.uk]

Furthermore, we are interested in the susceptibility, defined as the response of the
magnetization per site to a variation of the external field
∂m( β, h)
,
∂h

(4.18)

1 ∂2 v( β, h)
.
β ∂h2

(4.19)

χ( β, h) =
which can also be expressed as
χ( β, h) =

Usually the susceptibility increases as we approach the phase transition and finally diverges at the critical point, as shown in the figure.
• Energy
Likewise, another quantity of interest is the configurational energy Es , the mean
energy
E( β, h) = ⟨ Es ⟩ = ∑ Ps Es .
(4.20)
s∈Ωsys

and the corresponding average energy per site
ϵ( β, h) =

1
E( β, h) .
N

(4.21)

Again, these averages may be expressed as partial derivatives of the potential
E( β, h) = −

∂V ( β, h)
,
∂β

ϵ( β, h) = −

∂v( β, h)
,
∂β

(4.22)

• Heat capacity
Finally, the total and the specific heat capacity are given by
C ( β, h) = β2

∂2 V ( β, h)
,
∂β2

c( β, h) = β2

∂2 v( β, h)
.
∂β2
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4.1.3. Ising mean field theory

The Ising model is defined in such a way that each spin feels only the local magnetic
field hi of its nearest neighbors and, if existent, the additional external magnetic field h.
In fact, we can rewrite the energy functional as
Es = − ∑( Jhi + h) si ,

hi =

∑

sj .

(4.24)

j∈<i >

i

where the sum runs over all nearest neighbors j of site i.
The mean field limit is an approximation in which the local magnetic field is replaced
by the average magnetic field
hi ≈ 2d⟨s⟩
(4.25)
caused by all spins, where d is the dimension of the system, giving


Es ≈ = − ∑ 2dJ ⟨s⟩ + h si .
i |
{z
}

(4.26)

H̄

Apart from the indirect coupling via the global magnetic mean field, H̄, all spins are
now decoupled from each other and fluctuate independently. Therefore, each of them
can be seen as a single spin exchanging energy with the heat bath of temperature T.
As such, each spin is oriented according to a probability given by the Boltzmann factor.
That is, the probability distribution of a spin configuration {si } factorizes and is given
by
exp(− βEs )
1
Ps =
= ∏ e− βE(si ) = ∏ p(si )
(4.27)
Z
Z i
i
with
p ( si ) =

e+ β H̄si
.
e− β H̄ + e+ β H̄

(4.28)

Therefore, the average spin magnetization ⟨s⟩ is given by

⟨ s ⟩ = p (i ) − 1 − p (i )



=


e+ β H̄ − e− β H̄
= tanh β H̄
+
β
H̄
−
β
H̄
e
+e

(4.29)

i.e.,


⟨s⟩ = tanh 2dJβ⟨s⟩ + βh .

(4.30)

Note that there is an interesting twist in this equation. On the one hand, we use the
average magnetic field to determine the Boltzmann factors for the spin orientation, but
on the other hand, these Boltzmann factors in turn determine the average magnetic
field. In other words, in order to compute the average magnetic field we already need
to know the average magnetic field.
Assuming that the average magnetic field fluctuates only slowly compared to the individual spins, this results into a self-consistent feedback loop, allowing us to interpret
Eq. (4.30) as an implicit equation. For a vanishing external magnetic field h = 0 this
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Figure 4.3.: Average magnetization of the Ising model for a vanishing external magnetic field h = 0, as predicted by
mean field theory. The two solutions of the mean field equations are shown as a blue line (zero magnetization) and a red line (spontaneous magnetization).

equation has the obvious solution

⟨x⟩ = 0 .

( h = 0)

(4.31)

Furthermore, Eq. (4.30) has further nontrivial solutions which cannot be given in a
closed form. However, it is possible to plot them parametrically. To this end, it is
most convenient to introduce the new variables
Tc = 2dJ ,

z = β H̄

(4.32)

such that
z = βTc ⟨s⟩ + βh .

(4.33)

Then in terms of the parameter z we can compute the average magnetization

⟨s⟩ = tanh z

(4.34)

T
tanh z
h
=
+ .
Tc
z
Jz

(4.35)

and the quotient

This allows us to draw the magnetization as a function of the temperature quotient
T/Tc as a parametric plot.

Spontaneous symmetry breaking:
The result for vanishing external magnetic field h = 0 is shown in figure 4.3. In this
figure the trivial solution ⟨s⟩ = 0 is indicated as a horizontal blue line. Obviously,
this solution is mapped onto itself under the Z2 symmetry transformation si → −si .
In addition, for T < Tc , there is another pair of solutions, marked by red lines. In
this situation, the disordering influence of temperature is so weak that the spins order
themselves due to the positive feedback via the mean field H̄. Due to the Z2 -symmetry
there are two symmetric solutions with positive and negative magnetization. Actually,
the system selects only one of them, meaning that the Z2 -symmetry is spontaneously
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Figure 4.4.: Average magnetization of Ising model for a small positive external magnetic field h > 0 within mean field
theory. The dashed lines indicate the previous solution for h = 0.

broken. The solution with vanishing magnetization (the blue line) still exists, but it
becomes unstable for T < Tc , so that any fluctuation with drive the system away from
the blue line to one of the red branches. In physics, this phenomenon is known as
spontaneous symmetry breaking.
The same phenomenon happens in ferromagnetic materials. If we increase the temperature of a ferromagnet , its magnetic field will decrease and finally vanish at the
so-called Curie-temperature (e.g. 1043 Kelvin for iron). Here, the material exhibits a
phase transition from the ferromagnetic to the paramagnetic phase. Cooling it down
again, the spins order spontaneously, magnetizing the material randomly in positive or
negative direction.

Influence of the external magnetic field:
Let us now switch on the external magnetic field h. Obviously, the external magnetic
field will break the Z2 invariance. This can be seen very nicely when plotting the corresponding magnetization curves (see Fig. 4.4), where the red lines are distorted and no
longer symmetric to each other. Moreover, the solution with zero magnetization does
not exist anymore.
To understand this figure, let us assume that the system is magnetized in negative
direction. For sufficiently small temperatures, the external magnetic field positive direction is not yet strong enough to flip the global orientation of the magnetization.
However, as temperature is increased, there will be a certain threshold (indicated by
the green arrow) where the system suddenly jumps to the upper branch. This occurs
below the aforementioned critical temperature Tc = 1/β c .

Applicability of the mean field approximation:
The mean field approximation relies on the assumption that each spin interacts effectively with all other spins of the system. Therefore, mean field theory ignores the notion
of nearest neighbors and the lattice structure completely; the dimension of the lattice
enters only as an effective number of nearest neighbors, the so-called coordination num-
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ber of the interaction.
Usually, the quality of the mean field approximation increases with the dimension of
the system. Roughly speaking, a high-dimensional system facilitates diffusive mixing,
bringing the system closer to the mean field limit. In fact, in the limit of infinitely many
dimensions, every site interacts with infinitely many other sites, and therefore mean
field theory is expected to become exact.
As we will see below, there is actually a so-called upper critical dimension dc < ∞ above
which mean field theory applies1 . In low-dimensional systems, however, the local interactions lead to correlations among neighboring sites, resulting in a different behavior.
Loosely speaking, the spins cannot be longer thought of as a structureless soup, instead
they form stochastically correlated patterns which are relevant for the macroscopic behavior, by studying low dimensional, in particular one-dimensional systems, we can
learn a lot about the influence of such correlation effects.
Remember: Mean field theory ignores the lattice structure and lattice dimension, replacing
local interactions by averaged global ones.

4.1.4. Scale invariance and critical behavior
As we have seen in Fig. 4.3, the Ising model with a zero external field described within
mean field theory is spontaneously magnetized, provided that the temperature is sufficiently low. This spontaneous magnetization decreases continuously with increasing
temperature and vanishes at a well-defined critical temperature Tc . Within mean field
theory, this critical temperature is given by
TcMF = 2dJ .

(4.36)

Such a transition, where the order parameter (the magnetization) vanishes continuously at the critical point, is referred to as a continuous or second-order phase transition.
Remark: In the theory of critical phenomena one distinguishes between various types of
phase transitions. In experimental physics, the most frequent ones are discontinuous phase
transitions, where the order parameter jumps abruptly at the critical point. Continuous
phase transitions are less frequent and appear usually at the ending points of discontinuous
phase transition lines. In theoretical physics continuous phase transitions are particularly
interesting because they exhibit universal properties, as will be discussed below. Contrarily,
discontinuous phase transitions are usually non-universal.

Scale invariance and power laws:
In physics, continuous phase transitions are usually characterized by scale invariance
and long-range correlations. Scale invariance stands for a phenomenological approach
based on the assumption that the model at the critical point does not exhibit any intrinsic length scale apart from the lattice spacing, provided that the system is infinite.
This postulate imposes constraints on the possible functional form of physical observables. For example, it rules out that the correlation function has an exponential form
dc < d < ∞ mean field theory applies in so far as it predicts the correct critical exponents, while the
proportionality factors in the power laws may be different. Right at the critical dimension the power
laws are superseded by logarithmic corrections.

1 For
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C (r ) = er/r0 because an exponential function would require a certain reference scale r0 .
Likewise, any other functional dependence represented by a power series is forbidden
because it would require a reference scale as well. The only functional dependence,
which is scale invariant by itself, is a power law dependence such as C (r ) = r −α .
In fact, power laws are ubiquitous in the theory of continuous phase transitions and
critical phenomena. However, usually such power laws do not extend over the full
range, instead they hold only asymptotically, e.g. in the limit r → ∞. The asymptotic
limit in which the power law becomes exact is referred to as the scaling regime. Far away
from the asymptotic scaling regime we expect corrections to scaling caused by the underlying lattice structure. Moreover, a power law involves an unknown proportionality
factor which depends on the specific realization of the model. Ignoring this prefactor
we indicate an asymptotic power law by writing e.g.
C (r ) ∼ r − α .

(4.37)

Here, the symbol ’∼’ has the meaning of being “asymptotic proportional to”.

Scaling properties of the Ising model:
In the context of the Ising model, the critical behavior is characterized by various power
laws with associated critical exponents, which for historical reasons have been termed
as α, β, γ, δ, . . .. As we will see later, only two of them are independent while the other
ones are related by so-called scaling relations.
For example, we may study how the average magnetization per site for a vanishing
external field h = 0 scales with the temperature distance from the critical point. This
means that we are looking for an exponent β̃ such that2
m( β, 0) ∼ ( β − β c ) β̃ ∼ ( Tc − T ) β̃ .

(4.38)

Further interesting quantities are the susceptibility χ and the specific heat c in the ferromagnetic phase near the critical point for vanishing external field. These quantities
scale algebraically as
χ( β, 0) ∼ ( β − β c )−γ ∼ ( Tc − T )−γ
c( β, 0) ∼ ( β − β c )

−α

∼ ( Tc − T )

−α

(4.39)
.

(4.40)

with negative exponents, indicating that both quantities diverge at the critical point.
Finally, an important quantity of interest is the connected part of the spin-spin correlation function
C (i, j, β, h) := ⟨si s j ⟩ − ⟨si ⟩⟨s j ⟩ .
(4.41)
In a translationally invariant Ising model we expect this correlator to depend only on
the distance r = |⃗ri −⃗r j | between sites i and j:
C (i, j, β, h) = C (r, β, h)
2 The

(4.42)

critical exponent β̃ must not be confused with the temperature parameter β = 1/T. Therefore, the
exponent is marked by an additional tilde. In the literature the tilde is usually missing.
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In the ferromagnetic ordered phase, this correlation function is usually found to decay
in the asymptotic limit r → ∞ exponentially as
C (r, β, 0) ∼ e−r/ξ ( β,0) ,

(4.43)

where ξ ( β, h) is the prevailing correlation length in the system. Approaching the critical point this correlation length increases and eventually diverges algebraically at the
critical point as
ξ ( β, 0) ∼ ( β − β c )−ν ∼ ( Tc − T )−ν ,
(4.44)
where ν is the critical exponent associated with the correlation length.
Precisely at the transition point the correlation length ξ is infinite, indicating scale
invariance. At this point the correlation function does no longer decay exponentially in
the asymptotic regime r → ∞, instead it displays an algebraic behavior
C (r, β c , 0) ∼ r2−d−η ,

(4.45)

where d is the dimension of the system and η is another critical exponent.
Finally, an interesting situation emerges at the critical point T = Tc , when a small
external field is applied. Here we expect that the system responds to the external field
h > 0 with the magnetization
m( β c , h) ∼ h1/δ ,
(4.46)
where δ is yet another critical exponent. Since the susceptibility diverges at the critical
point, the infinitesimal response to an external field is infinite, implying that δ > 1.

Scaling relations and universality:
So far we have introduced six different critical exponents, namely, α, β̃, γ, δ, η, and ν. As
already mentioned, only two of them are independent while the other ones are related
by four simple relations, namely three ordinary scaling relations
α + 2 β̃ + γ = 2

(4.47)

Widom:

γ = β̃(δ − 1)

(4.48)

Fisher:

γ = (2 − η ) ν

(4.49)

2 − α = νd .

(4.50)

Rushbrooke:

and the so-called hyperscaling relation
Josephson:

The difference is the following: hyperscaling relations depend explicitly on the dimension d, while ordinary scaling relations do not.
As we will see, the amazing finding is that the critical exponent α, β̃, γ, δ, η, and ν
depend only on the dimension of the system and the symmetry of the interaction, but
not on the lattice structure and the specific realization of the Ising model. Rather they
take on the same values in a large variety of models which constitute the so-called Ising
universality class.
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d
1
2
3
≥4

α
–
0
0.110(1)
0

β
–
1/8
0.3265(3)
1/2

γ
–
7/4
1.27372(5)
1

δ
–
15
4.789(2)
3

η
–
1/4
0.0364(5)
0

ν
–
1
0.6301(4)
1/2

Table 4.1.: Critical exponents of Ising model in various dimensions.

Remember: Continuous phase transitions are usually characterized by asymptotic power
laws (=algebraic decay). The corresponding exponents are expected to be universal, i.e., they
coincide in all models with phase transitions belonging to the same class.

Critical exponents within mean field theory:
This is part of our tutorial.
To compute the critical exponent β̃ of the Ising model within mean field theory, let us
Taylor-expand the parametric representation of the red curve:
z3
+ O(z5 )
3
tanh z
z2
= 1 − + O(z4 )
z
3

⟨s⟩ = tanh z = z −

(4.51)

T
Tc

(4.52)

=

Solving the second equation for z and inserting the result in the first one we obtain
r
3
⟨s⟩ =
(4.53)
( Tc − T )1/2 + . . . .
Tc
Hence the critical exponent (within mean field theory) is given by β̃ = 1/2.

Ising critical exponents – General picture:

Studying the Ising model in various dimensions, the following picture emerges:
• In one dimension, the Ising model is always in the paramagnetic phase, i.e., a
phase transition is absent. Therefore, we cannot define critical exponents. However, in some situations we may interpret the behavior of the one-dimensional
Ising model as having a phase transition at zero temperature Tc = 0, corresponding to β c = ∞.
Remark: To understand the physical reason why the Ising model in one dimension does
not exhibit a phase transition, let us recall the physical mechanism behind the transition.
Spontaneous symmetry breaking means that the system magnetizes itself in a particular
direction without any external field. It does so because such a state is entropically favorable.
This requires that the spontaneously magnetized state is stable against fluctuations.
For example, let us assume that the system is magnetized in the positive direction. Because
of the interaction with the heat bath, the spins will nevertheless fluctuate, forming little
droplets of spins in opposite direction. If such a droplet was able to grow it could destroy
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the magnetized state. Therefore, a robust mechanism is needed, which eliminates minority
islands of down spins. In the Ising model this machanism is due to an effective surface
tension of domain walls. In fact, looking at the energy functional, we immediately see that
neighboring spins oriented in opposite direction cost energy. In other words, domain walls
between differently oriented domains are energetically punished. Consequently, the system
tries to reduce the total length of domain walls, which effectively introduces some kind of
surface tension.
Because of the surface tension, the droplets acquire a roundish form. In addition, small
droplets tend to shrink. It is this mechanism which stabilizes the spontaneously magnetized
state. Obviously, this mechanism can work only in space dimensions larger or equal than
2, the simple reason being that in one dimension domain walls are just points which cannot
shrink. This explains why the Ising transition does not exist in one-dimensional systems.
According to a famous argument by Landau, this applies to all equilibrium critical phenomena, , i.e., equilibrium phase transitions are impossible in one-dimensional systems.

• In two dimensions, the Ising model exhibits a phase transition and the corresponding critical exponents are given by simple rational values. In the theory
of critical phenomena, rational values are an exception rather than the rule. The
deep reason behind these rational values is the existence of the powerful symmetry in the two-dimensional case, the so-called conformal symmetry.
• In three dimensions, the Ising model still exhibits a nontrivial phase transition.
An exact solution of this case is still unknown. The critical exponents can only be
determined numerically and by means of field theoretic methods, suggesting that
they are given by irrational values. If the reader could explain the values of these
exponents this would guarantee her/him a professorship.
• In four dimensions and above, the interaction becomes so strongly mixed that
the mean field approximation becomes valid. Phenomenologically, there exists
usually a well-defined dimension, called the upper critical dimension dc , at which a
given model crosses over to mean field behavior. For the Ising model, the upper
critical dimension is 4. For d ≥ dc , the mean field exponents are exact. Precisely
at the critical dimension d = dc , the mean field power laws are superseded by
logarithmic corrections.

4.1.5. Numerical simulation of the Ising model
Recall that a stochastic Markov process is defined by its configuration space Ωsys and
a set of rates ws→s′ . Contrarily, equilibrium models are solely defined in terms of their
configuration space Ωsys and their energy functional Es . As a great advantage of equilibrium models, the stationary distribution Ps = Z1 e− βEs is (almost) for free. However,
the definition of equilibrium models does not provide any information about the relaxation modes. In other words, the energies Es tell us how the stationary state looks like
but they don’t tell us how the stationary state is actually reached.
On the other hand, if we want to simulate the model on a computer, meaning that the
computer just mimics the Markovian random dynamics, we have to know the transition
rates. This means that we have to invent rates in such a way that the system relaxes into
a stationary state which is just exactly given by the Boltzmann weights. It turns out that
this procedure is not unique.
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T=0.98 Tc

T = Tc

T = 1.05 Tc

Figure 4.5.: Typical screenshots of the two-dimensional Ising model in the equilibrium state. Left: Ordered phase below
the critical point. Middle: Critical state at the critical point. Right: Supercritical disordered state.

How should the rates be designed? in principle they can be chosen freely, provided
that they meet the following two criteria:
• The network of transitions has to be ergodic, that is, every configuration can be
reached from any other configuration by a sequence of dynamic transitions.
• In the stationary state the dynamics should by the condition of detailed balance.
As discussed in section 3.2 on page 100 the condition of detailed balance states that the
probability currents between pairs of configurations vanishes in both directions:
Js→s′ = Js′ →s

⇔

Ps ws→s′ = Ps′ ws′ →s

∀s, s′ ∈ Ωsys .

(4.54)

Knowing that Ps = Z1 e− βEs this means that the rates have to be chosen in such a way
that obey the condition

P′
ws→s′
= s = exp β( Es − Es′ ) .
ws′ →s
Ps

(4.55)

Thus, if we choose any rate, the condition of detailed balance determines the corresponding rate in opposite direction. In other words, if we choose the matrix elements
in the upper triangle of the Liouvillian, detailed balance gives us the lower triangle,
thereby halving the degrees of freedom.
This leaves us with enormous number of (|Ωsys |2 − |Ωsys |)/2 undetermined the rates
of which sufficiently many have to be nonzero in order to make sure that the result-

Figure 4.6.: Illustration of the meaning of detailed balance. The figure shows a system with three states A,B,C while
the blue arrows symbolize transitions at rate 1. The left panel shows a situation where the probability
currents cancel one another in the stationary state, obeying detailed balance. Clearly, the stationary state
given by p A = p B = pC = 1/3. The system shown on the right hand side possesses the same stationary
state. However, there is a non-vanishing cyclic probability current, meaning that the system is still out of
equilibrium.
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ing transition network is ergodic. This gives rise to a virtually infinite zoo of legitimate
dynamical procedures which all relax into the same equilibrium state. In practice, however, one introduces further conditions in order to reach one of the following goals:
• We may either seek for a dynamics, which mimics what is happening in nature as
faithfully as possible. The most important examples are local spin flip algorithms.
• Alternatively, we may be looking for a dynamics, which is particularly efficient
when implemented on a computer. as will be discussed below, this includes the
so-called cluster algorithms.

Local spin flip dynamics
The simplest class of dynamical procedures for the Ising model involve only single
spin flips. As a starting point, note that the energy functional authorizing model can be
written as
Es = − ∑ Hi si ,
Hi = h + J ∑ s j .
(4.56)
j∈<i >

i

Considering a single spin as a subsystem, its probability to be oriented in positive direction is given by the Boltzmann weight
pi = pi (↑) =

e βHi
.
e βHi + e− βHi

(4.57)

Heat bath dynamics:
This suggests to introduce the following dynamics. For each update a site i is randomly
selected and the probability pi is computed according to the formula given above. Then
the selected spin is oriented according to this probability, i.e., we generate a uniformly
distributed random number z between zero and one and set the new value at the selected site to
sinew := sign( pi − z) .
(4.58)
Obviously, this dynamic a procedure doesn’t care about the previous orientation of
the updated spin. As can be verified easily, this procedure amounts to introduce the
following transition rates for local spin flips:
w(↓→↑) ∝ e βHi

(4.59)

− βHi

(4.60)

w(↓→↑)
= e2βHi .
w(↑→↓)

(4.61)

w(↑→↓) ∝ e
The corresponding a ratio of the rates is

In order to prove that these dynamical rules obey detailed balance. Let us compare the
energy of the configurations before and after a spin flip. For example, if we consider
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the transition ↓→↑, the resulting energy change is given by
∆E = Enew − Eold = E↑ − E↓ = −2Hi .

(4.62)

Detailed balance is established if and only if
Pnew
e− βEnew
w(↓→↑)
=
= − βE
= e− β∆E = e+2βHi ,
old
w(↑→↓)
Pold
e

(4.63)

reproducing Eq. (4.61).

Glauber dynamics:
Glauber dynamics differs from heat bath dynamics in so far as the local spins are not
oriented but flipped with a certain probability. More specifically, the following steps
are carried out:
• A site i is randomly selected.
• The probabilities pi are computed by Eq. (4.57).
• If si = −1 the spin is flipped with probability pi . Otherwise, if si = +1, the spin
is flipped with probability 1 − pi .
As can be verified easily, this amounts to the rates
w(↓→↑) ∝ e βHi
w(↑→↓) ∝ e

− βHi

(4.64)
,

(4.65)

hence Glauber dynamics and heat bath dynamics are statistically equivalent.

Metropolis dynamics:
The Metropolis algorithm differs from Glauber dynamics in that one of the moves is
carried out with certainty and not with a finite probability. The Metropolis algorithm
consists of the following steps.
• Choose a site i randomly.
• Compute the energy gain ∆E = Enew − Eold = 2si Hi that would result from carrying out a spin flip at site i (si is the orientation before the update) and set
• If ∆E < 0, i.e., if the system goes into an energetically more favorable state, the
spin at site i is flipped with certainty (probability 1).
Otherwise, if ∆E ≥ 0 the spin is flipped only with probability p.
This means that one accepts the spin flip with the probability
p := min(1, e− β∆E ).
and dismisses it otherwise.
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In the Metropolis algorithm the rates for local spin flips and no longer independent,
instead they depend on the actual contract duration of the immediate environment, and
coded in the sign of the local field Hi . If Hi ≥ 0 we have
w(↓→↑) ∝ 1
w(↑→↓) ∝ e

(4.67)

−2βHi

,

(4.68)

while for Hi < 0 the rates are given by
w(↓→↑) ∝ e2βHi

(4.69)

w(↑→↓) ∝ 1 ,

(4.70)

In both cases, the ratio of the rates is again compatible with Eq. (4.61), establishing
detailed balance.
Summary: Local spin flip dynamics for the Ising model
Choose a random site i and let pi = e βHi /(e βHi + e− βHi ). Furthermore, let z ∈ [0, 1] be a
random number. Then perform an update as follows:
• Standard heat bath dynamics:
sinew := sign( pi − z)
• Glauber dynamics:
sinew :=



+sign( pi − z)
−sign(1 − pi − z)

if siold = +1
if siold = −1

• Metropolis dynamics:
sinew


:=

+sign( pi+ − z)
−sign( pi− − z)

if siold = +1
if siold = −1

where pi± = min(1, e∓2βHi ).
All the dynamical procedures listed above relax into the same equilibrium state of the Ising
model. In the equilibrium stationary state the rates obey detailed balance.

4.2. Ising model: Transfer matrix and quantum limit
4.2.1. One-dimensional Ising model
Transfer matrix
We consider a one-dimensional classical Ising model with M Ising spins sm = ±1, with
the index m running from 0 to M − 1. The model is defined by the energy function3
M −1

Es = − J

∑

m =0

M −1

s m s m +1 − h

∑

sm ,

(4.71)

m =0

3 We

use here M instead of N because in the 2D case we intend to study an M × N-dimensional lattice by
similar methods.
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where J is the coupling constant between neighboring spins and h is the external magnetic field. If not specified otherwise, we use periodic boundary conditions, i.e. index
operations are carried out modulo M, meaning that s M ≡ s0 .
The model is assumed to be in contact with an external heat bath with inverse temperature β = 1/T. Maximizing the total entropy of system and environment (= minimizing the free energy), the system relaxes into a stationary equilibrium state described
by the partition function
Z ( β, h) = ∑ e− βEs ,
(4.72)
s

where s = {s0 , . . . , s M−1 } denotes the configuration of all spins. In what follows it is
convenient to rewrite the energy function in the form
J
Es = − J M +
| {z } 2
drop

M −1

∑

s m − s m +1

2

h
2

−

m =0

M −1

∑


s m + s m +1 .

(4.73)

m =0

Because of the quadratic term in the first sum we get an additional constant contribution − J M. Since the energy is only defined up to a constant and since such contributions cancel in the partition sum by normalization, we can simply drop this constant.
This allows us to rewrite the partition sum by
M −1

Z ( β, h) =

∑∏

T ( s m , s m +1 )

(4.74)

s m =0

where
h βJ
2
i
βh
s m − s m +1 +
s m + s m +1
(4.75)
T (sm , sm+1 ) = exp −
2
2
accounts for the energy contributions related to adjacent sites. Since sm = ±1 and
sm+1 = ±1 this expression takes one of the following four possible values:
T (+1, +1) = e βh
T (+1, −1) = e−2βJ
T (−1, +1) = e−2βJ

(4.76)

T (−1, −1) = e− βh
Let us now define
basis vectors of the single-site configuration space,
  the canonical
 
1
0
namely |+⟩ =
and |−⟩ =
. With these vectors we can express the four contri0
1
butions listed above in the form
T ( s m , s m +1 ) = ⟨ s m | T | s m +1 ⟩
where


T=

e βh
e−2βJ

e−2βJ
e− βh

(4.77)


(4.78)

is the so-called transfer matrix which, in the present case of the one-dimensional Ising
model, is just 2×2-matrix. The name “transfer matrix” comes from the fact that for a
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given probability distribution of the orientation of sn , the application of the transfer
matrix renders the probability distribution of the spin at the next site n + 1. In other
words, the transfer matrix is the operator for translation on the Ising lattice by one unit.
With the transfer matrix the partition sum can be written as
Z ( β) =

∑

∑

⟨ s0 | T | s1 ⟩

s0 =±1

⟨ s1 | T | s2 ⟩

s1 =±1

|

∑

⟨ s 2 | T . . . T | s M −1 ⟩

s2 =±1

{z

}

=1

|

∑

⟨ s M −1 | T | s 0 ⟩

{z

}

s M−1 =±1

{z

}

=1

|

=1

(4.79)

which, as can be seen, reduces to the simple expression
Z ( β) = Tr[T M ].

(4.80)

Correlation functions for vanishing external field
The transfer matrix contains all the information that is needed to compute arbitrary
n-point correlation functions. For simplicity let us restrict ourselves to the case of vanishing external field h = 0 (the general case works similarly, but the formulas are more
involved). Solving the eigenvalue problem T|ψ⟩ = λ|ψ⟩ one finds two eigenvalues and
eigenvectors:
 
1
1
λ1,2 = 1 ± e−2βJ , |ψ± ⟩ = √
(4.81)
±
1
2
We are now interested in computing the two-point spin-spin correlation function

⟨ si s j ⟩ =

1
Z

∑ e−βE si s j
s

1  i z j −i z M − j 
Tr T σ T σ T
Z

=

s

(4.82)

Rotating the transfer matrices cyclically this turns into

⟨ si s j ⟩ =

1  M − j +i z j −i z 
Tr T
σ T σ .
Z

(4.83)

Inserting identities 1 = |ψ+ ⟩⟨ψ+ | + |ψ− ⟩⟨ψ− | and using the fact that

⟨ψ+ |σz |ψ+ ⟩ = ⟨ψ− |σz |ψ− ⟩ = 0 ,

⟨ψ+ |σz |ψ− ⟩ = ⟨ψ− |σz |ψ+ ⟩ = 1

(4.84)

it is straightforward to compute the correlator:

⟨ si s j ⟩ =

M − j +i j −i
λ−
M
λ+

λ+

M − j +i j −i
λ+

+ λ−
M
+ λ−

.

(4.85)

In this sense we have solved the one-dimensional Ising model exactly by means of a
transfer matrix method.
In the thermodynamic limit M → ∞ the correlations function reduces to

 | j −i |
⟨si s j ⟩ = tanh( βJ )
.
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Comparing this result with an asymptotic exponential decay ⟨si s j ⟩ ∼ e−| j−i]/ξ , the solution of the equation tanh J = exp(−1/ξ ) gives the correlation length
ξ=−

1
1
=
ln(tanh βJ )
ln(coth βJ )

(4.86)

This expression is finite for all β and diverges in the limit β → ∞. This means that
the Ising model in one dimension has no phase transition at finite temperature, but it
behaves in a way as if the phase transition was located at T = 0. Of course, a ’transition’
at T = 0 is not a transition in the usual sense since T < 0 is inaccessible so that it does
not really separate two different phases.

4.2.2. Relation to a quantum system
Transfer-matrix-generating Hamiltonian
In the following we would like to relate the one-dimensional classical Ising model to
a zero-dimensional quantum system. The idea is that the Hamiltonian of the quantum system can be considered as the generator of the transfer matrix, meaning that the
spatial dimension of the original model is reinterpreted as some kind of ’time’ in the
quantum system. In other words, instead of moving in space by means of the transfer matrix we would like to move in time by means of a suitable Hamiltonian. This
Hamiltonian should be related to the transfer matrix by
T = exp(−τH) ,

(4.87)

where τ depends on J and h. Generally this is impossible, but there is a special limit in
which such a relation can be established to leading order. Namely, if we consider the
limit of large coupling constant J → ∞ and if we tune h in such a way that
e−2βJ = τ

and

e βh = 1 + ητ

(4.88)

for some fixed η > 0 (which means that τ → 0 and h → 0), then the transfer matrix can
be written as



1 + ητ
τ
T =
= 1 + τ σ x + ησz ≈ exp(−τH)
(4.89)
τ
1 − ητ
where
H = −σ x − ησz

(4.90)

is the quantum Hamiltonian of the system. As this Hamiltonian involves two Pauli
matrices acting on a single site, this quantum Hamiltonian can be considered as zerodimensional.
Remark: The strong-coupling limit can be explained as follows. If we take J → ∞, the
neighboring spins are strongly coupled, that is, they are likely to be identical in their orientation. Therefore, the corresponding probability distributions of neighboring spins will
differ only slightly, meaning that the transfer matrix is close to the identity: T ≈ 1 + τH.
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Wick rotation
Note that in the previous example, the transfer matrix is given by T = exp(τH), which
differs from a true quantum-mechanicalproblem, where we would deal with a unitary
time evolution operator U = exp h̄i Ht . Nevertheless we consider H as a quantum
Hamiltonian and treat it as such.
Both expressions differ by a so-called Wick rotation. A Wick rotation is basically an
analytic continuation in the complex plane which allows us to map a problem of equilibrium statistical mechanics in d dimension to the time evolution of a d-1-dimensional
quantum problem.
More specifically, in equilibrium statistical mechanics, the expectation value of a
quantity A in a system with energies Es which is in contact with a heat bath reads
A⟩ β =

1
Z

∑ As e−βE

s

.

(4.91)

s

We can easily construct an analogous quantum-mechanical problem. To this end consider a Hamiltonian H on a finite-dimensional Hilbert space with eigenenergies En and
eigenstates |n⟩. Furthermore, let us define a coherent superposition of all eigenstates
|ψ⟩ = ∑n |n⟩ and an arbitrary state | a⟩ = ∑n an |n⟩. Suppose that |ψ⟩ evolves in time by
i
|ψ(t)⟩ = e− h̄ Ht |ψ⟩. Then we get the expression

⟨ a|ψ(t)⟩ = ∑ an e− h̄ En t
i

(4.92)

n

which formally looks (up to normalization) like Eq. (4.91), the essential difference being
that the exponent is imaginary in quantum mechanics. Setting t = −ih̄β we can therefore we can interpret statistical mechanics as a quantum-mechanical problem evolving
in imaginary time.
Mathematically the key point of the Wick theorem is that the exponential function is
holomorphic (analytic and differentiable) on C, obeying the Cauchy-Riemann differential equations. The same applies of course to a finite sum of exponential functions. If
a holomorphic function is given on the real line, we can use the Cauchy-Riemann differential equation to compute it everywhere, in particular on the imaginary line. Vice
versa, if the function is given on the imaginary line, we can compute it on the real line.
Thus, by solving a quantum problem in real time, the solution of the corresponding
problem in statistical mechanics (with imaginary time) is obtained by analytic continuation.
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4.2.3. Two-dimensional Ising model
We now consider the two-dimensional classical
Ising model. As we have seen above, this case is
much more interesting since the 2D-Ising model
exhibits a phase transition at finite temperature.
The 2D-Ising is defined on a square lattice with
M × N sites with classical Ising spins sm,n = ±1,
where m ∈ {0, . . . , M − 1} and n ∈ {0, . . . , N −
1}. The Ising spins are coupled with the coupling
2D Ising model. The arrow indicates the propagation
constant J⊥ in horizontal and with J∥ in vertical
direction of the transfer matrix T.
direction. In addition, we have again an external
field h:

N −1 M −1 
Es = ∑ ∑ − J⊥ sm,n sm,n+1 − J∥ sm,n sm+1,n − h sm,n .
(4.93)
n =0 m =0

Again we assume periodic boundary conditions in both directions, setting s M,n ≡ s0,n
and sm,N ≡ sm,0 . Note that the resulting topology of the model is that of a torus. Moreover, note that for J⊥ = J∥ and N = M, the model is completely symmetric in horizontal
and vertical direction.

Kramers–Wannier duality
Again the partition sum of the Ising model is given
by Z ( β) = ∑s e− βEs . As in the mean field approximation, it is expected that the second-order phase
transition can only be observed if the external field h
vanishes. Thus the phase transition is controlled by
effectively two parameters, namely,
K⊥ := βJ⊥

and

K∥ := βJ∥ .

(4.94)

Therefore, the 2D Ising model defined above does
not have a single critical point, instead we expect it
to have a whole line of critical points, as sketched
schematically in the adjacent figure.

2D Ising model: Critical line

For the 2D Ising model on a square lattice, it is in fact possible to compute the critical
line exactly. This amazing discovery goes back to Kramers and Wannier, who discovered a nontrivial duality in the Ising model. We will not go into great detail here, but it
is interesting how they obtained this result. It turns out that there are two different ways
to rewrite the partition sum of the Ising model, known as low- and high-temperature
expansion. The low-temperature expansion reads
Z (K⊥ , K∥ ) = 2e MN (K⊥ +K∥ )

∑

e−2K⊥

 n⊥

e−2K∥

 n∥

.

(4.95)

islands

The sum runs over all oppositely oriented islands in the current configuration. Each is-
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land is surrounded by a domain wall of oppositely oriented pairs of neighboring spins.
The numbers n⊥ and n∥ count these pairs in horizontal and vertical direction, respectively. Although this expression is exact, it is particularly useful in the limit β → ∞.
Here the Ising model is preferentially magnetized either in positive or negative direction, explaining the factor 2 in front.
Likewise it is possible to rewrite the partition sum as an expansion which is particularly useful in the limit of high temperatures. Marking the corresponding parameters
by a tilde, this expansion reads
Z (K̃⊥ , K̃∥ ) =

2 cosh K̃⊥ cosh K̃∥

 MN

∑

tanh K̃⊥ )ℓ∥ tanh K̃∥ )ℓ∥ .

(4.96)

contours

Here the sum runs over all contours on the lattice with certain constraints which in
the end ensure that it has formally the same structure as the sum over the islands
in Eq. (4.95). Since the factor in front of the sum is physically irrelevant, the formal
similarity of both expansions allows us to identify
e−2K⊥ = tanh K̃∥ ,

e−2K∥ = tanh K̃⊥ .

(4.97)

This means that a two-dimensional Ising model with the parameters (K⊥ , K∥ ) can be
mapped exactly to a two-dimensional Ising model with the parameters (K̃∥ , K̃⊥ ), thereby
relating low- and high-temperature behavior. Note that the duality relation exchanges
⊥ and ∥. We can rewrite the equations given above by
sinh 2K̃⊥ = 2 sinh K̃⊥ cosh K̃⊥ = 2 tanh K̃⊥ cosh2 K̃⊥

=

2 tanh K̃⊥
1 − tanh2 K̃⊥

=

2e−2K∥
1 − e−4K∥

=

e2K∥

2
1
=
,
−2K∥
sinh 2K∥
−e

(4.98)

arriving at the relations
sinh 2K∥ sinh 2K̃⊥ = 1 ,
sinh 2K⊥ sinh 2K̃∥ = 1 .

(4.99)

This duality transformation tells us that the two-dimensional Ising model with (K⊥ , K∥ )
and (K̃⊥ , K̃∥ ) exhibit (up to the transformation) the same physics. Consequently, if the
model exhibits a phase transition at (K⊥ , K∥ ), it will also exhibit a phase transition at
(K̃⊥ , K̃∥ ). However, as we expect the Ising model to exhibit only a single phase transition and not several ones, we can conclude that the system will undergo a transition if
K⊥ = K̃⊥ and K∥ = K̃∥ . Therefore, the transition takes place along a critical line given
by
crit
sinh 2K∥crit sinh 2K⊥
= 1.

(4.100)

In particular, if the model is isotropic (meaning that K⊥ = K∥ =: K we get sinh Kcrit = 1,
hence Kcrit ≃ 0.440687, or equivalently:
Tc = 2.26919 J.
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Transfer matrix

Following the same line of arguments as in Eq. (4.73), we can write the partition sum
of the 2D Ising model in terms of a transfer matrix acting in one of the two (here the
vertical) direction. We first rewrite the energy
Es =

N −1 M −1 h

∑ ∑

− J⊥ sm,n sm,n+1 − J∥ sm,n sm+1,n − h sm,n

i

(4.101)

n =0 m =0

as
M −1 N −1 h

Es = − J∥ MN + ∑
| {z } m=0

∑

−

n =0

J⊥
(sm,n sm,n+1 + sm+1,n sm+1,n+1 )
2
(4.102)

drop

i
J∥
h
+ (sm,n − sm+1,n )2 − (sm,n + sm+1,n ) .
2
2
Again we would like to express the partition sum as a product of the form
M −1

Z ( K⊥ , K∥ ) =

∑∏

T (⃗sm ,⃗sm+1 )

(4.103)

s m =0

where ⃗sm = {sm,0 , . . . , sm,N −1 } is the configuration of the mth row and
 N −1 
T (⃗sm ,⃗sm+1 ) = exp

∑

n =0

K⊥
(sm,n sm,n+1 + sm+1,n sm+1,n+1 )
2

K∥
βh
−
(sm,n − sm+1,n )2 +
(sm,n + sm+1,n )
2
2



(4.104)

accounts for the contributions in horizontal and vertical direction and for the interaction with the external magenetic field. Introducing a 2 N -dimensional vector space with
the canonical configuration vectors
 
 
1
0
|⃗s⟩ = |s0 ⟩ ⊗ |s1 ⟩ ⊗ · · · ⊗ |s N −1 ⟩ ,
|+⟩ =
, |−⟩ =
(4.105)
0
1
and rewriting
T (⃗sm ,⃗sm+1 ) = ⟨⃗sm+1 |T|⃗sm ⟩

(4.106)

where T is the 2 N × 2 N transfer matrix, we find that
 N −1
T=

∏ exp

n =0

K

⊥ z z
σn σn+1

2

βh z 
+
σ
2 n

 N −1

∏ exp



1 + e−2K∥ σnx

n =0

 N −1

∏ exp

n =0

K

⊥ z z
σn σn+1

2


βh z 
+
σ
2 n
(4.107)

Here σnz (and similarly σnx ) denotes the Pauli matrix acting at site n, i.e.
σnz = 1 ⊗ 1 ⊗ · · · ⊗ |{z}
σz ⊗ · · · ⊗ 1 .
nth pos.
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Strongly anisotropic limit
We now consider the strongly anisotropic limit K⊥ → 0, K∥ → ∞, defining
e−2K∥ = λτ ,

K⊥ = τ ,

βh = ητ

(4.109)

and taking the limit
τ → 0,

λ, η kept fixed.

(4.110)

In this limit we can rewrite the transfer matrix to lowest order as


N −1 
z z
x
z
T = ∏ 1 + τ σn σn+1 + λσn + ησn

(4.111)

n =0

which can be interpreted as being generated via T = e−τH by the “quantum” Hamiltonian

N −1 
H = − ∑ σnz σnz+1 + λσnx + ησnz .
(4.112)
n =0

Because of Eq. (4.100) the critical point in the strongly anisotropic limit for vanishing
crit = λτ, which corresponds to taking λ = 1 and η = 0.
external field is K⊥
c
In the literature it is customary to swap the Pauli matrices σ x ↔ σz , which amounts
to a similarity transformation of the Hamiltonian. Moreover the Hamiltonian is usually studied for vanishing external magnetic field η = 0. Thus, the final form of the
Hamiltonian of the Ising quantum chain with N sites reads
H=−

N −1 

∑


σnx σnx+1 + λσnz .

(4.113)

n =0
N

To summarize, H is a 2 N ⊗ 2 N matrix acting on a Hilbert space C2 , where
x
σnx = 1 ⊗ . . . ⊗ 1 ⊗ ⊗
|σ
{z ⊗} ⊗1 ⊗ . . . ⊗ 1

(4.114)

site n

denotes the Pauli matrix σ x acting at site n, assuming periodic boundary conditions
x,z
modulo σN
≡ σ0x,z . The Ising quantum chain exhibits a phase transition at the critical
value λc = 1.
Remark: On the level of the quantum chain, it is customary to replace the letter λ by the
letter h and to denote it as the transverse field. This transverse field must not be confused with
the external field h or η = βh/τ. The external field is a homogeneous magnetic field acting
on all Ising spins of the classical model in 2D, while the transverse field is not an external
field but rather the coupling constant in transverse direction along the 1D quantum chain.
Unfortunately, both quantities are often denoted by h in the literature.
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4.3. Exact solution of the quantum XY chain
The Ising quantum chain is a special case of a broader class of spin models, called the
quantum XY chain, which can be diagonalized exactly. In this Section we outline the
sequence of steps that have to be carried out in order to diagonalize the Hamiltonian.4
Some of these steps are technically challenging but the provide a good survey of the art
of treating exactly solvable models.
The quantum XY chain with N sites and periodic boundary conditions is defined by
the Hamiltonian
H=−

N −1 h

∑

n =0

i
1+γ x x
1−γ y y
σn σn+1 +
σn σn+1 + hσnz ,
2
2

(4.115)

where the parameters γ controls the anisotropy while h is the strength of the transverse
field (this is not the magnetic field, see remarks on the previous page). As before, the
N
Hamiltonian H acts on the Hilbert space (C2 )⊗ N ∼
= C2 . As can be seen, the special
case of the Ising model is included by setting γ = 1.
Following the seminal works by Onsager [23] (1942) and Lieb, Schultz and Mattis [17]
(1961), the Ising quantum chain Hamiltonian can be shown to describe a theory of discrete free fermions. This means that an appropriate sequence of transformations allows
us to diagonalize the Hamiltonian, writing it in the form
H = E0 + ∑ ωk ηk† ηk

(4.116)

k

with certain excitation energies ωk and anticommuting fermionic operators ηk and ηk† so
that ηk† ηk can be interpreted as a number operator with eigenvalues ±1. In the following
we describe this sequence of transformations in detail.

Jordan-Wigner transformation
The Hamiltonian, as given in Eq. (4.115), is translationally invariant along the chain,
hence it seems reasonable to look at it in Fourier space. The Fourier transforms of the
x/y/z
operators σn
, however, seem to follow a rather complicated algebra. For this reason
we first rewrite Eq. (4.115) in terms of another set of operators, effectively mapping the
problem to free fermionic fields on a lattice, whose algebra is much easier to understand. To this end, we introduce the spin flip operators
σn± =

1 x
y
σn ± iσn
2

(4.117)

with
σnx = σn+ + σn− ,
4 The

y

σn = −i(σn+ − σn− ),

σnz = σn+ σn− − σn− σn+ .

original version of this Section was written by Pascal Fries.
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Figure 4.7.: Jordan-Wigner transformation. The figure shows ψ3 ψ5 = −ψ5 ψ3 on a chain with 8 sites (see text).

In terms of the spin flip operators, the Hamiltonian takes the form
H=−

N −1 h

∑

n =0


i
γ σn+ σn++1 + σn− σn−+1 + σn+ σn−+1 + σn− σn++1 + h σn+ σn− − σn− σn+

(4.119)

or somewhat shorter
H=−

N −1 h

∑

n =0


i
γσn+ σn++1 + σn+ σn−+1 + h.c. + h σn+ σn− − σn− σn+ ,

(4.120)

where ’+ h.c.’ stands for “plus Hermitean conjugate” or “plus the same expression
daggered”.
The operators σ+ and σ− are conjugate to each other and act like creation and annihilation operators. This means that on the same site they behave as fermions with the
anticommutation relations

{σn+ , σn+ } = {σn− , σn− } = 0 ,

{σn+ , σn− } = 1.

(4.121)

On different sites, however, they rather behave like bosons with commutation relations

[σn+ , σm+ ] = [σn− , σm− ] = [σn+ , σm− ] = 0 ∀ n ̸= m .

(4.122)

This means that the operators σn± behave partly as fermions and partly as bosons. In
order to work with truly fermionic fields, we perform a so-called Jordan-Wigner transformation by defining new operators
ψn =

 n −1

∏ (−σiz )



σn− ,

ψn† =

i =0

 n −1

∏ (−σiz )



σn+

(4.123)

i =0

Because of {σ± , σz } = 0 these operators exhibit full fermionic commutation relations:
†
{ψn† , ψm
} = {ψn , ψm } = 0 ,

{ψn† , ψm } = δnm .

(4.124)

Remark: It is quite easy to understand how this works. To each operator σ± acting on site j
we prepend a product of σz to the left of the actual position, as illustrated in Fig. Fig. 4.7. If
the indices are equal, these “σz -strings” in the brackets just cancel due to (σz )2 = 1. However, if the indices are different, then one of the two operators has to be commuted with
one of the σz -factors. This produces a minus sign which is needed for the anticommutation
relations of operators acting on different sites.

Now we want to rewrite the Hamiltonian (4.120) in terms of these new operators. To
this end we note that the σz -strings cancel between products of operators acting on the
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same site and on nearest neighbors, i.e.
σn+ σn++1 = ψn† ψn† +1 ,

σn+ σn−+1 = ψn† ψn+1 ,

σn+ σn− = ψn† ψn

(n = 0, 1, . . . , N − 2)

However, for products of operators acting on the last and the first site of the chain,
which arise due to periodic boundary conditions, one obtains a σz -string extending
over the entire chain, e.g.
ψ†N −1 ψ0† =

(−σ0z ) · · · (−σNz −2 ) σN+−1 σ0+

= − (−σ0z ) · · · (−σNz −2 )(−σNz −1 ) σN+−1 σ0+ = −P σN+−1 σ0+
|
{z
}

(4.125)

=:P

where P = ∏nN=−01 −σn is the Jordan-Wigner string with the properties P2 =
P = P† . Therefore we have

z

+
+
†
†
σN
−1 σ0 = − P ψN −1 ψ0 ,

+
−
†
σN
−1 σ0 = − P ψN −1 ψ0 ,

−
+
†
σN
−1 σ0 = + P ψN −1 ψ0 ,

−
−
σN
−1 σ0 = + P ψN −1 ψ0 .

1 and

(4.126)

so that the Hamiltonian (4.120) can be written as
N −2

H = −

∑

n =0

+P

N −1


γψn† ψn† +1 + ψn† ψn+1 + h.c. − h ∑ ψn† ψn − ψn. ψn†
n =0

γψ†N −1 ψ0†

+ ψ†N −1 ψ0

+ h.c.

(4.127)



At first glance, the appearance of the operator P seems to complicate the solution. On
the other hand, P is by construction diagonal in the spin configuration basis with
P| ↑↑↓ . . .⟩ = ±| ↑↑↓ . . .⟩ .

(4.128)

It is easy to see that the eigenvalue is +1 if the number of up-spins is even and −1
otherwise. In other words, P measures the parity of the number of up-spins. Since all
terms in the original Hamiltonian (4.120) are quadratic in σj± , they can only flip in pairs,
meaning that the parity is conserved under time evolution:

[H, P] = 0.

(4.129)

Therefore, H and P can be diagonalized simultaneously. This allows us to define two
projectors

1
(4.130)
Π± = 1 ± P
2
onto the ±1-eigenspaces of P and to express the Hamiltonian as
H = Π+ H+ Π+ + Π− H− Π− = H+ Π+ + H− Π−

(4.131)

where H± is the Hamiltonian in the respective sector, where the operator P can be
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replaced by its eigenvalue:
N −2

H± = −

N −1


γψn† ψn† +1 + ψn† ψn+1 + h.c. − h ∑ ψn† ψn − ψn ψn†

∑

n =0

n =0

γψ†N −1 ψ0†

±

+ ψ†N −1 ψ0

(4.132)



+ h.c. .

Note that the two operators H± are identical up to their boundary condition: While H−
has standard periodic boundary conditions, H+ has some kind of “twisted” boundary
conditions. In the following we have to solve these two cases individually.
Now we have expressed H in terms of quadratic expressions in the fields. This allows
us to write the Hamiltonian in the respective sector as a quadratic form
N −1

∑

H± = −

h




i
†
†
±
† †
A±
,
nm ψn ψm − ψn ψm + Bnm ψn ψm − ψn ψm

(4.133)

n,m=0

where A± and B± are matrices of the form




2h 1
∓1
0
1
±1


 1 2h 1
 −1 0
1




γ
1




±
.. .. ..
..
..
..
=
,
B
A± = 

.

.
.
.
.
.
.


2
2


1 2h 1 
−1 0
1 
∓1
1 2h
∓1
−1 0

(4.134)




ψ
Defining the field vector † by
ψ


ψ
ψ†

†



 
= ψ† ψ = ψ0† , . . . , ψ†N −1 , ψ0 , . . . , ψN −1

(4.135)

the Hamiltonian (4.133) can be written in the compact form


ψ
H± = − †
ψ

† 

A±
B±
±
−B
− A±




ψ
.
ψ†

(4.136)

Relation between discrete Fourier transformations and z-transformations
For a given set of N complex numbers c0 , . . . , c N −1 the discrete Fourier transform (DFT)
and its inverse are usually defined by
1
c̃k = √
N

N −1

∑

n =0

e2πikn/N cn ,

1
cn = √
N

N −1

∑

e−2πikn/N c̃k

(4.137)

k =0

where k = 0, . . . , N − 1 enumerates the Fourier modes. The DFT is a unitary linear map
from position to momentum space.
On a lattice it is convenient to relate the DFT with a z-transformation. This type of
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transformation associates with each data set c0 , c1 , . . . , c N −1 a function c(z) by
1
c(z) := √
N

N −1

∑

zn cn .

(4.138)

n =0

Obviously, the z-transformation is related to the DFT by c̃n = c(e2πik/N ), where the
arguments e2πik/N are the N th root of unity on the unit circle in the complex plane. This
relation can be formalized conveniently by introducing the N × N translation operator


0
1
1 0



Z= .
(4.139)
.. ... 


1

0

which simply shifts all components of a vector cyclically. It is easy to see that this matrix
is unitary and returns to the identity after N iterations, i.e.
ZZ † = Z † Z = 1 ,

Z N = 1.

(4.140)

Consequently, the eigenvalues z of the eigenvalue problem
Z |z⟩ = z|z⟩

(4.141)

are root of unity (z N = 1). More specifically, the solution of the eigenvalue problem is
given by the plane-wave eigenvectors

⟨n|z⟩ =

√1
N

z−n ,

(4.142)

with the eigenvalues
z = e2πik/N ,

(4.143)

where k = 0, . . . , N − 1. Since Z is unitary the eigensystem is orthonormal

⟨z|z′ ⟩ =
so that

1
N

N −1

∑

n =0


z n
z′

=

1 = ∑ |z⟩⟨z|
z N =1

1
N

N −1

∑

′

e2πi(k−k )n/N = δk,k′ =: δz,z′

(4.144)

n =0

and

Z=

∑

z|z⟩⟨z|.

z N =1

Moreover, the z-transformation (4.138) can be expressed as c(z) = ⟨z|c⟩.
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Taking twisted boundary conditions into account
In the case of the Ising model, the Fourier transformation outlined above works only
for H− , where we have periodic boundary conditions. For H+ , one needs a similar
transformation for twisted boundary conditions. Fortunately, this can be accounted for
by introducing two different translation operators


0
∓1
1 0



Z± =  .
(4.146)

.. ...


1

0

N = ∓1. The eigenvalues are given
which is again unitary and fulfills the condition Z±
by
(
k + = 1, 3, 5, . . . , 2N − 1
z± = eπik± /N
where
(4.147)
k − = 0, 2, 4, . . . , 2N − 2 .

and the system of eigenvectors is orthonormal in both cases. For this reason it turns
out that both H+ and H− can be diagonalized with the same z-formalism, the only
difference being that the sums are carried out over zn = −1 or zn = +1, respectively.

Fourier transformation
In order to Fourier-transform the Hamiltonian, we first note that the transformed fields
1
ψ(z) ≡ √
N

N −1

∑

zn ψn

and

n =0

1
ψ† (z) ≡ [ψ(z)]† = √
N

N −1

∑

z−n ψn†

(4.148)

n =0

obey the same anticommutation relations as before, i.e.

{ψ(z), ψ(z′ )} = {ψ† (z), ψ† (z′ )} = 0 ,
{ψ(z), ψ† (z′ )} =

1
N

N −1

∑

†
zn (z′ )−m {ψn , ψm
} =

n,m=0

1
N

N −1

∑

n =0


z n
z′

= δz,z′ ,

(4.149)

where δz,z′ equals 1 if z and z′ correspond to the same k and zero otherwise.
Secondly we note that the matrices A± and B± in Eq. (4.134) can be expressed as
A ± = h1 +


1
†
Z± + Z±
,
2

B± = −


γ
†
Z± − Z±
,
2

meaning that they are diagonal in the z-basis


⟨z| A|z′ ⟩ = δz,z′ h + Re(z) ,
⟨z| B|z′ ⟩ = δz,z′ −iγIm(z) ,

(4.150)

(4.151)

where we dropped the ± subscript. This allows us to write down the Hamiltonian in
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Fourier space by inserting identities of the form 1 = ∑z N =1 |z⟩⟨z|:

H± = −

= −

ψ
ψ†

† 

∑

A±
− B±

∑

z N =∓1 z′ N =∓1

= −

∑



z N =∓1

 
ψ
B±
− A± ψ†
 † 
 ±
ψ
|z⟩⟨z|
A
∗
∗
†
|
z
⟩⟨
z
|
−
B±
ψ

ψ(z)
ψ† (z∗ )

† 

h + Re(z)
+iγIm(z)

−iγIm(z)
−(h + Re(z))

B±
− A±





ψ(z)
ψ† (z∗ )

|z′ ⟩⟨z′ |



|z′ ∗ ⟩⟨z′ ∗ |

ψ
ψ†




(4.152)

Remark: This result can easily be translated back to the ’traditional’ form of a Fourier
transformation



 
ψk
ψk † h + cos πk
−iγ sin πk
N
N
(4.153)
H± = ∑ ψ†
†
ψ−k ,
−(h + cos πk
+iγ sin πk
−k
N
N)
k

where the wave number index k runs over the ranges defined in (4.147).

Bogoljubov transformation
The Fourier transformation carried out above mixes the components of the fields ψn and similarly the components of the fields ψn† , preserving the commutation relations. However, for all
terms with z ̸= z∗ the resulting quadratic form is not yet diagonal. To obtain a fully diagonal
form, another transformation is necessary, namely, a so-called Bogoljubov transformation.
Unlike the Fourier transformation, which mixes components of ψ and components of ψ†
among themselves, the Bogoljubov transformation mixes the components of ψ with components of ψ† in such a way that the fermionic anticommutation relations are preserved. More
specifically, we define new operators η (z) and η † (z) by
η (z) := u(z)ψ(z) + v(z∗ )ψ† (z∗ ) ,
with
u(z) = cos ϕ(z) ,

η † (z) = u∗ (z)ψ† (z) + v∗ (z∗ )ψ(z∗ )

v(z∗ ) = −i sin ϕ(z∗ ) = i sin ϕ(z) ,

(4.154)
(4.155)

where the ’angle’ ϕ(z) is given by

γIm(z)
tan 2ϕ(z) =
h + Re(z)

,





h + Re(z) cos 2ϕ(z) ≤ 0.

(4.156)

With this definition the Bogoljubov transformation can be written in the compact form





ψ(z)
η (z)
cos ϕ(z)
−i sin ϕ(z))
(4.157)
=
−i sin ϕ(z)
cos ϕ(z)
η † (z∗ )
ψ† (z∗ )
|
{z
}
=:U

Note that for z ∈ R the transformation U reduces to the identity. It is a straight-forward exercise
to show that η, η † are fermionic operators obeying the anticommutation relations

{η (z), η (z′ )} = {η † (z), η † (z′ )} = 0 ,

{η (z), η † (z′ )} = δz,z′

(4.158)

The Bogoljubov transformation specified above was chosen in such a way that it diagonalizes
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the Hamiltonian (4.152)
H± = −

∑



∑



z N =∓1

=+

z N =∓1

ψ(z)
ψ† (z∗ )
η (z)
η † (z∗ )

†

U −1 U

† 






ψ(z)
−iγIm(z)
U −1 U † ∗
−(h + Re(z))
ψ (z )

h + Re(z)
+iγIm(z)

(4.159)
Λ(z)





−Λ(z)

η (z)
,
η † (z∗ )



2

where
Λ(z) =

q

h + Re(z)


2
+ γIm(z) .

(4.160)

This may be rewritten as
H± =

∑

h
i
Λ(z) η † (z)η (z) − η (z∗ )η † (z∗ )

z N =∓1

(0)

= E± + 2

∑

Λ(z)η † (z)η (z)

(4.161)

z N =∓1

where

(0)

E± = −

∑

Λ(z)

(4.162)

z N =∓1

is the ground state energy in the respective sector.

4.4. Conformal invariance
4.4.1. Generic symmetries of critical phenomena in 2D
So far we have studied the Ising model on a square lattice as a chief example of a two-dimensional
equilibrium model which exhibits a continuous phase transition. This model incorporates three
exact symmetries, namely
• Translation symmetry in space in any direction.
• Reflection symmetry.
• Rotations by π/2 (90◦ ), provided that the two coupling constant are identical.
• Z2 symmetry under global spin reversal.
These symmetries are called exact because the energy function Es and therewith the partition
sum are strictly invariant under the corresponding symmetry transformations. The Z2 symmetry is spontaneously broken in the ferromagnetic ordered phase, but still it is an exact symmetry
if we decide to flip all spins on the lattice.
In addition, the Ising model exhibits certain effective symmetries at or in the vicinity of the
critical point. They include
• Rotation symmetry by arbitrary angles.
• Dilatation symmetry (scaling).
At the phase transition the stationary equilibrium state is characterized.
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4.5. Continuum limit of the Ising model

So far we have introduced and quantitatively understood the Ising model on a d-dimensional
lattice. Is it possible to devise a theory for the Ising model in terms of continuous degrees of
freedom?
By “continuous” we mean that any discrete element of the Ising model is replaced by a continuous option. More specifically, we would like to replace the lattice positions i by a continuous
vector r ∈ Rd . Moreover, we would like to replace the discrete spins si = ±1 by a continuous
field ϕ(r) ∈ R.
Before introducing continuous coordinates let us consider the discretization of the spin itself.
Replacing the binary spin variable si = ±1 by a continuous degree of freedom ϕ we have to
make sure that the continuous variable ϕ favors two Z2 -symmetric values. This is most easily
achieved if we introduce a symmetric double-well potential
V (ϕ) = ϕ2 + λ(ϕ2 − 1)2 = λϕ4 + (1 − 2λ)ϕ2 + 1

(4.163)

Next, let us write down the “action” for this continuous field on the lattice. To this end, let us
denote by ri the position of the lattice sites. Then, the energy functional reads

E[ϕ] =

∑

"

i





−2κ ∑ ϕ(ri + u)ϕ(ri ) + ϕ (ri ) + λ(ϕ (ri ) − 1)
2

2

#
2

,

(4.164)

u

where the second sum runs over all displacements pointing to the nearest neighbors of ri .
The continuum limit of this expression is straightforward. We know that on a square lattice
the Laplacian has the approximate discrete representation


∆ϕ(r) ≈ ∑ ϕ(r + u) − 2dϕ(r) ,
(4.165)
u

where d is the dimension of the lattice. This allows us to express the energy functional as an
integral
Z
E[ϕ] =

dd r L[ϕ](r)

(4.166)

with the Lagrange density

L[ϕ] = −2κϕ∆ϕ + (1 − 4κd)ϕ2 + λ(ϕ2 − 1)2

(4.167)

Assuming that the field vanishes asymptotically at infinity, we can partially integrate this expression, obtaining the Lagrange density

L[ϕ] = +2κ (∇ϕ)(∇ϕ) + (1 − 4κd)ϕ2 + λ(ϕ2 − 1)2

(4.168)

Usually one introduces new constants, rewriting the Lagrangian as

L[ϕ] =

m
g
1
(∇ϕ)(∇ϕ) − ϕ2 + ϕ4 .
2
2
4!

(4.169)

The partition function is then given as a functional integral over the Boltzmann factor of the
energy functional:



Z
Z
1
m 2
g 4
d
Z = D ϕ exp − β d x
(∇ϕ)(∇ϕ) − ϕ + ϕ
(4.170)
2
2
4!
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Here, the first integral has to be read as the “sum over all possible configurations of the continuous field ϕ.” This partition sum is known as ϕ4 field theory, the simplest nontrivial field theory
with so-called loop corrections.
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5. Nonequilibrium phase transitions
In this Chapter, we are primarily interested in phase transitions in systems far from equilibrium. To this end we consider stochastic processes that violate detailed balance so strongly that
concepts of equilibrium statistical physics can no longer be applied, even in an approximate
sense. We are interested in the question whether stochastic processes far from equilibrium can
exhibit new phenomena that cannot be observed under equilibrium conditions. This applies in
particular to phase transitions far from equilibrium.

5.1. Epidemic spreading
The year 2020 was special. Universities all over the world were closed. Entire countries went
under lockdown. COVID-19 brought the entire world into a state of emergency. A small piece
of DNA with only 30 kilobytes spread over the whole world and suddenly threatened all of
humanity.
Epidemic spreading is a very complex phenomenon, especially if the mode of transmission,
the fraction of unreported infections, the incubation time and the immunization efficiency is
only poorly understood. That makes it very difficult to predict the course of a pandemic.
A essential insight for understanding epidemic data is its multiplicative nature: Without control, a virus spreads exponentially in a fully susceptible population, that is, the number of infections I (t) grows as
I (t) ∝ e βt ,
(5.1)
where β plays the role of the spreading rate. When plotted on a linear scale, exponentially
growing curves look horrible. But when plotted on a logarithmic scale, that is ln I (t) versus t,
an exponential increase manifests itself as a straight line with slope β. Therefore, epidemic data
should always be analyzed visually on a logarithmic scale.
Remember: Epidemic data should always be analyzed in a log-lin representation.

In order to forecast the length and intensity of epidemic outbreaks, researches have developed
an uncountable number of models for epidemic spreading which capture the reality to different
extent. Generally we expect that the accuracy of a model increases as we add more parameters,
taking more and more available data into account. But this is not the approach favored by
physicists. We as physicists are particularly fascinated by simple models of a complex reality, so
simple that we can still make powerful predictions, but on the other hand complicated enough
so that it captures the essential elements of the reality it want to describe.
In the following we want to discuss two very simple models for epidemic spreading, namely,
the SIR model and the contact process. They are, of course, too simplistic to make realistic
quantitative predictions, but nevertheless they can teach us a lot about the nature of epidemic
spreading.
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5.1.1. The SIR model
The Susceptible-Infected-Recovered model (SIR model) is a simple model for the dynamics of an
epidemics by rate equations. It involves three degrees of freedom:
• S(t) ∈ [0, 1] is the fraction of susceptible individuals in the population which are not yet
immune and therefore susceptible to the infection.
• I (t) ∈ [0, 1] is the fraction of the infected individuals in the population
• R(t) ∈ [0, 1] is the fraction of recovered individuals in the population, assuming perfect
immunity.
The model is optimistic in so far as there are no deaths, that is, it assumes that all individuals
recover in the end. In the case of SARS-CoV-2, where the mortality rate is of the order of a few
percent, this is a good approximation.
Since there are no deaths and the three states, susceptible-infected-recoved, are mutually excluding, it is clear that we have the conservation law
S(t) + I (t) + R(t) = 1.

(5.2)

The SIR model is then defined by the following set of non-linear differential equations:
Ṡ(t) = − βI (t)S(t)
İ (t) = + βI (t)S(t)−γI (t)

(5.3)

Ṙ(t) = +γI (t).
As can be checked easily, we have Ṡ(t) + İ (t) + Ṙ(t) = 0, compatible with the conservation law
(5.2).
The three equations in (5.3) are so-called rate equations that you may have encountered in your
courses on chemistry. The quantities depend only on time, i.e. the ansatz neglects any spatial
information.
The three equations can be explained as follows:
* Infections occur on contact of a susceptible and an infected individual. Therefore the
probability of a new infection is proportional to I (t) but also proportional to S(t). Each
infection decreases S(t) and increases I (t). This explains the red terms in the equation.
Note that the factor in front ensures that initially, when S(t) ≈ 1, the fraction of infected
individuals grows exponentially as e β t, where β ≈ 0.3.
* The green terms account for the process of recovery. Compared to infections, this process
is slow. For Corona patients the time scale for recovery is about three weeks. Therefore
γ ≈ 0.05 seems to be a reasonable choice.
Note that the first two equations are autonomous (they do not contain R(t)), so they can be
solved independently and finally we can compute R(t) simply by means of the conservation
law (5.2).
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Figure 5.1.: CovidSim Simulator based on rate equations

Although the first two differential equations look so
simple, they are nonlinear [because they involve products
of I (t) and S(t) ] and thus an exact solution is difficult if
not impossible. Nevertheless, it is possible to compute
the height of the peak if infected individuals exactly and
to integrate the equation numerically (see first exercise
sheet). For example, for ϵ = 0.01, β = 0.3 and γ = 0.05
we get the curves which are shown in the figure on the
right.

Numerical solution of SIR

Concerning the quality of the prediction, we should not be too optimistic. For example, it is
assumed that all individuals finally recover, ignoring the potential loss of lives. The incubation
time (time between receiving and spreading the infection) is ignored as well as the impact of
immunization.
But most importantly, as mentioned before, the equations ignore any spatial resolution and
possible regional inhomogeneities. Nevertheless this type of models in terms of non-linear
differential rate equations is very popular among scientists. For example, a more elaborate
version of a rate equation simulator can be found on the website covidsim.eu developed by
ExploSys GmbH.
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5.2. Directed percolation
The probably most important class of non-equilibrium processes, which display a non-trivial
phase transition from a fluctuating phase into an absorbing state, is Directed Percolation (DP).
As will be discussed below, the DP class comprises a large variety of models that share certain
basic properties.

isotropic percolation

directed percolation

Figure 5.2.: Isotropic versus directed bond percolation. The figure shows two identical realizations of open and closed
bonds on a finite part of a tilted square lattice. A spreading agent (red) is injected at the central site (blue
circle). In the case of isotropic percolation (left) the agent percolates through open bonds in any direction.
Contrarily, in the case of directed percolation, the agent is restricted to percolate along a preferred direction,
as indicated by the arrow.

5.2.1. Directed bond percolation on a lattice
To start with let us first consider a specific model called directed bond percolation which is often
used as a simple model for water percolating through a porous medium. The model is defined
on a tilted square lattice whose sites represent the pores of the medium. The pores are connected
by small channels (bonds) which are open with probability p and closed otherwise. As shown
in Fig. 5.2, water injected into one of the pores will percolate along open channels, giving rise
to a percolation cluster of wetted pores whose average size will depend on p.
There are two fundamentally different versions of percolation models. In isotropic percolation
the flow is undirected, i.e., the spreading agent (water) can flow in any direction through open
bonds (left panel of Fig. 5.2). A comprehensive introduction to isotropic percolation is given
in the textbook by Stauffer [26]. In the present lecture, however, we are primarily interested in
the case of directed percolation. Here the clusters are directed, i.e., the water is restricted to flow
along a preferred direction in space, namely downwards, as indicated by the arrow in Fig. 5.2.
In the context of porous media this preferred direction may be interpreted as a gravitational
driving force. Using the language of electronic circuits DP may be realized as a random diode
network (cf. Sect. 5.3.4 on page 167).
The strict order of cause and effect in DP allows one to interpret the preferred direction as a
temporal coordinate. For example, in directed bond percolation, we may enumerate horizontal
rows of sites by an integer time index t (see Fig. 5.3). Instead of viewing it as a static model of
directed connectivity, we shall from now on interpret DP as a dynamical process which evolves
in time. Denoting wetted sites as active and dry sites as inactive the process starts with a certain
initial configuration of active sites that can be chosen freely. For example, in Fig. 5.3 the process
starts with a single active seed at the origin. As t increases the process evolves stochastically
through a sequence of configurations of active sites at time t. An important quantity, which
characterizes these intermediate states, is the total number of active sites N (t), as illustrated
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Figure 5.3.: Directed bond percolation. The process shown here starts with a single active seed at the origin. It then
evolves through a sequence of configurations along horizontal lines (called states) which can be labeled by
a time-like index t. An important quantity to study would be the total number of active sites N (t) at time t.

in Fig. 5.3.
Regarding directed percolation as a reaction-diffusion process the local transition rules may
be interpreted as follows. Each active site represents a particle A. If the two subsequent bonds
are both closed, the particle will have disappeared at the next time step by a death process
A → ∅ (see Fig. 5.4a). If only one of the bonds is open, the particle diffuses stochastically
to the left or to the right, as shown in Fig. 5.4b-5.4c. Finally, if the two bonds are open the
particles creates an offspring A → 2A (Fig. 5.4d). However, it is important to note that each
site in directed bond percolation can be either active or inactive. In the particle language this
means that each site can be occupied by at most one particle. Consequently, if two particles
happen to reach the same site, they merge irreversibly forming a single one by coalescence
2A → A, as illustrated in Fig. 5.4e. Summarizing these reactions, directed bond percolation can
be interpreted as a reaction-diffusion process which effectively follows the reaction scheme
A→∅

death process

A → 2A

offspring production

2A → A

coagulation

(5.4)

combined with single-particle diffusion.
The dynamical interpretation in terms of particles is of course the natural language for any
algorithmic implementation of DP on a computer. As the configuration at time t depends exclusively on the previous configuration at time t − 1 it is not necessary to store the entire cluster
in the memory, instead it suffices to keep track of the actual configuration of active sites at a
given time and to update this configuration in parallel sweeps according to certain probabilistic
rules. In the case of directed bond percolation, one obtains a stochastic cellular automaton with
certain update rules in which each active site of the previous configuration activates its nearest
neighbors of the actual configuration with probability p. In fact, as shown in Fig. 5.5, a simple
non-optimized C-code for directed bond percolation takes less than a page, and the core of the
update rules takes only a few lines. Another realization in Python can be found in Appendix F.

a)

b)

c)

d)

e)

Figure 5.4.: Interpretation of the dynamical rules of directed bond percolation as a reaction-diffusion process: a) death
process, b)-c) diffusion, d) offspring production, and e) coagulation.
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i

//============== Simple C-code for directed percolation =============
#include <fstream.h>
using namespace std;
const int T=1000;
const int R=10000;
const double p=0.7;
int N[T];

//
//
//
//

number of rows
number of runs
percolation probability
cumulative occupation number

//--- random number generator returning doubles between 0 and 1 ----inline double rnd(void) { return (double)rand()/0x7FFFFFFF; }
//------------ construct directed percolation cluster --------------void DP (void) {
int t,i,s[T][T];
// static array
for (t=0;t<T;t++) for (i=0;i<=t;i++) s[t][i]=0; // clear lattice
s[0][0]=1;
// place seed
// perform loop over all active sites:
for (t=0; t<T-1; t++) for (i=0; i<=t; i++) if (s[t][i]) {
N[t]++;
if (rnd()<p) s[t+1][i]=1;
// offspring right
if (rnd()<p) s[t+1][i+1]=1;
// offspring left
}
}
//-------- perform R runs and write average N(t) to disk ----------int main
for (int
for (int
ofstream
for (int
}

(void) {
t=0; t<T; t++) N[t]=0;
// reset N(t)
r=0; r<R; r++) DP();
// perform R runs
os("N.dat");
// write result to disk
t=0; t<T-1; t++) os << t << "\t" << (double)N[t]/R << endl;

Figure 5.5.: Simple non-optimized program in C for directed bond percolation. The numerical results are

shown below in Fig. Fig. 5.7. Another realization in Python can be found in Appendix F.
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Figure 5.6.: Typical DP clusters in 1+1 dimensions grown from a single seed below, at, and above criticality.

5.2.2. Absorbing states and critical behavior
As only active sites at time t can activate sites at time t + 1, the configuration without active sites
plays a special role. Obviously, such a state can be reached by the dynamics but it cannot be
left. In the literature such states are referred to as absorbing. Absorbing states can be thought of
as a trap: Once the system reaches the absorbing state it becomes trapped and will stay there
forever. As we will see below, a key feature of directed percolation is the presence of a single
absorbing state, usually represented by the empty lattice.
The mere existence of an absorbing state demonstrates that DP is a dynamical process far
from thermal equilibrium. As explained in the Introduction, equilibrium statistical mechanics
deals with stationary equilibrium ensembles that can be generated by a dynamics obeying detailed balance, meaning that probability currents between pairs of sites cancel each other. As
the absorbing state can only be reached but not be left, there is always a non-zero current of
probability into the absorbing state that violates detailed balance. Consequently the temporal
evolution before reaching the absorbing state cannot be described in terms of thermodynamic
ensembles, proving that DP is a non-equilibrium process.
The enormous theoretical interest in DP – more than 800 articles refer to this class of models –
is related to the fact that DP displays a non-equilibrium phase transition from a fluctuating phase
into the absorbing state controlled by the percolation probability p. The existence of such a transition is quite plausible since offspring production and particle death compete with each other.
As will be discussed below, phase transitions into absorbing states can be characterized by certain universal properties which are independent of specific details of the microscopic dynamics.
In fact, the term ‘directed percolation’ does not stand for a particular model, rather it denotes a
whole universality class of models which display the same type of critical behavior at the phase
transition. The situation is similar as in equilibrium statistical mechanics, where for example the
Ising universality class comprises a large variety of different models. In fact, DP is probably as
fundamental in non-equilibrium statistical physics as the Ising model in equilibrium statistical
mechanics.
In DP the phase transition takes place at a certain well-defined critical percolation probability
pc . As illustrated in Fig. 5.6 the behavior on both sides of pc is very different. In the subcritical regime p < pc any cluster generated from a single seed has a finite life time and thus a
finite mass. Contrarily, in the supercritical regime p > pc there is a finite probability that the
generated cluster extends to infinity, spreading roughly within a cone whose opening angle depends on p − pc . Finally, at criticality finite clusters of all sizes are generated. These clusters are
sparse and remind of self-similar fractal objects. As we will see, a hallmark of such a scale-free
behavior is a power-law behavior of various quantities.
The precise value of the percolation threshold pc is non-universal (i.e., it depends on the
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Figure 5.7.: Directed bond percolation: Number of particles N (t) as a function of time for different values of the percolation probability p. The critical point is characterized by an asymptotic power law behavior. The inset
demonstrates the crossover to an exponential decay in the subcritical phase for p = 0.6.

specific model) and can only be determined numerically. For example, in the case of directed
bond percolation in 1+1 dimensions, the best estimate is [14, 15]
pc = 0.644700185(5).
Unlike isotropic bond percolation in two dimensions, where the critical value is exactly given
by piso
c = 1/2, an analytical expression for the critical threshold of DP in finite dimensions is
not yet known. This seems to be related to the fact that DP is a non-integrable process. It is in
fact amazing that so far, in spite of its simplicity and the enormous effort by many scientists, DP
resisted all attempts to be solved exactly, even in 1+1 dimensions.
In order to describe the phase transition quantitatively an appropriate order parameter is
needed. For simulations starting from a single active seed a suitable order parameter is the
average number of particles ⟨ N (t)⟩ at time t, where ⟨. . .⟩ denotes the average over many independent realizations of randomness (called runs in the numerical jargon). For example, the
program shown in Fig. 5.5 averages this quantity over 10.000 runs and stores the result in a file
that can be viewed by a graphical tool such as xmgrace. As shown in Fig. 5.7, there are three
different cases:
• For p < pc the average number of active sites first increases and then decreases rapidly.
As demonstrated in the inset, this decrease is in fact exponential. Obviously, the typical
crossover time, where exponential decay starts, depends on the distance from criticality
pc − p.
• At criticality the average number of active sites increases according to a power law ⟨ N (t)⟩ ∼
tθ . A standard regression of the data gives the exponent θ ≃ 0.302, shown in the figure
as a thin dashed line. As can be seen, there are deviations for low t, i.e., the process approaches a power-law only asymptotically.
• In the supercritical regime p > pc the slow increase of ⟨ N (t)⟩ crosses over to a fast linear
increase with time. Again the crossover time depends on the distance from criticality
p − pc .

© H AYE H INRICHSEN — P HYSICS OF C OMPLEX S YSTEMS — CC BY-SA 4.0

5.2 Directed percolation

153

The properties of ⟨ N (t)⟩ above and below criticality can be used to determine the critical threshold numerically. This iterative procedure works as follows: Starting with a moderate simulation
time it is easy to specify a lower and an upper bound for pc by hand, e.g., 0.64 < pc < 0.65 in
the case of directed bond percolation. This interval is then divided into two equal parts and
the process is simulated in between, e.g., at p = 0.645. In order to find out whether this value
is sub- or supercritical one has to check deviations for large t from a straight line in a double
logarithmic plot. If the curve veers down (up) the procedure is iterated using the upper (lower)
interval. In detecting the sign of curvature the human eye is quite reliable but it is also possible
to recognize it automatically. If there is no obvious deviation from a straight line the simulation
time and the number of runs has to be increased appropriately.
Warning: Determining the numerical error for the estimate of a critical exponent never use
the statistical χ2 -error of a standard regression! For example, for the data produced by the
minimal program discussed above, a linear regression by xmgrace would give the result θ =
0.3017(2). However, the estimate in the literature θ = 0.313686(8) lies clearly outside these
error margins, meaning that the actual error must be much higher. A reliable estimate of the
error can be obtained by comparing the slopes over the last decade of simulations performed at
the upper and the lower bound of pc .
In principle the accuracy of this method is limited only by the available CPU time. We note,
however, that this standard method assumes a clean asymptotic power law scaling, which for
DP is indeed the case. However, in some cases the power law may be superposed by slowly
varying deviations, e.g. logarithmic corrections, so that the plotted data at criticality is actually
not straight but slightly curved. With the method outlined above one is then tempted to ‘compensate’ this curvature by tuning the control parameter, leading to unknown systematic errors.
Recently this happened, for example, in the case of the diffusive pair contact process, as will be
described in Sect. 5.4.4.

5.2.3. The Domany-Kinzel cellular automaton
An important model for DP, which includes directed bond percolation as a special case, is the
celebrated Domany-Kinzel model [6, 16]. The Domany-Kinzel model is a stochastic cellular
automaton defined on a diagonal square lattice which evolves by parallel updates according
to certain conditional transition probabilities P[si (t + 1)|si−1 (t), si+1 (t)], where si (t) ∈ {0, 1}
denotes the occupancy of site i at time t. These probabilities depend on two parameters p1 , p2
and are defined by
P[1|0, 0] = 0 ,
P[1|0, 1] = P[1|1, 0] = p1 ,

(5.5)

P[1|1, 1] = p2 ,
with P[0|·, ·] = 1 − P[1|·, ·]. On a computer the Domany-Kinzel model can be implemented as
follows. To determine the state si (t) of site i at time t we generate for each site a random number
z ∈ (0, 1) from a flat distribution and set

if si−1 (t) ̸= si+1 (t)
and zi (t) < p1 ,
 1
1
if si−1 (t) = si+1 (t) = 1 and zi (t) < p2 ,
s i ( t + 1) =
(5.6)

0
otherwise .
This means that a site is activated with probability p2 if the two nearest neighbors at the previous time step were both active while it is activated with probability p1 if only one of them
was active. Thus the model depends on two percolation probabilities p1 and p2 , giving rise to
the two-dimensional phase diagram shown in Fig. 5.8. The active and the inactive phase are
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Figure 5.8.: Phase diagram of the Domany-Kinzel model.

transition point
Wolfram rule 18
site DP
bond DP
compact DP

p1,c
0.801(2)
0.70548515(20)
0.644700185(5)
1/2

p2,c
0
0.70548515(20)
0.873762040(3)
1

Ref.
[30]
[15]
[15]
[16]

Table 5.1.: Special transition points in the (1+1)-dimensional Domany-Kinzel model.

now separated by a line of phase transitions. This line includes several special cases. For example, the previously discussed case of directed bond percolation corresponds to the choice
p1 = p and p2 = p(2 − p). Another special case is directed site percolation, corresponding to
the choice p1 = p2 = p. In this case all bonds are open but sites are permeable with probability p and blocked otherwise. Finally, the special case p2 = 0 is a stochastic generalization
of the rule ‘W18’ of Wolfram’s classification scheme of cellular automata [28] (Yes, it’s him,
the Mathematica® Wolfram!). Numerical estimates for the corresponding critical parameters are
listed in Table 5.1.
There is strong numerical evidence that the critical behavior along the whole phase transition line (except for its upper terminal point) is that of DP, meaning that the transitions always
exhibit the same type of long-range correlations. The short-range correlations, however, are
non-universal and may change when moving along the phase transition line. They may even
change the visual appearance of the clusters, as illustrated in Fig. 5.9, where four typical snapshots of critical clusters are compared. Although the large-scale structure of the clusters in the
first three cases is roughly the same, the microscopic texture seems to become bolder as we
move up along the phase transition line. As shown in Ref. [11], this visual impression can be
traced back to an increase of the mean size of active islands.
Approaching the upper terminal point the mean size of active islands diverges and the cluster becomes compact. For this reason this special point is usually referred to as compact directed
percolation. However, this nomenclature may be misleading for the following reasons. The exceptional behavior at this point of is due to an additional symmetry between active and inactive
sites along the upper border of the phase diagram at p2 = 1. Here the DK model has two symmetric absorbing states, namely, the empty and the fully occupied lattice. For this reason the
transition does no longer belong to the universality class of directed percolation, instead it becomes equivalent to the (1+1)-dimensional voter model [7, 18] or the Glauber-Ising model at
zero temperature. Since the dynamic rules are invariant under the replacement p1 ↔ 1 − p1 ,
the corresponding transition point is located at p1 = 1/2.
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site DP

bond DP

compact DP

Figure 5.9.: Domany-Kinzel model: Critical cluster generated from a single active seed at different points along the
phase transition line (see text).

t

Figure 5.10.: Lattice geometry of directed bond percolation in 2+1 dimensions. The red lines represent a possible cluster
generated at the origin.

The Domany-Kinzel model can be generalized easily to higher spatial dimensions. For example, Fig. 5.10 shows a possible cluster in 2+1-dimensional directed bond percolation. Generally,
in the d+1-dimensional Domany-Kinzel model the activation probability of site i at time t + 1
depends on the number ni (t) = ∑ j∈<i> s j (t) of active nearest neighbors at time t, i.e. the conditional probabilities
P [1|0] = 0 ,
P [1| n ] = p n ,

(1 ≤ n ≤ 2d)

(5.7)

are controlled by 2d parameters p1 , . . . , p2d . The special case of directed bond percolation corresponds to the choice pn = 1 − (1 − p)n while for equal parameters pn = p one obtains directed
site percolation in d+1 dimensions.

5.2.4. The contact process
Another important model for directed percolation, which is popular in mathematical communities, is the contact process. The contact process was originally introduced by Harris [9] as
a model for epidemic spreading (see Sect. 5.5). It is defined on a d-dimensional square lattice
whose sites can be either active (si (t) = 1) or inactive (si (t) = 0). In contrast to the DomanyKinzel model, which is a stochastic cellular automaton with parallel updates, the contact process evolves by asynchronous updates, i.e., the three elementary processes (offspring production, on-site removal and diffusive moves) occur spontaneously at certain rates. Although the
microscopic dynamics differs significantly from the Domany-Kinzel model, the contact process
displays the same type of critical behavior at the phase transition. In fact, both models belong
to the universality class of DP.
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In the ’epidemic’ language the contact process effectively corresponds to the following reactiondiffusion scheme:
A → 2A :
A → ∅:
2A → A:
∅A ↔ A∅:

infection of neighbors at rate λ
spontaneous self-recovery at rate 1
infected individuals cannot be infected twice
nearest-neighbor diffusion

On a computer the d+1-dimensional contact process can be implemented as follows. For each
attempted update a site i is selected at random. Depending on its state si (t) and the number
of active neighbors ni (t) = ∑ j∈<i> s j (t) a new value si (t + dt) = 0, 1 is assigned according to
certain transition rates w[si (t) → si (t + dt), ni (t)]. In the standard contact process these rates
are defined by
w[0 → 1, n]
w[1 → 0, n]

= λn/2d ,
=1.

(5.8)
(5.9)

Here the parameter λ plays the same role as the percolation probability in directed bond percolation. Its critical value depends on the dimension d. For example, in 1+1 dimensions the
best-known estimate is λc ≃ 3.29785(8) [5].
As demonstrated in Ref. [11] the evolution of the contact process can be described in terms
of a master equation whose Liouville operator L can be constructed explicitly on a finite lattice.
Diagonalizing this operator numerically one obtains a spectrum of relaxational modes with at
least one zero mode which represents the absorbing state. In the limit of large lattices the critical
threshold λc is usually the point from where on the first gap in the spectrum of L vanishes.

5.2.5. The critical exponents of directed percolation
In equilibrium statistical physics, continuous phase transitions as the one in the Ising model
can be described in terms of a phenomenological scaling theory. For example, the spontaneous
magnetization M in the ordered phase vanishes as | M | ∼ ( Tc − T ) β as the critical point is
approached. Here β is a universal critical exponent, i.e. its value is independent of the specific
realization of the model. Similarly, the correlation length ξ diverges in as ξ ∼ | T − Tc |−ν for
T → Tc with another universal exponent ν. The critical point itself is characterized by the
absence of a macroscopic length scale so that the system is invariant under suitable scaling
transformations (see below).
In directed percolation and other non-equilibrium phase transitions into absorbing states the
situation is very similar. However, as non-equilibrium system involves time which is different
from space in character, there are now two different correlation lengths, namely, a spatial correlation length ξ ⊥ and a temporal correlation length ξ ∥ with two different associated exponents
ν⊥ and ν∥ . Their ratio z = ν∥ /ν⊥ is called dynamical exponent as it relates spatial and temporal
scales at criticality.
What is the analogon of the magnetization in DP? As shown above, in absorbing phase transitions the choice of the order parameter depends on the initial configuration. If homogeneous
initial conditions are used, the appropriate order parameter is the density of active sites at time t
ρ(t) = lim

L→∞

1
L

∑ si ( t ) .

(5.10)

i

Here the density is defined as a spatial average in the limit of large system sizes L → ∞. Alternatively, for a finite system with periodic boundary conditions we may express the density
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as
ρ(t) = ⟨si (t)⟩ ,

(5.11)

where ⟨. . .⟩ denotes the ensemble average over many realizations of randomness. Because of
translational invariance the index i is arbitrary. Finally, if the process starts with a single seed,
possible order parameters are the average mass of the cluster
N (t) = ⟨∑ si (t)⟩

(5.12)

Psurv (t) = ⟨1 − ∏(1 − si (t))⟩ .

(5.13)

i

and the survival probability
i

These quantities allow us to define the four standard exponents
ρ(∞)
Psurv (∞)
ξ⊥
ξ∥

∼ ( p − pc ) β ,

(5.14)

β′

∼ ( p − pc ) ,
∼ | p − pc |−ν⊥ ,
∼ | p − pc |

−ν∥

.

(5.15)
(5.16)
(5.17)

The necessity of two different exponents β and β′ can be explained in the framework of a fieldtheoretic treatment, where these exponents are associated with particle creation and annihilation operators, respectively. In DP, however, a special symmetry, called rapidity reversal symmetry, ensures that β = β′ . This symmetry can be proven most easily in the case of directed
bond percolation, where the density ρ(t) starting from a fully occupied lattice and the survival
probability Psurv (t) for clusters grown from a seed are exactly equal for all t. Hence both quantities scale identically and the two corresponding exponents have to be equal. This is the reason
why DP is characterized by only three instead of four critical exponents.

Directed percolation is characterized by three exponents β, ν⊥ , ν∥ .
The cluster mass N (t) ∼ tθ scales algebraically as well. The associated exponent, however, is
not independent, instead it can be expressed in terms of the so-called generalized hyperscaling
relation [20]
dν − β − β′
θ= ⊥
.
(5.18)
ν∥
In order to determine the critical point of a given model by numerical methods, N (t) turned out
to be one of the most sensitive quantities.

5.2.6. Mean field approximation
Homogeneous mean field approximation
In a mean field approximation one usually replaces local interactions by some effective global interactions (the ’mean field’) in order to get a suitable approximation. There are in fact many possible mean field approximations, differing in their degree of simplification. For DP the simplest
mean field scheme would be to suppress any kind of spatial information and to characterize a
configuration solely by the density of active sites at a given time, denoted as ρ(t). This is what
chemists do: They consider only the concentration of active sites and write down an equation of
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motions:


d
ρ(t) = λρ(t) 1 − ρ(t) − ρ(t).
(5.19)
dt
Here the first term on the r.h.s. describes infection: it is proportional to the density of individuals carrying the infection times the density of non-yet-infected individuals, multiplied by the
infection rate λ. The second term describes spontaneous recovery at rate 1.
Obviously, this equation has two stationary solutions, where the l.h.s. vanishes, namely, ρ =
0, representing the empty lattice (absorbing state), and ρ = (λ − 1)/λ. The good news is that
this simple mean field equation does reproduce a continuous phase transition. It takes place at
the critical value λc = 1, where the density is found to scale as

ρ ∼ ( λ − 1) β + O ( λ − 1)2 ,

(5.20)

hence the critical exponent β = 1. The bad news is that this is quite far from what we observe
in 1D, namely, λc ≈ 3.298 and β = 0.276.
In the literature it is common to drop the λ-dependence in the quadratic term by the replacement ρ → ρ/λ, which yields the same results. Moreover, it is useful to define the distance from
criticality, denoted here as a:
a = λ − λc
(5.21)
The resulting mean field equation reads:
d
ρ(t) = aρ − ρ2
dt

(5.22)

with the stationary solutions ρ = 0 and ρ = a.

Non-homogeneous mean field approximation
The homogeneous mean-field equations can be extended easily to include an explicit dependence on the position. Since the infection effectively performs a random-walk in space, it is
natural to add a term for diffusion. The resulting equation reads
d
ρ(x, t) = aρ − ρ2 + D ∇2 ρ ,
dt

(5.23)

where D is the diffusion constant. As will be shown in an exercise, this allows us to extract the
critical exponent ν⊥ within the mean field approximation. However, the equation has a shortcoming in so far as a perfectly homogeneous state (with a density which does not depend on
x) remains homogeneous for all times. This is certainly not realistic since DP always generates
non-homogeneous states by itself due to local fluctuations. We will come back to this point
when discussing so-called Langevin equations (see Sect. 5.3.1 on page 162).

5.2.7. Phenomenological scale invariance
Despite its simplicity an exact solution of DP is not yet known. In the attempt to characterize
the phase transition of DP we therefore rely on numerical simulations, approximations and
phenomenological approaches. One such phenomenological approach is the postulate of scale
invariance. Scale invariance means that
• the emerging physics at the critical point is scale-free, just as in a fractal.
• apart from the imposed cutoffs (the lattice spacing and the system size) no finite length
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or time scale can be singled out at the critical point.
• the behavior in the vicinity of the critical point is characterized by only one length scale
ξ ⊥ and one time scale ξ ∥ .
Starting point of a phenomenological scaling theory for absorbing phase transitions is the assumption that the macroscopic properties of the system close to the critical point are invariant
under scale transformations of the form
Scaling of distance from criticality:
Scaling of distance-like quantities:
Scaling of time-like quantities:
Scaling of the density of active sites:
Scaling of the survival probability:

a → b −1 a
x → bν⊥ x
t → bν∥ t
ρ → b− β ρ
′
Ps → b− β Ps

(5.24)

where b > 0 is some scale factor and a ∼ p − pc denotes the distance from criticality.
The scale factor b can be thought of as a zoom operation. For b > 1 we zoom into the system,
meaning that length and time scales are growing and that we are moving closer to words criticality. At the same time, more and more fractal details of the clusters become visible, leading
to an effective decrees of the density of active sites. Contrarily, for b < 1 we zoom out, seeing
decreasing length and time scales and increasing coarse-grained density of active sites. This
process of scale changes is at the core of renormalization.
Scaling invariance strongly restricts the form of functions. For example, at the critical point
in an infinite system, ρ is a function f (t) depending on time. If we now apply the scale transformation on both sides we get:
ρ = f (t)


b− β ρ = f bν∥ t .

⇒

(5.25)

Since this relation is valid for all scale factors b > 0, we have the freedom to choose a special
one. Therefore let us choose b in such a way that the argument of the function takes on the value
1, i.e., we choose b = t−1/ν∥ . Then we have
t β/ν∥ ρ = f (1)

⇒

ρ ∝ t− β/ν∥ .

(5.26)

This implies that a function depending on only one argument is forced to behave like power
law with a well-defined exponent determined by the scale transformation. In this relation, f (1)
plays the role of the proportionality factor. In the literature the power law derived above is
usually written in the form
β
ρ (t ) ∼ t−δ ,
δ=
,
(5.27)
ν∥
where the tilde ∼ as the meaning of being asymptotically proportional, that is, in the limit of
large times.
Similarly, starting from an initial seed, the survival probability Ps (t) can be shown to decay
as
′

Ps (t) ∼ t−δ ,

δ′ =

β′
ν∥

(5.28)

with δ = δ′ in the case of DP.
A similar reasoning holds in situations where more than one parameter involved. For example, let us consider the decay of the particle density at criticality (∆ = 0) in a finite system of size
L. Here we expect the density ρ to be function of both the actual time t and their given system
size L, i.e., ρ = f (t, L). Noting that the system size behaves like a length, the application of the
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Figure 5.11.: Data collapse of the survival probability measured in a finite DP process with L sites (see text). As can be
seen, the collapse is very accurate. The shape of the collapsed curves resembles the scaling function F.

scale transformation listed above results into
ρ = f (t, L)

⇒


b− β ρ = f bν∥ t, bν⊥ L .

(5.29)

Choosing again b = t−1/ν∥ this turns into

t β/ν∥ ρ = f 1, t−ν⊥ /ν∥ L .

(5.30)

Rewriting the function appearing on the right hand side by F ( x ) = f (1, x −ν⊥ /ν∥ ) we arrive at
the usual form that can be found in the literature, namely
ρ(t, L) ∼ t−δ F (t/Lz ) ,

(5.31)

where z = ν∥ /ν⊥ is the so-called dynamical exponent. So we can conclude that a function like
ρ(t, L), which depends on two parameters, is a reduced by scale invariance to a leading power
law multiplied by a function of only one parameter like F (t/Lz ). More generally, a function
depending on N parameters will be reduced to a power law times a function depending on
N − 1 parameters. This function is referred to as the scaling function of the corresponding scaling
law. In this context let us note the following:
• The scaling function on the right hand side (like F (t/Lz ) in the preceding example) depends on parameters which by construction are invariant under scale transformations.
For this reason these parameters are also called scale-invariant ratios. For example, t/Lz is
such a scale-invariant ratio.
• It turns out that scaling functions by themselves are universal, too. That is, in all models
belonging to the DP universality class we obtain exactly the same type of scaling function which can be extracted numerically provided that we invest sufficient computational
power. This is highly nontrivial since functions provide much more information than the
critical exponents alone.
The universality of scaling functions is exploited in the numerical technique involving data collapses. In the example given above, where ρ ∼ t−δ F (t/Lz ), we would run several simulations
at different system sizes, typically arranged in powers of 2 (e.g. L=128, 256, 512, ...). Plotting
ρtδ versus the scale-invariant argument t/Lz , our graph shows the function F in all cases, that
is, the graphs for different system sizes have to collapse and what we see is exactly the shape
of the scaling function. The same applies to a measurement of the survival probability in finitesize simulations, see Fig. 5.11. In practice data collapses are often used to determine the critical
point by searching for the best possible collapse of the curves.
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β
ν⊥
ν∥
z
δ
θ

MF d ≥ 4
1
1/2
1
2
1
0
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d=1
0.276486(8)
1.096854(4)
1.733847(6)
1.580745(10)
0.159464(6)
0.313686(8)

d=2
0.584(4)
0.734(4)
1.295(6)
1.76(3)
0.451
0.230

d=3
0.81(1)
0.581(5)
1.105(5)
1.90(1)
0.73
0.12

d = 4−ϵ
1 − ϵ/6 − 0.01128 ϵ2
1/2 + ϵ/16 + 0.02110 ϵ2
1 + ϵ/12 + 0.02238 ϵ2
2 − ϵ/12 − 0.02921 ϵ2
1 − ϵ/4 − 0.01283 ϵ2
ϵ/12 + 0.03751 ϵ2

Table 5.2.: Critical exponents of directed percolation obtained by mean field (MF), numerical, and field-

theoretical methods.

5.2.8. Universality
As outlined in the introduction, the working hypothesis in the field of continuous non-equilibrium
phase transitions is the notion of universality. This concept expresses the expectation that the
critical behavior of second-order phase transitions can be associated with a finite set of possible
universality classes, each corresponding to a certain type of underlying field theory.
The phenomenon of Universality can be understood to some extent in the framework of
field-theoretic renormalization group techniques. As we shall see in more detail below, the
field-theoretic action involves certain relevant operators whose form is usually determined by
the symmetry properties of the process, while other details of the microscopic dynamics lead
to contributions which are irrelevant in the field-theoretic sense. This explains why various
different models may belong to the same universality class.

DP conjecture
In particular the DP class – so to say the “Ising”-class of non-equilibrium statistical physics
– is extremely robust with respect to the microscopic dynamic rules. The large variety and
robustness of DP models led Janssen and Grassberger to the conjecture that a model should
belong to the DP universality class if the following conditions hold [?, 13]:
1. The model displays a continuous phase transition from a fluctuating active phase into a
unique absorbing state.
2. The transition is characterized by a positive one-component order parameter.
3. The dynamic rules involve only short-range processes.
4. The system has no unconventional attributes such as additional symmetries or quenched
randomness.
Although this conjecture has not yet been proven rigorously, it is strongly supported by numerical evidence. In fact, DP seems to be even more general and has been identified even in systems
that violate some of the four conditions.
The universality classes can be characterized in terms of their critical exponents and scaling
functions. Hence in order to identify a certain universality class, a precise estimation of the
critical exponents is an important numerical task. In the case of DP, the numerical estimates
suggest that the critical exponents are given by irrational numbers rather than simple rational
values. In addition, the scaling functions, which have been neglected in the literature for long
time, provide a wealth of useful information, as shown e.g. in a review by Lübeck [19].
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5.3. Field-theoretic approach to Directed Percolation
5.3.1. Langevin equation
The upper critical dimension
As can be seen in Table 5.2, the values of the critical
exponents depend on the spatial dimension of the system. For example, the exponent β ≈ 0.2765 in 1D and
grows with the dimension until it saturates at a constant value β = 1, as shown in the adjacent figure.
The crossover to a simple constant value takes place at
d = 4, and the same phenomenology can be observed
for all other critical exponents as well. This dimension,
from where on the critical exponents are constant, is
called the upper critical dimension and is denoted by dc .

1
0,8

β

Nontrivial

Mean field

0,6
0,4
0,2
0
0

1

2

3

4

5

6

d
The critical exponent β as a function of the spatial dimension.

What happens above the upper critical dimension? Generally, a high-dimensional space offers more freedom than a low-dimensional one. For the clusters of directed percolation this
means that the spreading agent has more possibilities to spread, and therefore it is less likely
that the infection returns to the same point from where it came. For this reason correlations are
less significant in high dimensions. In fact, the simple values of the critical exponents observed
for d > dc are just the mean field values – an approximation where correlations are ignored. Of
course, this alone does not yet explain why the mean field behavior sets in sharply at d = dc = 4.
To understand the specific value of dc , we have to analyze the so-called Langevin equation of DP.

Langevin equation
Let us go back to the extended mean field equation in Eq. (5.23) for an inhomogeneous coarsegrained density ρ(x, t) which includes a diffusive term with a Laplacian. Adding a factor λ in
front of the nonlinear term, this equation reads
d
ρ(x, t) = aρ − ρ2 + D ∇2 ρ .
dt
If this equation starts with a homogeneous (i.e. x-independent) initial state, then ρ(x, t) will
stay strictly homogeneous for all times. This is of course not true in the full model, where we
have a stochastic process which evolves into an inhomogeneous fluctuating state independent
of the initial state. What this extended mean field equation is missing is therefore an element
of stochasticity. This can be included by adding another term with a ’noise’, denoted as ξ (x, t),
giving the so-called Langevin equation for directed percoaltion:
∂t ρ(x, t) = aρ(x, t) − λρ2 (x, t) + D ∇2 ρ(x, t) + ξ (x, t) .

(5.32)

This Langevin equation can be derived more rigorously from the master equation of the contact
process [13]. It is a stochastic partial differential equation with multiplicative noise, i.e. the noise
amplitude depends on the local density of active sites ρ(x, t). This dependence ensures that the
noise vanishes as soon as there are no active sites, resembling the behavior of the original DP
process.
More specifically, ξ (x, t) is a density-dependent white Gaussian noise field characterized by
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the correlations

⟨ξ (x, t)⟩ = 0 ,
′

′

(5.33)
′

d

′

⟨ξ (x, t)ξ (x , t )⟩ = Γ ρ(x, t) δ (x − x ) δ(t − t ) .
(5.34)
p
Since the amplitude of ξ (x, t) is proportional to ρ(x, t), it is easy to see that the absorbing
state ρ(x, t) = 0 does not fluctuate. The square-root behavior is related to the fact that the noise
describes density fluctuations on a coarse-grained scale, which can be viewed as the sum of
individual noise contributions generated by each particle averaged over some mesoscopic box
size. According to the central limit theorem, if the number of particles in this box is sufficiently
high, ξ (x, t) approaches a Gaussian distribution with an amplitude proportional to the square
root of the number of active sites in the box.

Scaling analysis of the Langevin equation
Applying the scaling transformation (5.24) to Eq. (5.32) with constant dilatation factor b we get
b− β−ν∥ ∂t ρ(x, t) = b− β−1 aρ(x, t) − b−2β λρ2 (x, t)+
1

b− β−2ν⊥ D ∇2 ρ(x, t) + b 2 (− β−dν⊥ −ν∥ ) ξ (x, t) .

(5.35)

The last scaling factor marked in red color originates from the scaling behavior of the noise
correlator in Eq. (5.33)

⟨ξ (x, t)ξ (x′ , t′ )⟩ = Γ ρ(x, t) δd (x − x′ ) δ(t − t′ )
7→

b− β−dν⊥ −ν∥ Γ ρ(x, t) δd (x − x′ ) δ(t − t′ ) ,

(5.36)

and since the correlator is quadratic in the noise, we have to take the square root in Eq. (5.35).
Let us now impose scale invariance, i.e., we ask for values of the critical exponents in which
the Langevin equation is invariant under scale transformations. To this end we first bring all
scaling factors to the right side:
1

∂t ρ(x, t) = bν∥ −1 aρ(x, t) − bν∥ − β λρ2 (x, t) + bν∥ −2ν⊥ D ∇2 ρ(x, t) + b 2 (+ β−dν⊥ +ν∥ ) ξ (x, t) .
Obviously, the Langevin equation is scale-invariant if all scaling factors in front of the terms
drop out. From the first three terms on the right hand side we can immediately read off the
critical exponents
MF
βMF = 1, ν⊥
= 1/2, ν∥MF = 1.
(5.37)
These exponents are called the mean field (MF) critical exponents of directed percolation. Note
that in contrast to the coefficients λ, D, Γ, the coefficient a of the linear term is co-moving under
scale transformations. If we want this coefficient to be invariant we have to set it to zero. This
is just the mean field critical point ac = 0 where the phase transition takes place.
This consideration does not yet involve the scaling behavior of the noise in the last term.
Interestingly, this is the only term where the dimension of the system enters explicitly (coming
from the δd -function in the noise correlator). Here we observe that 21 (+ β − dν⊥ + ν∥ ) is positive
for d < dc = 4 (which means that the term grows under renormalization) and negative for
d > dc = 4 (which means that the term scales to zero under renormalization). At this point we
understand why the mean field behavior sets in at a particular upper critical dimension dc , and
that the value of the upper critical dimension can be extracted by a simple dimensional analysis
of the corresponding Langevin equation.
Note that the Langevin equation may also include higher order terms such as ρ3 (x, t), ∇4 ρ(x, t),
or higher-order contributions of the noise, but a simple dimensional analysis along the same
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lines reveals that they all are irrelevant under renormalization. This explains why we observe
the phenomenon of universality: The universal features are encoded in the lowest-order terms
of the equation of motion, while higher-order terms, which scale to zero under renormalization,
encode the non-universal microscopic details.

5.3.2. The integral equation for DP
Introducing the Fourier-transformed field ϕ(k, ω ) by
ϕ(k, ω ) =

Z ∞
−∞

Dxt e

i (k·x−ωt)

ρ(x, t) ,

ρ(x, t) =

Z ∞
−∞

Dkω e−i(k·x−ωt) ϕ(k, ω )

(5.38)

with the shortcut notation
Dxt := dd x dt ,

Dkω =

1
dd k dω
(2π )d+1

(5.39)

the DP Langevin equation can be written in the form
iωϕ k, ω



 λZ




= aϕ k, ω −
Dk′ ω ′ ϕ k′ , ω ′ ϕ k − k′ , ω − ω ′ − Dk2 ϕ k, ω + η k, ω
2
(5.40)

Here η (k, ω ) denotes the Fourier-transformed noise
η (k, ω ) =

Z ∞
−∞

Dxt ei(k·x−ωt) η (x, t)

(5.41)

with the correlations
η (k, ω )η (k′ , ω ′ ) ) = Γϕ(k + k′ , ω + ω ′ ) .
Without the nonlinear term Eq. (5.40) reduces to the so-called free equation




iωϕ k, ω = aϕ k, ω − Dk2 ϕ k, ω + η k, ω .

(5.42)

(5.43)

Defining the bare Greens function
G0 (k, ω ) =

Dk2

1
,
− a + iω

(5.44)

which is also known as the free propagator, this equation is formally solved by the free
solution
ϕ0 (k, ω ) = G0 (k, ω )η (k, ω ).
(5.45)

Since η (k, ω ) = Dk2 − a + iω ϕ0 (k, ω ) we can eliminate the noise in Eq. (5.40), obtaining an integral equation of the form
ϕ(k, ω ) = ϕ0 (k, ω ) −

λ
G0 (k, ω )
2

Z

Dk′ ω ′ ϕ(k′ , ω ′ )ϕ(k − k′ , ω − ω ′ )

(5.46)

This is the Schwinger-Dyson equation. Apart from the assumptions made at the outset of
the theory, namely, the formulation in terms of coarse-grained densities, this equation
can be considered as exact.
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5.3.3. Field-theoretic formulation of DP

Assume that we have an equilibrium system in which exactly those states are realized
that satisfy the DP Langevin equation. The partition sum of such a system is the integral
over all realizations of the field ϕ(x, t) and all possible realizations of the noise η (x, t)
(weighted by the probability to find this particular realization of the noise) times a δfunction with the Langevin equation as its argument:
Z∼

Z

D [η ] P[η ]



1
D [ϕ] δ ∂t ϕ − D ∇2 ϕ − aϕ + λϕ2 − η .
2

Z

(5.47)

R
Here D [...] denotes functional integration over all realizations while P[η ] is the probability distribution to find the noise η (x, t). Since the noise is assumed to be white and
uncorrelated, its distribution will be Gaussian:
P[η ] =


1
exp −
g[ϕ]

Z

Dxt

η 2 (x, t) 
,
2Γ ϕ(x, t)

(5.48)

where g[ϕ] plays the role of a (ϕ-dependent) normalization constant. In order to handle
the δ-function in Eq. (5.47), we use a simple trick, namely, we employ the well-known
representation of the δ-function
δ( x ) =

1
2π

Z +∞
−∞

dk eikx

(5.49)

reformulated as a functional
 Z

  Z
δ f ∝ D [ϕ̃] exp i dd x dtϕ̃(x, t) f (x, t)

(5.50)

This functional can be interpreted as follows: δ[ f ] is infinite if the function f (x, t) vanishes identically everywhere, otherwise δ[ f ] = 0. Notice that we have introduced a
new field ϕ̃(x, t) which plays the role of the wave number k in Eq. (5.49). Inserting this
expression into the partition sum, we obtain
h Z

i
1
D [ϕ] D [ϕ̃] exp i dd x dt ϕ̃(∂t − D ∇2 − a)ϕ − λϕ̃ϕ2 − ϕ̃η .
2
(5.51)
Now a mysterious operation is performed, of which I have only a very limited understanding, namely, the so-called Wick rotation. A Wick rotation is basically something
like analytic continuation in the complex plane, which in the present case amounts to
replacing the imaginary unit i in the exponential by a minus sign. Carrying out the
Wick rotation and pulling all contributions independent of the noise in front, the partition sum can be rewritten as
Z
Z
h Z

i
1
Z ∼ D [ϕ] D [ϕ̃] exp − dd x dt ϕ̃(∂t − D ∇2 − a)ϕ − λϕ̃ϕ2 + N [ϕ, ϕ̃] (5.52)
2
Z∼

Z

D [η ] P[η ]

Z

where

N [ϕ, ϕ̃] =

Z

D [η ] P[η ] exp

Z

dd x dt ϕ̃η
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captures the noise contributions. Inserting the noise probability distribution Eq. (5.48)
we get an expression which can be integrated by quadratic completion

N [ϕ, ϕ̃] = g[ϕ]

Z

D [η ] exp

Γ
η 2 i
d x dt ϕ̃η −
= g[ϕ] exp
2Γ ϕ
2

hZ



d

Z


dd x dt ϕϕ̃2 ,

(5.54)
just in the same way as we compute a Gaussian integral by quadratic completion:
Z +∞
−∞

dx √



1
x2 
exp bx −
= exp ab2 .
2Γa
2
2πa
1

(5.55)

The resulting partition function reads
Z∼

Z

D [ϕ]

Z

h Z
 
i

λ
Γ
D [ϕ̃] exp − dd x dt ϕ̃ ∂t − D ∇2 − a ϕ + ϕ̃ϕ2 − ϕ̃2 ϕ
2
2

(5.56)

Here we recognize the inverse bare propagator the square brackets. Note that we have
successfully eliminated the noise. This comes at the price to introduce an additional
fluctuating field, namely, ϕ̃. In non-equilibrium statistical physics this field is termed
the response field. Roughly speaking the response field can be thought of as a creation
operator, which generates an infection, while the ordinary field ϕ can be understood as
a kind of annihilation operator measuring the intensity of the infection at a given time
and position. Two-point correlation functions therefore involve the product of ϕ and ϕ̃.
In Eq. (5.56) we have two nonlinear terms which are cubic in the fields. They are
weighted by two different coefficients λ and Γ. In what follows it is convenient to
assume that both coefficients coincide, i.e., λ = Γ. This can be achieved by rescaling the
fields ϕ and ϕ̃ by reciprocal factors
r
r
λ
Γ
ϕ 7→
ϕ , ϕ̃ 7→
ϕ̃
(5.57)
Γ
λ
√
and replacing λΓ by Γ. The resulting partition sum reads
Z∼
where

L0 [ϕ, ϕ̃] =

Z

Z

Z



D [ϕ̃] exp −L0 − Lint ,

(5.58)



dd x dt ϕ̃(x, t) ∂t − D ∇2 − a ϕ(x, t)

(5.59)

D[ ϕ ]

is the free Lagrangian while

Lint [ϕ, ϕ̃] =

Z

dd x dt



Γ
ϕ(x, t)ϕ̃(x, t) ϕ(x, t) − ϕ̃(x, t)
2

(5.60)

is the interaction part. Interestingly, this field theory, called Reggeon field theory made
its first appearance in the 60s in the context of high-energy physics, where it was suggested as an effective interaction between bosons in order to explain the phenomenology of strong interaction. However, with the discovery of QCD, Reggeon field theory
was dismissed and forgotten. Later, in the mid-eighties, this field theory was rediscovered by Janssen and Grassberger, who realized that it is suitable to describe the phase
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Figure 5.12.: Electric current running through a random resistor-diode network at the percolation threshold from one
point to the other. The right panel shows a particular realization. The color and thickness of the line
represent the intensity of the current.

transition in directed percolation.
Note that the Lagrangians given above are invariant under the replacement
ϕ(x, t) 7→ ϕ̃(x, −t) ,

ϕ̃(x, t) 7→ −ϕ(x, −t).

(5.61)

This remarkable symmetry, which is known as the rapidity reversal symmetry of directed
percolation, implies that the two fields ϕ and ϕ̃ have to scale identically. Consequently,
the exponents β and β′ introduced above coincide. This symmetry can be checked
explicitly on the lattice of a directed bond percolation process (see exercise).

5.3.4. Multifractal properties of currents on directed percolation clusters
So far we have seen that the critical behavior of DP and other absorbing phase transitions can be described in terms of scaling laws that involve three independent critical
exponents η, ν⊥ , and ν∥ . This type of scaling is usually referred to as simple scaling, as
opposed to multiscaling, where a whole spectrum of exponents exists. For example, in
DP at criticality starting with a homogeneous initial state any integral power ρn of the
order parameter ρ scales in the same way, i.e.
ρn ( t ) ∼ t−δ

n = 1, 2, 3, . . . .

(5.62)

Let us now consider an electric current running on a directed percolation cluster according to Kirchhoff’s laws, interpreting the cluster as a random resistor-diode network. By
introducing such a current the theory is extended by an additional physical concept. In
fact, even though the DP cluster itself is known to be characterized by simple scaling
laws, a current running on it turns out to be distributed in a multifractal manner. This
phenomenon was first discovered in the case of isotropic percolation [?, 24] and then
confirmed for DP [?, 12].
As shown in Fig. 5.12, in directed bond percolation at criticality an electric current I
running from one point to the other is characterized by a non-trivial distribution of currents. The multifractal structure of this current distribution can be probed by studying
the moments
Mℓ := ∑ ( Ib /I )ℓ
ℓ = 0, 1, 2, . . . ,
(5.63)
b
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where the sum runs over all bonds b that transport a non-vanishing current Ib > 0.
For example, M0 is just the number of conducting bonds while M1 is essentially the
total resistance between the two points. M2 is the second cumulant of the resistance
fluctuations and can be considered as a measure of the noise in a given realization.
Finally, M∞ is the number of so-called red bonds that carry the full current I. The
quantity Mℓ is found to scale as a power law
Mℓ (t) ∼ tψℓ /ν∥ .

(5.64)

In the case of simple scaling, the exponents ψℓ would depend linearly on ℓ. In the
present case, however, a non-linear dependence is found both by field-theoretic as well
as numerical methods (see Ref. [12]). This proves that electric currents running on DP
clusters have multifractal properties.
Again it should be emphasized that multifractality is not a property of DP itself,
rather it emerges as a new feature whenever an additional process, here the transport
of electric currents, is confined to live on the critical clusters of DP.

5.3.5. Characterizing non-equilibrium transition by Yang-Lee zeroes in the
complex plane
In equilibrium statistical mechanics a large variety of continuous phase transitions has
been analyzed by studying the distribution of so-called Yang-Lee zeros [?, ?, 29]. To
determine these zeros the partition sum of a (finite) equilibrium system is expressed as
a polynomial of the control parameter, which is usually a function of temperature. E.g.,
for the Ising model the zeros of this polynomial lie on a circle in the complex plane and
heckle the real line from both sides in the vicinity of the phase transition as the system
size increases. This explains why the analytic behavior in finite system crosses over to
a non-analytic behavior at the transition point in the thermodynamic limit.
Recently, it has been shown that the concept of Yang and Lee can also be applied
to non-equilibrium systems [?], including DP [2]. To this end one has to consider the
order parameter in a finite percolation tree as a function of the percolation probability p
in the complex plane. This can be done by studying the survival probability P(t) (see
Eq. (5.13)), which is defined as the probability that a cluster generated in a single site
at time t = 0 survives at least up to time t. In fact, the partition sum of an equilibrium
system and the survival probability of DP are similar in many respects. They both
are positive in the physically accessible regime and can be expressed as polynomials in
finite systems. As the system size tends to infinity, both functions exhibit a non-analytic
behavior at the phase transition as the Yang-Lee zeros in the complex plane approach
the real line.
In directed bond percolation the survival probability is given by the sum over the
weights of all possible configurations of bonds, where each conducting bond contributes
to the weight with a factor p, while each non-conducting bond contributes with a factor
1 − p. As shown in Ref [2], the polynomial for the survival probability can be expressed
as a sum over all cluster configurations c reaching the horizontal row at time t. The
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Figure 5.13.: Distribution of Yang-Lee zeros of the polynomial P(15) in the complex plane. The transition point is
marked by an arrow.

polynomial is of the form
P(t) =

∑ p n (1 − p ) m ,

(5.65)

c

where n denotes the number of bonds while m is the number of bonds belonging to its
cluster’s hull. Summing up all weights in Eq. (5.65), one obtains a polynomial of degree
t2 + t. For example, the first few polynomials are given by
P (0) = 1
P(1) = 2p − p

(5.66)
2

P(2) = 4p2 − 2p3 − 4p4 + 4p5 − p6
P(3) = 8p3 − 4p4 − 10p5 − 3p6 + 18p7 + 5p8 − 30p9 + 24p10 − 8p11 + p12
P(4) = 16p4 − 8p5 − 24p6 − 8p7 + 6p8 + 84p9 − 29p10 − 62p11 − 120p12

+244p13 + 75p14 − 470p15 + 495p16 − 268p17 + 83p18 − 14p19 + p20
As t increases, the number of cluster configurations grows rapidly, leading to complicated polynomials with very large coefficients. The distribution of zeros in the complex
plane for t = 15 is shown in Fig. 5.13. As can be seen, the distribution reminds of a
fractal, perhaps being a signature of the non-integrable nature of DP. As expected, the
zeros approach the phase transition point from above and below. Their distance to the
transition point is found to scale as t−1/ν∥ in agreement with basic scaling arguments.

5.4. Other classes of absorbing phase transitions
So far we discussed directed percolation as the most important class of non-equilibrium
phase transitions into absorbing states. Because of the robustness of DP it is interesting
to search for other universality classes. The ultimate goal would be to set up a table of
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possible non-trivial universality classes from active phases into absorbing states.
Although various exceptions from DP have been identified, the number of firmly
established universality classes is still small. A summary of the status quo can be found
in Refs. [?,19]. In these lecture notes, however, we will only address the most important
classes with local interactions.

5.4.1. Parity-conserving particle processes
The parity-conserving (PC) universality class comprises phase transitions that occur in
reaction-diffusion processes of the form
A → ( n + 1) A
2A → ∅

(5.67)
(5.68)

combined with single-particle diffusion, where the number of offspring n is assumed
to be even. As an essential feature, these processes conserve the number of particles
modulo 2. A particularly simple model in this class with n = 2 was proposed by Zhong
and ben-Avraham [?]. The estimated critical exponents
η = η ′ = 0.92(2) ,

ν∥ = 3.22(6) ,

ν⊥ = 1.83(3)

(5.69)

differ significantly from those of DP, establishing PC transitions as an independent universality class. The actual values of δ and θ depend on the initial condition. If the
process starts with a single particle, it will never stop because of parity conservation,
hence δ = 0, i.e. the usual relation δ = η/ν∥ does no longer hold. However, if it starts
with two particles, the roles of δ and θ are exchanged, i.e. θ = 0. The theoretical reasons
for this exchange are not yet fully understood.
The relaxational properties in the subcritical phase differ significantly from the standard DP behavior. While the particle density in DP models decays exponentially as
ρ(t) ∼ e−t/ξ ∥ , in PC models it decays algebraically since the decay is governed by the
annihilation process 2A → ∅.
A systematic field theory for PC models can be found in Refs. [?,?], confirming the existence of the annihilation fixed point in the inactive phase. However, the field-theoretic
treatment at criticality is extremely difficult as there are two critical dimensions: dc = 2,
above which mean-field theory applies, and d′c ≈ 4/3, where for d > d′c (d < d′c ) the
branching process is relevant (irrelevant) at the annihilation fixed point. Therefore, the
physically interesting spatial dimension d = 1 cannot be accessed by a controlled ϵexpansion down from upper critical dimension dc = 2.

5.4.2. The voter universality class
Order-disorder transition in models with a Z2 -symmetry which are driven by interfacial
noise belong to the so-called voter universality class [7]. As will be explained below, the
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Classical voter model

Figure 5.14.: Coarsening of a random initial state in the Glauber-Ising model at zero temperature compared to the coarsening in the classical voter model.

voter class and the parity conserving class are identical in one spatial dimension but
different in higher dimensions.
To understand the physical mechanism that generates the phase transition in the
voter model, let us first discuss the difference between interfacial and bulk noise. Consider for example the Glauber-Ising model in two spatial dimensions at T = 0. This
model has two Z2 -symmetric absorbing states, namely, the two fully ordered states.
Starting with a random initial configuration
one observes a coarsening process forming
√
odered domains whose size grows as t. In the Ising model at T = 0 domain growth
is curvature-driven, leading to an effective surface tension of the domain walls. In
fact, as shown in Fig. 5.14 the domain walls produced by the Glauber-Ising model √
appear to be smooth and indeed the density of domain walls is found to decay as 1/ t.
Increasing temperature occasional spin flips occur, leading to the formation of small
minority islands inside the existing domains. For small temperature the influence of
surface tension is strong enough to eliminate these minority islands, stabilizing the
ordered phase. However, increasing T above a certain critical threshold Tc this mechanism breaks down, leading to the well-known order-disorder phase transition in the
Ising model. Thus, from the perspective of a dynamical process, the Ising transition
results from a competition between surface tension of domain walls and bulk noise.
Let us now compare the Glauber-Ising model with the classical voter model in two
spatial dimensions. The classical voter model [18] is a caricatural process in which sites
(voters) on a square lattice adopt the opinion of a randomly-chosen neighbor. As the
Ising model, the voter model has two symmetric absorbing states. Moreover, an initially
disordered state coarsens. However, as shown in the right panel of Fig. 5.14, already
the visual appearance is very different. In fact, in the voter model
√ the domain sizes are
found to be distributed over the whole range between 1 and t. Moreover, in contrast
to the Glauber-Ising model, the density of domain walls decays only logarithmically
as 1/ ln t. This marginality of the voter model is usually attributed to the exceptional
character of its analytic properties [?, ?, ?] and may be interpreted physically as the
absence of surface tension.
In the voter model even very small thermal bulk noise would immediately lead to a
disordered state. However, adding interfacial noise one observes a non-trivial continuous phase transition at a finite value of the noise amplitude. Unlike bulk noise, which
flips spins everywhere inside the ordered domains, interfacial noise restricts spin flips
to sites in the vicinity of domain walls.
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Some time ago Al Hammal et al. [?] introduced a Langevin equation describing voter
transitions. It is given by
∂
ρ = ( aρ − bρ3 )(1 − ρ2 ) + D ∇2 ρ + σ
∂t

q

1 − ρ2 ξ ,

(5.70)

where ξ is a Gaussian noise with constant amplitude. For b > 0 this equation is found
to exhibit separate Ising and DP transitions, while for b ≤ 0 a genuine voter transition
is observed. With these new results the voter universality class is now on a much firmer
basis than before.
In one spatial dimension, kinks between domain walls can be interpreted as particles.
Here interfacial noise between two domains amounts to generating pairs of additional
domain walls nearby. This process, by its very definition, conserves parity and can
be interpreted as offspring production A → 3A, 5A, . . . while pairwise coalescence of
domain walls corresponds to particle annihilation 2A → ∅. For this reason the voter
class and the parity-conserving class coincide in one spatial dimension. However, their
behavior in higher dimensions, in particular the corresponding field theories, are expected to be different. Loosely speaking, the parity-conserving class deals with the
dynamics of zero-dimensional objects (particles), while in the voter class the objects of
interest are d-1-dimensional hypermanifolds (domain walls).

5.4.3. Absorbing phase transitions with a conserved field
According to the conjecture by Janssen and Grassberger (cf. Sect. 5.2.8), non-DP behavior is expected if the dynamics is constrained by additional conservation laws. For
example, as shown in the previous subsections, parity conservation or a Z2 -symmetry
may lead to different universality classes. Let us now consider phase transitions in particle processes in which the total number of particles is conserved. According to an idea
by Rossi et al. [?] this leads to a different universality class of phase transitions which is
characterized by an effective coupling of the process to a non-diffusive conserved field.
Models in this class have infinitely many absorbing states and are related to certain
models of self-organized criticality (for a review see Ref. [19]).
As an example let us consider the conserved threshold transfer process (CTTP). In
this model each lattice site can be vacant or occupied by either one or two particles.
Empty and single occupied sites are considered as inactive while double occupied sites
are regarded as active. According to the dynamical rules each active site attempts to
move the two particles randomly to neighboring sites, provided that these target sites
are inactive. By definition of these rules, the total number of particles is conserved.
Clearly, it is the background of solitary particles that serves as a conserved field to
which the dynamics of active sites is coupled.
In d ≥ 2 spatial dimensions this model shows the same critical behavior as the Manna
sand pile model [?]. The corresponding critical exponents in d = 2 dimensions were
estimated by [19]
η = 0.639(9) ,

η ′ = 0.624(29) ,

ν⊥ = 0.799(14) ,

ν∥ = 1.225(29).
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Obviously, this set of exponents differs from those of all other classes discussed above.
In one spatial dimension the situation is more complicated because of a split of the
CTTP and Manna universality classes, as described in detail in Ref. [19]

5.4.4. The diffusive pair contact process
Among the known transitions into absorbing states, the transition occurring in the socalled contact process with diffusion (PCPD) is probably the most puzzling one (see
Ref. [?] for a review). The PCPD is a reaction-diffusion process of particles which react spontaneously whenever two of them come into contact. In its simplest version the
PCPD involves two competing reactions, namely
fission:
annihilation:

2A → 3A ,
2A → ∅ .

In addition individual particles are allowed to diffuse. Moreover, there is an additional
mechanism such that the particle density cannot diverge. In models with at most one
particle per site this mechanism is incorporated automatically.
The PCPD displays a non-equilibrium phase transition caused by the competition of
fission and annihilation. In the active phase, the fission process dominates, maintaining
a fluctuating steady-state, while in the subcritical phase the annihilation process dominates so that the density of particles decreases continuously until the system reaches
one of the absorbing states. The PCPD has actually two absorbing states, namely, the
empty lattice and a homogeneous state with a single diffusing particle.
The pair-contact process with diffusion was already suggested in 1982 by Grassberger [?],
who expected a critical behavior “distinctly different” from DP. Eight years ago the
problem was rediscovered by Howard and Täuber [?], who proposed a bosonic fieldtheory for the one-dimensional PCPD. In this theory the particle density is unrestricted
and thus diverges in the active phase. The first quantitative study of a restricted PCPD
by Carlon et al. [?] using DMRG techniques led to controversial results and released a
still ongoing debate concerning the asymptotic critical behavior of the 1+1-dimensional
PCPD at the transition. Currently the main viewpoints are that the PCPD
• represents a new universality class with well-defined critical exponents [?],
• represents two different universality classes depending on the diffusion rate [?, ?]
and/or the number of space dimensions [?],
• can be interpreted as a cyclically coupled DP and annihilation process [?],
• is a marginally perturbed DP process with continuously varying exponents [?],
• may have exponents depending continuously on the diffusion constant [?],
• may cross over to DP after very long time [?, ?], and
• is perhaps related to the problem of non-equilibrium wetting in 1+1 dimensions [?].
Personally I am in favor of the conjecture that the PCPD in 1+1 dimensions belongs
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Figure 5.15.: High-performance simulation of the PCPD model introduced by Kockelkoren and Chaté. The plot shows
the density of active sites multiplied by the expected power law. As can be seen, the lines are slightly
curved. Kockelkoren and Chaté simulated the process up to about 107 Monte Carlo updates (dotted line),
identifying the blue line in the middle as critical curve. Extending these simulations by one decade one
recognizes that this curve is actually subcritical and that the true critical threshold has to be slightly higher.
Obviously a slow drift towards DP (slope indicated by dashed line) cannot be excluded.

to the DP class. This DP behavior, however, is masked by extremely slow (probably
logarithmic) corrections. Searching the critical point by fitting straight lines in a double
logarithmic plot may therefore lead to systematic errors in the estimate of the critical
threshold since the true critical line is not straight but slightly curved. This in turn leads
to even larger systematic errors for the critical exponents. However, as the computational effort is increased, these estimates seem to drift towards DP exponents.
The problem of systematic errors and drifting exponents can be observed for example
in the work by Kockelkoren and Chaté, who tried to establish the PCPD as a new universality class as part of a general classification scheme [?]. Introducing a particularly
efficient model they observed clean power laws in the decay of the density over several
decades, leading to the estimates
δ = η/ν∥ = 0.200(5),

z = ν⊥ /ν∥ = 1.70(5),

η = 0.37(2).

(5.72)

However, increasing the numerical effort by a decade in time, it turns out that their
critical point pc = 0.795410(5), including its error margin, lies entirely in the inactive
phase (see Fig. 5.15). In the attempt to obtain an apparent power-law behavior, it seems
that the authors systematically underestimated the critical point.
Presently it is still not yet clear whether the PCPD belongs to the DP universality
class or not. Apparently computational methods have reached their limit and more
sophisticated techniques are needed to settle this question.
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recovery:

Figure 5.16.: Directed percolation as a caricature of an epidemic process

5.5. Epidemic spreading with long-range interactions
Directed percolation is often used as a caricatural process for epidemic spreading. Suppose that infected and healthy individuals are sitting in a train, as shown in Fig. 5.16.
On the one hand, infected people infect their nearest neighbors with a certain probability per unit time. On the other hand, infected individuals may recover spontaneously.
Depending on the rates for infection and recovery, this toy model for epidemic spreading just resembles a simple DP process.
Although DP is too simplistic to describe epidemic spreading in reality, there are
some important analogies. Certainly, epidemic spreading in Nature is a non-equilibrium
process with a transition-like behavior at some threshold of the infection rate. For example, as an increasing number of people refuses vaccinations, the question arises at
which percentage of unprotected individuals certain diseases, that became almost extinct, will again percolate through the society.
Epidemic spreading in Nature is of course a much more complex phenomenon. For
example, it takes place in a very disordered environment and involves short- and longrange interactions. Moreover, individuals protect themselves by sophisticated immunization strategies. Certainly, physicist will never be able to predict epidemic spreading
in Nature quantitatively. However, it is possible to extend DP towards a more realistic
description of epidemic spreading and to study how they influence the behavior at the
transition. Some of these extensions will be discussed in the following.

5.5.1. Immunization and mutations
As a first step towards a more realistic description of epidemic spreading we may include the effect of immunization. For example, we may declare all sites that were active at least once in the past as immune. One then introduces two different infection
probabilities, namely, a probability for first infection p0 , and a second (usually smaller)
probability p for the reinfection of immune sites. The case of perfect immunization
(vanishing reinfection probability) is known as general epidemic process [?] which can be
regarded as a dynamical procedure to grow isotropic percolation clusters.
Introducing a finite reinfection probability one obtains the phase diagram shown
in Fig. 5.17. It comprises a curved phase transition line with the same critical behavior
as in the generalized epidemic process which separates phases of finite and annular
growth. Moreover, there is a horizontal transition line above which compact cluster
growth is observed. The critical properties along this line are partly dictated by the
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Figure 5.17.: Phase diagram for directed percolation with immunization (see text). The right panel shows spreading by
annular growth with fresh (green), active (red), and immune (yellow) individuals.

DP behavior inside immune regions, combined with non-universal properties for the
growth of the clusters at its boundaries [?]. Both transition lines meet in a point with
an interesting multicritical behavior. Extending this model by possible mutations of
the spreading agent, the memory of immunization is lost. As a result one observes a
controlled crossover back to DP [?].

5.5.2. Long-range infections
Realistic diseases spread by different transport mechanisms, including direct contact
between local individuals, transport by carriers such as mosquitos, and long-range
transport e.g. by air planes. Usually it is very difficult to predict how these transport
mechanism contribute to epidemic spreading. As an interesting empirical approach,
Brockmann and Geisel traced the spatio-temporal trajectories of individual dollar notes
within the United States [?, ?]. In agreement with previous conjectures [?] they found
out that the transport distances are distributed algebraically with some empirical exponent. Moreover, the time intervals at which the dollar notes were registered were found
to obey a power law as well.
Motivated by such empirical studies it is near at hand to generalize DP such that the
spreading distances r are distributed as a power law
P (r ) ∼ r − d − σ ,

( σ > 0)

(5.73)

where σ is a control exponent. In the literature such algebraically distributed longrange displacements are known as Lévy flights [?] and have been studied extensively
e.g. in the context of anomalous diffusion [?]. In the present context of epidemic spreading it turns out that such long-range flights do not destroy the transition, instead they
change the critical behavior provided that σ is sufficiently small. More specifically,
it was observed both numerically and in mean field approximations that the critical
exponents change continuously with σ [?, ?, ?]. As a major breakthrough, Janssen et al introduced a renormalizable field theory for epidemic spreading transitions with spatial
Lévy flights [?], computing the critical exponents to one-loop order. Because of an ad-
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Figure 5.18.: Phase diagram of DP with spatio-temporal Lévy flights.

ditional scaling relation only two of the three exponents were found to be independent.
These results were confirmed numerically by Monte Carlo simulations [?].

5.5.3. Incubation times
As a second generalization one can introduce a similar long-range mechanism in temporal direction. Such ‘temporal’ Lévy flights may be interpreted as incubation times ∆t
between catching and passing on the infection. As in the first case, these incubation
times are assumed to be algebraically distributed as
P(∆t) ∼ ∆t−1−κ ,

(κ > 0)

(5.74)

where κ is a control exponent. However, unlike spatial Lévy flights, which take place
equally distributed in all directions, such temporal Lévy flights have to be directed
forward in time. Again it was possible to compute the exponents by a field-theoretic
renormalization group calculation [?].
Some time ago, we studied the mixed case of epidemic spreading by spatial Lévy
flights combined with algebraically distributed incubation times [?]. In this case the corresponding field theory was found to render two additional scaling relations, namely,
2η + (σ − d)ν⊥ − ν∥ = 0 ,

(5.75)

2η − dν⊥ + (κ − 1)ν∥ = 0 .

(5.76)

Hence only one of the three exponents is independent. In particular, the dynamical exponent z locks onto the ratio σ/κ. A systematic numerical and field-theoretic study
leads to a generic phase diagram in terms of the control exponents σ and κ which
is shown in Fig. 5.18. It includes three types of mean-field phases, a DP phase, two
phases corresponding to purely spatial or purely temporal Lévy flights, and a novel
fluctuation-dominated phase describing the mixed case in which the critical exponents
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Figure 5.19.: Dynamical rules of the restricted solid-on-solid model for non-equilibrium wetting. Neighboring heights
are restricted to differ by at most one unit.

have been computed by a field-theoretic renormalization group calculation to one-loop
order.

5.6. Surface growth and non-equilibrium wetting
Another interesting direction of non-equilibrium physics is the study of wetting far from
equilibrium. Wetting phenomena occur in a large variety of experiments, where a planar substrate is exposed to a gas phase. Usually the term ‘wetting’ refers to a situation
where a bulk phase in contact with a substrate coexists with a layer of a different phase
which is preferentially attracted to the surface of the substrate. By changing physical parameters such as temperature and chemical potential, the system may undergo a
wetting transition from a non-wet phase, where the thickness of the layer stays finite,
to a wet phase, where the layer becomes macroscopic.
In many experimental situations it is reasonable to assume that a wetting stationary
layer is in thermal equilibrium. In fact, methods of equilibrium statistical mechanics
turned out to be very successful in a large variety of theoretical and experimental studies [?]. Therefore, the question arises whether models for wetting far from equilibrium
may exhibit new physical phenomena which cannot be observed under equilibrium
conditions.
Non-equilibrium wetting is usually modeled as a Kardar-Parisi-Zhang (KPZ) growth
process [?] growing on top of a hard substrate. Theoretically such a system can be
described by a KPZ equation in a potential [?, ?]

2
∂V h(x, t)
∂h(x, t)
2
= σ∇ h(x, t) −
+ λ ∇h(x, t) + ξ (x, t) ,
(5.77)
∂t
∂h(x, t)
where ξ (x, t) is a Gaussian noise. It is important to note that the nonlinear term λ ∇h(x, t)
in this equation is a relevant perturbation of the underlying field theory, i.e., even if λ is
very small, it will be amplified under renormalization group transformations, driving
the system away from thermal equilibrium. In fact, as can be shown by constructing a
closed loop, it is this term that breaks detailed balance.
Some time ago we introduced a simple solid-on-solid (SOS) model for non-equilibrium
wetting in 1+1 dimensions [?, ?, ?]. The model is controlled by an adsorption rate q, a
desorption rate p, and optionally by a special deposition rate q0 on sites at height zero
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Figure 5.20.: Phase diagram of the solid-on-solid model for non-equilibrium wetting. The bold black line represents the
second-order phase transition line. For sufficiently small q0 the transition becomes first order and a region
emerges (striped in the figure), where the pinned and the moving phase coexist.

(desorption at the edges takes place at rate 1, see Fig. 5.19). Setting q0 = q and varying
the growth rate the model exhibits a continuous wetting transition at a certain critical
growth rate qc ( p). This wetting transition is related to the unpinning process of an interface from the substrate. Moreover, for q0 ̸= q the model can emulate a short-range
interaction between the interface and the substrate [?, ?]. It was found that sufficiently
strong attractive interaction modifies the nature of the wetting transition and makes it
first order. In addition, it has been demonstrated that there exists an extended region
in the phase diagram, where the pinned and the moving phases coexist in the sense that
the transition time from the pinned to the moving phase grows exponentially with the
system size so that the two phases become stable in the thermodynamic limit. This
type of phase coexistence is in fact a new phenomenon that occurs only far away from
equilibrium and should be experimentally observable.
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6. Systems out of equilibrium
So far we have studied complex systems in thermal equilibrium. Thermal equilibrium
means that (a) the system is stationary, and (b) there are no physical currents flowing
through the system as, for example, heat, particles, or electrical currents. Contrarily,
whenever such currents are present, the system is said to be out of equilibrium. In this
chapter we are going to study such situations in more detail.

6.1. Dynamics of subsystems
Recalling basic facts about Markov processes
Before starting, let us briefly summarize the formalism of stochastic Markov processes
developed in Chapters 1 and 2. At any time t the system is in a certain configuration c ∈ Ω, where Ω denotes the configuration space. The system evolves in time by
spontaneous jumps from one configuration to the other with certain transition rates
wc→c′ . These transition rates are not necessarily symmetric, i.e., generally we have
wc→c′ ̸ = wc′ →c .
The actual trajectory of the system cannot be predicted. What can be predicted is the
probability Pc (t) to find the system at time t in the configuration c. Introducing the
probability currents
Jc→c′ (t) = Pc (t)wc→c′
(6.1)
these probabilities evolve deterministically according to the master equation
∂
Pc (t) = ∑ Jc′ →c (t) − ∑ Jc→c′ (t) ,
∂t
c′ ̸=c
c′ ̸=c
|
{z
} |
{z
}
gain terms

(6.2)

loss terms

which is the linear partial differential equation. Listing these probabilities in a canonical
order as components of a vector | Pt ⟩, we can rewrite the master equation compactly as
∂t | Pt ⟩ = −L| Pt ⟩ .

(6.3)

Here L is the Liouville operator with the matrix elements

⟨c′ |L|c⟩ = −wc→c′ + δc,c′ ∑ wc→c′′ ,

(6.4)

c′′

where the diagonal elements ⟨c|L|c⟩ = ∑c′′ wc→c′′ are the so-called escape rates describing how much probability flows away from c to elsewhere.
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The formal solution of the master equation reads

| Pt ⟩ = exp(−Lt)| P0 ⟩ .

(6.5)

This solution looks simple, but the evaluation of the matrix exponential function requires to diagonalize the Liouvillian, which is generally a non-trivial task.
Introducing the bra vector ⟨Σ| = (1, 1, 1, . . . , 1) the normalization condition (probability conservation) requires that ⟨1| Pt ⟩ = 1 holds for all times, implying ⟨Σ|L = 0.
This means that the column sum of the Liouvillian matrix vanishes. Consequently, the
column sum of a finite-time evolution matrix T = e−Lt is equal to 1.
A Markov process is called stationary if the probability distribution Pc (t) does not depend on time. In the vector space formalism, this means that | Pstat ⟩ is a right eigenvector
to the eigenvalue zero:
∂t | Pstat ⟩ = −L| Pstat ⟩ = 0 .
(6.6)
A system is called isolated if it does not interact by any means with the outside world.
Arguing that the quantum-mechanical evolution of an isolated system would be unitary and thus invariant under time reversal, we concluded that the corresponding transition rates have to be symmetric, i.e.,
wc→c′ = wc′ →c ,

(isolated system)

(6.7)

meaning that the matrix L of an isolated system is symmetric. This implies that left and
right eigenvectors have the same components, hence L T |1⟩ = L|1⟩ = 0. Thus, if the
stationary state is unique, it is given by

| Pstat ⟩ =

1
|Σ⟩ .
|Ω|

(6.8)

This result, known as Gibbs postulate or equal-a-priori postulate, tells us that an isolated
system relaxes into a stationary equilibrium state in which all configurations are equally
probable. In this situation the entropy of the system takes on its maximal value
S = ln |Ω|.
As we have discussed in detail, the Second Law of thermodynamics states in addition that
the average entropy of an isolated system on its way into this equilibrium state can only
increase, i.e., ∆S ≥ 0. One of the purposes of this chapter is to prove and generalize
this inequality.

Systems embedded into the environment
As already discussed in Chapter 3, a system is usually embedded into a larger system,
called environment. This surrounding system could be very large, and we may think in
an over-simplified scenario of the whole universe. Most importantly, this surrounding
system itself is assumed to be isolated. We want to describe the whole environment in
the same way as the embedded system itself, i.e., in terms of configurations and transition rates. These configurations, denoted by c, are elements of an incredibly large
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Figure 6.1.: A subsystem is defined by a projection π which maps each configuration c ∈ Ωtot of the total system (left)
onto a particular configuration s ∈ Ωsys of the subsystem (right), dividing the configuration space of the
total system into sectors.

configuration space Ωtot , where ‘tot’ stands for ‘total’. Contrarily, we denote the configurations of the laboratory system by s ∈ Ωsys .
Remember: Notations:
• ’sys’: System: The laboratory system, measurable, configurations s ∈ Ωsys
• ’env’: Environement: Everything else, non-measurable.
• ’tot’: Total system: System and environment together, configurations c ∈ Ωtot

For every configuration c of the ‘universe’ our laboratory system will be in a welldefined configuration denoted as s ∈ Ωsys . In order to express this relationship, we
have introduced a projection
π : Ωtot → Ωsys : c 7→ s = π (c) .

(6.9)

In statistical physics the process of projecting a larger system onto a smaller one is
often referred to as coarse-graining the configuration space, as illustrated in Fig. 6.1.
As discussed previously, this divides the configurational space of the total system into
sectors denoted as
tot
−1
Ωtot
(6.10)
s = {c ∈ Ω |π (c) = s} =: π (s) .
If the total system evolves only within such a sector, the configuration of the laboratory
system will not change. However, it is important to realize that a sector π −1 (s) may
not be fully connected within itself, even though the total system is ergodic. The sector
π −1 (s) may rather decompose into several internally connected subsectors. Moving
directly from one subsector to another within π −1 (s) is then impossible, it may only
be possible to reach them by a detour through different sectors, which requires to temporarily change the configuration of the laboratory system. As we will see below, this
is basically what happens in any type of cyclically moving engine.
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Coarse-grained master equation
Under projective coarse-graining the probability distribution can be coarse-grained simply by adding all probabilities in the respective sector:

∑

Ps (t) =

Pc (t) =

c∈Ωtot
s

∑ Pc (t) .

(6.11)

c(s)

Here we introduced the compact notation ∑c(s) of a sum running over all configurations
of the total system with π (c) = s. Likewise, the probability currents between different
configurations can be coarse-grained as well:
Js→s′ (t) =

∑∑

Jc→c′ (t) =

c(s) c′ (s′ )

∑ Pc (t) ∑
′ ′

c(s)

wc→c′ .

(6.12)

c (s )

If the total system (consisting of laboratory system and environment) evolve according
to the master equation
d
Pc (t) =
dt

∑
′




Jc′ →c (t) − Jc→c′ (t) .

(6.13)

c ∈Ωtot

one can easily show that the laboratory system will evolve according to the coarsegrained master equation
d
Ps (t) =
dt

∑
′




Js′ →s (t) − Js→s′ (t) .

(6.14)

s ∈Ωsys

Note that although the rates of the (isolated) total system are symmetric and timeindependent, the effective rates
ws→s′ ( t ) =

∑c(s) Pc (t) ∑c′ (s′ ) wc→c′
Js→s′ (t)
=
.
Ps (t)
∑c(s) Pc (t)

(6.15)

are generally neither symmetric nor constant.

Detailed balance
At this point let us briefly recall the concept of detailed balance (see page 100). This
condition holds whenever the system is in thermal equilibrium with the surrounding
environment and if the environment itself is in equilibrium. If a total system is in thermal equilibrium, we have seen that all configurations c ∈ Ωtot are equally probable,
implying that the coarse-grained probabilities of the laboratory system are given by
Psstat =

1

∑ Pcstat = ∑ |Ω

c(s)

c(s)

tot

|

=

|Ωtot
s |
.
|Ωtot |

(6.16)

This means that the stationary probability of a certain configuration s of the laboratory
system is proportional to the number of configurations in the corresponding sector.
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Likewise, the stationary probability currents in the laboratory system are given by
1
∑ wc→c′ .
|Ωtot | c∑
(s) c′ (s′ )

Jsstat
→s′ =

(6.17)

Knowing that the transition rates of the total system have to be constant and symmetric,
this equation implies that the probability currents have to be symmetric as well, leading
directly to the condition of detailed balance:
Js→s′ = Js′ →s .

(6.18)

or, equivalently, in textbook form:
Psstat ws→s′ = Psstat ws′ →s

∀s ̸= s′

(6.19)

Alternative definition of detailed balance: Not so known even among experts is an
alternative definition of detailed balance which does not rely on the knowledge of the
stationary state. Starting point is the notion of stochastic paths or stochastic trajectories
which are nothing but sequences of configurations through which the system evolves.
Let us now consider a cyclically closed stochastic path
s0 → s1 → s2 → . . . → s N → s0

(6.20)

which goes back to its starting point. Then it is easy to show that the system obeys
detailed balance if and only if the following identity holds for any closed stochastic
trajectory:
N

w s i → s i +1

∏ ws
i =1

i +1 → s i

= 1.

(6.21)

This criterion tells us that if the product of the transition rates along any closed cycle
of transitions in forward direction is exactly equal to the product of rates in backward
direction, we can conclude that the stationary state will obey a detailed balance. To
prove this, we first note that the trivial identity
N

∏
i =1

pstat
si
=1
pstat
s i +1

(6.22)

holds for any closed cycle of transition, i.e., the stationary probabilities simply drop of
out along a closed cycle of transitions. Therefore, we have
N

1=

Jsstat
i → s i +1

∏ J stat

i = 1 s i +1 → s i

N

=∏
i =1

 N pstat  N w

pstat
s i → s i +1
s i w s i → s i +1
si
=
∏ pstat ∏ ws →s =
pstat
s i w s i +1 → s i
i +1
i
i = 1 s i +1
i =1

N

w s i → s i +1

∏ ws
i =1

i +1 → s i

, (6.23)

| {z }
=1

proving the property of detailed balance.
Remember: Definition of detailed balance:
A stationary state is said to obey detailed balance iif all probability currents cancel pairwise.
As an alternative criterion, the product of the transition rates along a closed cycle have to be
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equal in forward and backward direction.

Nonequilibrium
If the transition rates ws→s′ (t) do not obey the condition of detailed balance, the laboratory system is said to be out of equilibrium. Since we have derived detailed balance from
the assumption that the total system has already reached its equally-distributed microcanonical stationary state, it conversely follows that a laboratory system out of equilibrium requires the total system to be nonstationary. As such, the total system has not yet
reached the state of maximal entropy. Therefore, as a hallmark of nonequilibrium, we
expect the entropy of the total system (and therewith the entropy of the environment)
to increase. Such an increase of entropy in the environment is interpreted as an entropy
production caused by the nonequilibrium dynamics of the laboratory system.
Before discussing entropy production in more detail, let us consider a simple examples of nonequilibrium systems. First, we note that a system with only two configurations always obeys detailed balance by definition (exercise). Therefore, nonequilibrium
requires at least three configurations.
Such a toy system with three configurations s1 , s2 , s3 is
shown on the right hand side. As usual, the configurations
are symbolized by colored bullets while the transition rates
are represented by arrows, the length indicating their magnitude. In this example the rates are cyclically biased in one
direction, leading to a clockwise oriented probability current.
Three-state toy model

If the jump rates in the respective direction are equal, as
indicated by the arrows in the figure, this system will relax towards a stationary state
Psstat
= Psstat
= Psstat
= 13 . Nevertheless the system keeps on jumping preferentially
2
3
1
in clockwise direction, even though the probability distribution is stationary. In the
literature this is known as a nonequilibrium steady state (NESS).
Remember: Stationarity vs. equilibrium:
Equilibrium systems are always stationary, but conversely stationary systems are not always
in equilibrium. The condition of equilibrium is stronger because it requires in addition that
the probability currents between all pairs of configurations vanish. This happens if and only
if the rates satisfy the condition of detailed balance.

If the system keeps on jumping preferably in clockwise direction, how does the corresponding dynamics in the environment look like? First of all, we expect each of the
tot
three configurations to correspond to a sector of configurations in Ωtot
s ⊆ Ω . Does this
mean that in case of the clock model there are only three such sectors?
In order to answer this question on an intuitive basis, recall that the transition rates
often isolated system have to be symmetric. Therefore, asymmetric rates in the laboratory system are only possible between sectors of different sizes. In other words, the
tot
system jumps preferentially from s to s′ if the target sector is larger, i.e., |Ωtot
s ′ | > | Ω s |.
This is an example of a so-called entropic force which drags the system into the direction
of increasing entropy. Obviously, this inequality cannot be satisfied with only three
sectors, rather the sector size has to increase whenever the system jumps in clockwise
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Figure 6.2.: Clock model: Unfolding of the closed cycle of transitions into a linear sequence which keeps track of the
winding number (see text).

direction. For this reason this toy model will be termed clock model in the following.
Imagine that a fly is disturbing you while you are doing the exercises. Then you can ged rid of the fly by opening the window.
If there are no other flies outside, it is clear that the fly inside will
eventually get out of the window and it will be unlikely to return.
In some sense it seems as if there was a ’force’ dragging the fly out
of the window. Of course, this is not a mechanical force in the usual
you want to get rid of a fly,
sense, it is rather a purely probabilistic effect: the fly itself performs Ifopen
the window and wait.
an undirected random walk, but as there is so much more space
outside (a large entropy), it is highly unlikely that the fly, once outside, will return.
This apparent drag is a simple example of a so-called entropic force.
If the clock model completes one cycle s1 → s2 → s3 → s1 it ends up in the same
configuration from where it started, but, from the perspective of the total system, in
a different sector of the environment. In other words, although the system returns to
its original starting point, the environment has changed significantly. This is exactly
what all kinds of heat engines do: They run in a closed cycle, but they interact at the
same time with the outside world, consuming energy and producing entropy. In the
following let us study this phenomenon of entropy production in more detail.

6.2. Entropy production
As the environment seems to keep track of the winding number, it is meaningful to
unfold the closed cycle in our three-state clock model into a linear chain of transitions,
as sketched in Fig. 6.2. In this linear chain each bullet is associated with a well-defined
sector, which increases in size as we go to the right. Nevertheless keep in mind that we
still have to identify every third bullet, indicated by the same color.
How does the environment look like? The simple answer is that we don’t know. We
made the assumption that it can be described as a stochastic Markov process as well,
but neither the structure of the configuration space nor the network of transition rates
wc→c′ is actually accessible to our observation. Then, if we don’t know anything about
the physics of the environment, how can we quantify the entropy production?
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Figure 6.3.: Linearized chain of transitions in the clock model together with a fictitious structure of Ωtot .

Before addressing this question, let us again study the three-state clock model in a
idealized situation which is shown schematically in Fig. 6.3. Here we simply assume
that the number of states of the total system doubles whenever we jump in clockwise
direction. For simplicity, we also assume that jumps within the same sector (i.e., jumps
between the green bullets within a column) are forbidden, while neighboring sectors
are assumed to be fully connected by microscopic transitions, as indicated by thin black
lines in the figure. By definition, the corresponding rates have to be symmetric in both
directions. Moreover, as the strongest assumption, let us assume that all non-vanishing
transition rates in the total system are identical:
(
1 if ws→s′ ̸= 0
wc→c′ =
(6.24)
0 if ws→s′ = 0 .
With these assumptions, it is clear that whenever the laboratory system hops to the
right or to the left, each of the corresponding configurations in the total system is by
definition equally probable. In other words, each sector equilibrates instantaneously.
Therefore, the actual entropy of the respective sector is just the logarithm of the configurations the corresponding sector.
Summary: Idealized assumptions made about the embedding of the clock model:
• No transitions within the sectors
• Fully connected network of transitions between neighboring sectors
• All non-zero rates in the total system equal to 1 in both directions.

More specifically, let us assume that the laboratory system is in one particular configuration, let’s say in the third from left (the blue bullet marked by ’s’). Then, according to
Fig. 6.3, the total system is in one of four possible configurations with equal probability,
meaning that
1
Pc(s) (t) = Ps (t).
(6.25)
4
Suppose that the system wants to jump to the right, performing a transition s → s′ . In
the total system, there are eight possibilities to realize this transition. If all the corre-
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sponding transition rates wc→c′ are equal to 1, we have
Js→s′ (t) =

∑ ∑

c(s) c′ (s′ )

|{z} |{z}
4

Pc (t) wc→c′ = 8Ps (t)
}
| {z } | {z

(6.26)

1

= 14 Ps (t)

8

so that ws→s′ = Js→s′ (t)/Ps (t) = 8. On the other hand, the current in opposite direction
is given by
Js′ →s (t) = ∑ ∑ Pc′ (t) wc′ →c = 4Ps′ (t) ,
(6.27)
| {z } | {z }
c′ (s′ ) c(s)
1
|{z} |{z} = 18 Ps′ (t)
8

4

hence ws′ →s = Js′ →s (t)/Ps′ (t) = 4. Therefore, the rate of jumping to the right is twice as
large as the rate of jumping to the left, simply because the corresponding configuration
space of the total system doubles its size. Generally, the two equations given above can
be written in the form
Js→s′ (t) = |Ωtot
s′ | Ps ( t )
hence

⇒

ws→s′ = |Ωtot
s′ |

|Ωtot
ws→s′
s′ |
=
.
tot
ws′ →s
|Ωs |

(6.28)

(6.29)

Since all configurations in the corresponding sector are equally probable, the entropy
of the total system is simply given by H(tots) = ln |Ωtot
s |. Therefore, we can conclude that
the increase of the entropy in the total system during the jump of the laboratory system
from s to s′ is given by
|Ωtot
s′ |
∆Hstot→s′ = ln tot
.
(6.30)
|Ωs |
Since we are conditioned an a jump from s to s′ , the laboratory system does not have
any entropy. For this reason the change in to total entropy equals the change of the
entropy in the environment. Using Eq. (6.29) this can be written as
∆Hsenv
→s′ = ln

ws→s′ ( t )
.
ws′ →s ( t )

(6.31)

In the literature this formula is known as the Schnakenberg formula [25]. However, we
have to keep in mind that these formulas with derived under very special assumptions,
namely, a fully connected transition network with equal transition rates between the
respective sectors. In a general setting the entropy production can be higher. Robert
Ziener, a former master student, investigated this circumstance in his master thesis and
published the results at arxiv.org/pdf/1505.07719.pdf.
There is also a very interesting story how entropy production was discovered in physical chemistry. If you are interested, have a look at Appendix E.
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Figure 6.4.: Schematic drawing how the entropy of an isolated system evolves in time. As shown in the middle, each
transition contributes with a little δ-peak, which may be positive or negative. Accumulating all peaks in a
long time limit, one obtains a quasi-continues distribution, as shown in the right panel. The second law of
thermodynamics states that the first moment of this distribution is non-negative.

6.3. Fluctuation theorem
The discovery of fluctuation theorems is a very recent development. As we will see, the
standard version of the fluctuation includes the second law of thermodynamics, but
being an equation rather than an inequality it is much stronger.
The second law states that the entropy of an isolated system increases on average.
However, this does not mean that the entropy increases monotonically, it actually fluctuates in positive and negative direction, but in such a way that the average is positive.
This is shown schematically in Fig. 6.4. Accumulating infinitely many fluctuations in
the histogram, one obtains a quasi-continuous distribution, as shown in the right panel
of the figure. The second law of thermodynamics tells us that the average (the first moment) is non-negative, but it does not tell us anything about the shape of the curve. As
we will see below, fluctuation theorems restrict the form of the curve by an equation
rather than an inequality.

Formal definition: Strong, weak and integral fluctuation theorems
Consider a real-valued random variable X and the corresponding probability density
P( X ). A so-called strong fluctuation theorem is a relation of the following form:
P( X ) = e X P(− X ) .

(6.32)

This equation tells us that the left part of the distribution (for negative X) is exponentially suppressed. The relation restricts the form of the function P( X ) in such a way that
it relates the left and the right half of the distribution. In other words, if the function for
positive X is known, it automatically determines the function for all negative X < 0.
The strong fluctuation theorem has to be distinguished from the so-called weak fluctuation theorem, which relates two different probability densities P( X ) and P† ( X ) defined
on the same random variable X:
P( X ) = e X P† (− X ) .

(6.33)

Obviously, the weak fluctuation theorem includes the strong one as a special case.
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It can be shown easily (left as an exercise to the reader) that the weak fluctuation
theorem (and therefore also the strong one) implies the equality

or in full form

Z b
a

⟨e− X ⟩ = 1

(6.34)

P( X )e−X dX ,

(6.35)

where [ a, b] is the definition range of the distribution. Since this equation involves an
integration, it is also known as integral fluctuation theorem. By using Jensen’s inequality
for convex functions the integral fluctuation theorem implies that the first moment of
the distribution is positive:
⟨X⟩ ≥ 0
(6.36)
This is the “second law” associated with the random variable X. As we will see below,
the conventional second law of thermodynamics is obtained by setting X = ∆H tot .
Remember: There are three types of fluctuation theorems (FT’s):
•
•
•
•

Strong FTs relate right and left half of the same probability density P.
Weak FTs relate two different probability densities P and P† .
Integral FTs tell us that the expectation value ⟨e− X ⟩ = 1.
Second Law: Integral FTs imply the inequality ⟨ X ⟩ ≥ 0 for the first moment.

The excitement about the fluctuation theorem stems from the fact that it provides an
equation rather than an inequality and that it replaces the well-known second law after
more than 150 years (the first one to formulate the second law was Rudolf Clausius in
1854 , who taught from 1867-1869 at the University of Würzburg).
Derivation of the strong fluctuation theorem for H tot
Let us now derive the fluctuation theorem for the total entropy of a stationary system.
To this end we consider stochastic path
t

t

t

N
1
2
Γ : s0 −→
s1 −→
s2 −→ . . . −→ s N −1 −→
sN

(6.37)

starting at time 0 and ending at the time τ. Along this path the system jumps to the
configuration s j at time t j . What is the probability to find this particular stochastic path?
In order to compute this probability, we first have to know the probability to find the
system in the initial configuration s0 , i.e., the resulting expression will be proportional
to Ps0 (0). Furthermore, the probability to find this path will be proportional to the
product of the rates corresponding to the transitions along the path. However, between
the transitions the system stays in a certain configuration for some while which also
introduces the statistical weight.
Remark: Weight of “doing nothing”
Suppose that the system is currently in the configuration si . During an infinitesimal time
span ∆t ≪ 1 the probability of a transition is proportional to the sum of all the outgoing
esc
rates, i.e., dP = wesc
si ∆t, where wsi = ∑s′′ wsi →s′′ is the escape rate (see also Eq. (6.4)). The
infinitesimal probability of “doing nothing” is therefore 1 − ∆P. Waiting for a longer period in configurations si , let’s say for the time N∆, the corresponding probability of “doing
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nothing” is simply the product (1 − ∆P) N over all small time intervals in between. Since
the exponential function can be represented in form of the limit e x = lim N →∞ (1 + x/N ) N , it
follows immediately that the probability of doing nothing between two transitions is given
by
h Z t i +1
i
Pdoing nothing = exp −
dt wesc
(6.38)
si ( t )
ti

Putting all things together, the probability to find the stochastic path Γ is given by
 N Z
PΓ = Ps0 (0) exp − ∑

t i +1

i =0 t i

|

dt wesc
si ( t )



N

∏ ws − →s ( ti )
i 1

(6.39)

i

i =1

{z

doing nothing

} |

{z

transitions

}

where wcesc (t) = ∑c′ wc→c′ (t) is the escape rate and where we formally defined t0 = 0
and t N +1 = τ.
We now consider the reverse path
τ − t N −1

τ −t

τ −t

Γ† : s N −→N s N −1 −→ s N −2 −→ . . . −→ s1 −→1 s0 .

(6.40)

This path runs exactly the opposite direction. Note that time is still running from 0
to τ and that the sequence of events is just reflected during this time interval. The
corresponding statistical weight is given by
0


PΓ† = Ps N (0) exp −

∑

Z τ − ti

i= N

|

τ − t i +1

dt wesc
si ( t )

{z

doing nothing



N

∏ ws →s − ( τ − ti )
i

i 1

(6.41)

i =1

} |

{z

transitions

}

Substituting t → τ − t in the integral this turns into


N

PΓ† = Ps N (0) exp − ∑

Z t i +1

i =0 t i

|

dt wesc
si ( τ − t )



N

∏ ws →s − ( τ − ti )
i

i 1

(6.42)

i =1

{z

doing nothing

} |

{z

transitions

}

The common goal of all types of fluctuation theorems is to make some sense out of the
logarithmic quotient ln( PΓ /PΓ† ) of the forward and the backward probability. Usually
this is possible only if the terms for “doing nothing” cancel out. In the present case
this requires that the rates are the same in both expressions, meaning that the rates are
time-independent.
Moreover, computing the logarithmic quotient one has to find a suitable interpretation of ln Ps0 (0)/Ps N (0) . This contribution reminds of the change of the system en
tropy ln Ps0 (0)/Ps N (τ ) , the only difference being in the evaluation time of the denominator. However, if the system is stationary, this interpretation is indeed possible.
Therefore, in the following we shall make the assumption that the system
• has time-independent rates
• is in the stationary state
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Obviously, this includes equilibrium states as well as so-called non-equilibrium steady
states (NESS), as discussed before.
Under these assumptions the contributions for “doing nothing” are exactly identical
in both expressions and the quotient of the two probabilities is given by
PΓ
Ps0
=
PΓ†
Ps N

N

w si

1 → si

i

i −1

∏ ws −→s
i =1

.

(6.43)

Now we can easily recognize that the logarithmic quotient just gives the total entropy
production:
#
"
PΓ
Ps0 N wsi−1 →si
tot
∆HΓ = ln
(6.44)
= ln
PΓ†
Ps N ∏
w
i = 1 s i → s i −1




N
w s i −1 → s i
Ps0
= ln
= ∆H sys + ∆H env .
+ ∑ ln
Ps N
w
s i → s i −1
i =1
This formula allows us to compute the entropy changes for a given path Γ. Moreover,
we know the probability density to find such a path. Combining these two pieces of
information, we can compute the probability for observing the certain increase or decrease of the total entropy. To this end,
R one has to integrate over all possible paths, i.e.,
one has to perform a path integral DΓ . . .. Although the path integral formalism is
beyond the scope of these lecture notes, let us assume that it basically works like an ordinary integration. This allows us to express the probability of finding a certain entropy
change as
Z



DΓ PΓ δ ∆H tot − ∆HΓtot
Z

PΓ 
=
DΓ PΓ δ ∆H tot − ln
.
PΓ†

P(∆H tot ) =

(6.45)

Since the integration can be understood as a sum over all possible paths, including the
reversed the ones, we can simply replace Γ by Γ† in the integrand:
P(∆H tot ) =

Z

Z



P †
=
DΓ PΓ† δ ∆H tot + ∆HΓtot .
DΓ PΓ† δ ∆H tot − ln Γ
PΓ

(6.46)

Remark:
R +∞
R +∞
This is basically the same as space replacing −∞ f ( x ) dx = −∞ f (− x ) dx on the real line.

Finally, we use the relation ∆HΓtot = ln PPΓ† in order to express the backward probabilΓ
ity PΓ† begin in terms of the the forward probability PΓ :
P(∆H tot ) =

Z



tot
tot
DΓ e−∆HΓ PΓ δ ∆H tot + ∆HΓtot = e∆H P(−∆H tot ) .

These few lines complete the proof of the strong fluctuation theorem for the total entropy.
In thermal equilibrium the entropies of the system and the environment still fluctuate, but the condition of detailed balance ensures that the entropy changes are opposite
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Figure 6.5.: Example of a system with only four configurations and randomly chosen constant transition rates in the
stationary state observed over a time span ∆t = 5 in units of Monte Carlo updates. As can be seen, the
probability density is not continuous but rather composed of a large number of δ-peaks, each corresponding to a different stochastic path. To test the fluctuation theorem we plotted P(∆H tot ) as a red histogram
tot
and e∆H P(−∆H tot ) as black crosses. Since the crosses are located on top of the peaks (except for small
sampling errors at high values) this simulation confirms the strong FT for the total entropy production.

to each other (∆H sys = −∆H env ) so that ∆H tot = 0. Therefore, the corresponding probability density of an equilibrium system is just a δ-peak P(∆H tot ) = δ( H tot ). This solution
formally obeys the FT, fulfilling the second law ⟨∆H tot ⟩ = 0 sharply.
Summary: Strong FT for the total entropy:
If the system is stationary (rates and probabilities time-independent), the total entropy production obeys a strong fluctuation theorem
tot

P(∆H tot ) = e∆H P(−∆H tot ) ,
tot

implying the IFT ⟨e− H ⟩ = 1 and the Second Law ⟨ H tot ⟩ ≥ 0. This strong FT holds for
any stationary nonequilibrium system. In the special case of thermal equilibrium we have
P(∆H tot ) = δ( H tot ).

6.4. Heat and work
In conventional thermodynamics one distinguishes two fundamentally different kinds
of energy transfer between subsystems. The first one is heat , denoted as Q. According
to Clausius heat flows from the warm to the cold reservoir, changing their entropy by
dS = β dQ. Heat is some kind of disordered energy transfer. Although heat carries the
unit of energy, it is only defined in a thermodynamical context, – you cannot find the
notion of heat in any textbook on classical mechanics. The usefulness of heat is limited.
Of course, heat can be used for heating, but in order to convert heat into a usable form
of energy, a heat engine in combination with a cold reservoir is needed. As everyone
knows, the efficiency of such a machine is limited by the formula according to Carnot.
The other fundamental form of energy transfer is work , denoted by W. Work may
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be thought of as a usable directed form of energy, such as the mechanical motion of the
piston, a torque generated by a motor or a flowing electric current. By its directed nature, work can be used to full extent in a secondary process, i.e., the maximal efficiency
is always 100 %.
Usually heat and work are used in the context of energy transfer, i.e., one is interested
in differences ∆Q and ∆W rather than absolute values. There is much confusion about
the sign of heat and energy changes. However, in recent years it became some kind of
standard to define the sign of heat and work always with respect to the system itself.
More specifically, heat flowing into the system is positive while heat flowing out of
the system is negative. Likewise, work done on the system is positive while work
performed by the system on the environment is considered to be negative.

Distinguishing heat and work in stochastic Markov processes
In the context of stochastic Markov processes – the cartoon of a system jumping between different configurations – there’s nothing like heat and work. In fact, there isn’t
even the notion of energy. Therefore, heat and work seem to emerge only in the presence of energy exchange, e.g., in the canonical equilibrium ensemble. Thus, in order to
study heat and work, let us first consider the canonical case.
In the canonical ensemble each configuration carries the stationary Boltzmann weight
pstat
∝ e− βEs , where Es is the energy associated with the configuration of the system.
s
Therefore, whenever the system jumps from s → s′ , it undergoes an energy change
stat
of ∆E = ln( pstat
s /ps′ ). It should be emphasized that the corresponding probabilities
have to be the stationary ones; if the system still relaxes towards the stationary state,
the actual probabilities may be different. Since energy is conserved, ∆E has to come
from somewhere, and clearly it comes from the environment. Since the system continuously jumps forth and back in its own configurations space, energy continues to
fluctuate between the system in a random-walk-like manner. If the system is not yet in
equilibrium, it may happen that there is a net flow from the system to the reservoir or
vice versa, and this average flow of stochastic energy transfer is called heat.
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A. Appendices
A. Perron-Frobenius Theorem
Here we briefly summarize the Perron-Frobenius theorem [21] and discuss its consequences with respect to stochastic evolution operators.
Let A = ( aij ) be an n × n positive matrix: aij > 0 for 1 ≤ i, j ≤ n. Then the following
statements hold:
• There is a positive real number r, called the “Perron root” or the “Perron–Frobenius eigenvalue”, such that r is an eigenvalue of A and the absolute value of
any other eigenvalue λ (which may be complex) is strictly smaller than r. Thus,
the spectral radius ρ( A) is equal to r.
• The eigenspace associated to r is one-dimensional, i.e. the Perron root is nondegenerate.
• There exists a right eigenvector ⃗v = (v1 , v2 , . . . , v N ) of A with eigenvalue r such
that all components of ⃗v are positive. Similarly, there exists a left eigenvector with
the same property.
• All other eigenvectors must have at least one negative or non-real component.
k

• limk→∞ Ark is a projection operator on ⃗v, i.e., in a high power of A the eigenvector
⃗v corresponding to the eigenvalues r is the only one to survive asymptotically.
• The row sums of the matrix A provide bounds on r, i.e.
min ∑ aij ≤ r ≤ max ∑ aij .
i

i

j

(A.1)

j

The eigenvector ⃗v to the eigenvalue r can be normalized in such a way that the (nonnegative) exponents add up to 1. Therefore, the components of such a normalized
vectors can be interpreted as probabilities.

Application to Liouville operators Let us now apply the Perron-Frobenius theorem
to the Liouville operator L. According to Eq. (2.7) its matrix elements are given by

Lcc′ = −wc→c′ + δc,c′ ∑ wc→c′′ .
c′′

|

{z
Ec

}
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The sums Ec in the last term are the so-called escape rates and they are listed as positive
entries along the diagonal. The individual transition rates, on the other hand, appear as
negative numbers or zeros in the off-diagonal elements. To establish a connection with
the Perron-Frobenius theorem, we invert the sign of all entries and add a multiple of a
unit matrix, i.e. we set
A = s1 − L ,
(A.3)
where the prefactor is large enough so that all matrix elements become non-negative. In
this way we obtain a real-valued (generally non-symmetric) matrix with non-negative
entries.
Let us for now assume that all entries are positive, meaning that there are no vanishing rates so that the transition network is fully connected. Then A has an upper
Perron-root r, hence L has a lower Perron-root, i.e. there exists a real eigenvalue such
that the real part of all other eigenvalues is strictly larger. The corresponding eigenvector is the only one to have non-negative entries.
Now we use the fact that L is constructed in such a way that it preserves probability.
As shown above, this implies that ⟨1|L = 0, where ⟨1| = (1, 1, . . .). Clearly, this is a
left eigenvector to the eigenvalue zero, and since we know that all other eigenvectors
have at least one negative component, this will be the eigenvector corresponding to the
Perron root. Consequently we know that the root eigenvalue of the Liouvillian is zero,
implying s = r.
The corresponding right eigenvector has generally different components, but we
know that they are also non-negative and can be normalized to add up to 1, hence
allowing a stochastic interpretation. As argued in the Chapter 1, this is the stationary
state of the system. Moreover, in the case of a fully connected transition network, we
can also conclude that the stationary state is non-degenerate and unique. Since the real
part of all other eigenvalues is positive, they describe relaxational modes which tend to
zero in the long-time limit t → ∞.
Partially connected transition networks may decompose into disconnected clusters
of transitions. In this case the above considerations can be applied to each of these
clusters. Consequently, such a system has several stationary states, namely, as many as
disconnected clusters.

B. Tensor products
Definition
Let V1 and V2 be two vector spaces. These vector spaces can be used to create a new
vector space V1 ⊗ V2 , called the tensor product of V1 and V2 . This space can be constructed
most easily by defining a suitable basis. To this end let {|ei ⟩} and {| f j ⟩} be a basis of V1
and V2 , respectively. Then the basis of V1 ⊗ V2 can be thought of as the set of all possible
ordered combinations of these basis vectors. For example, if {|e1 ⟩, |e2 ⟩, |e3 ⟩} is a basis
of V1 = R3 and if | f 1 ⟩, | f 2 ⟩ is a basis of V2 = R2 , then the basis of the tensor product
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given by the six vectors consisting of all possible combinations

{ |e1 ⟩| f 1 ⟩, |e1 ⟩| f 2 ⟩, |e2 ⟩| f 1 ⟩, |e2 ⟩| f 1 ⟩, |e3 ⟩| f 1 ⟩, |e3 ⟩| f 2 ⟩ } ,

(A.4)

where we used the compact notation |ei ⟩| f j ⟩ := |ei ⟩ ⊗ | f j ⟩. Therefore, the dimension of
a tensor space is the product of the dimensions of its tensor factors, i.e. the dimension
is multiplicative with respect to ⊗.
Usually the combinations of the basis vectors are sorted lexicographically, meaning
that the index of the rightmost tensor factor is the first to be incremented.
Having defined a basis in V1 ⊗ V2 we can use bilinearity to derive the tensor product
of arbitrary vectors. Bilinearity means that scalar prefactors in both tensor components
can be pulled out in front of the tensor product, i.e.

 



λ|ei ⟩ ⊗ µ| f j ⟩ = λµ |ei ⟩ ⊗ | f j ⟩ .
∀λ, µ ∈ R
(A.5)
With this rule it is straight-forward to show that the components of the tensor product
of two vectors | a⟩ ⊗ |b⟩ are given by

a1 b1


 
   a1 b2 
a1

a2 b1 
b

| c ⟩ = | a ⟩ ⊗ | b ⟩ =  a2  ⊗ 1 = 
 a2 b2  .
b2


a3
 a3 b1 


(A.6)

a3 b2
Note that the tensor product is an ordered product, i.e. the tensor factors do not commute with each other.
Likewise it is straight-forward to show that the tensor product of two linear operators
A and B is given by1




a11 a12 a13
b11 b12


a21 a22 a23 ⊗
C = A⊗B =
(A.7)
b21 b22
a31 a32 a33


a11 b11 a11 b12 a12 b11 a12 b12 a13 b11 a13 b12
 a11 b21 a11 b22 a12 b21 a12 b22 a13 b21 a13 b22 


 a21 b11 a21 b12 a22 b11 a22 b12 a23 b11 a23 b12 

.
= 

a
b
a
b
a
b
a
b
a
b
a
b
22
22
22
22
23
23
22
21
21
21
21
21


 a31 b11 a31 b12 a32 b11 a32 b12 a33 b11 a33 b12 
a31 b21 a31 b22 a32 b21 a32 b22 a33 b21 a33 b22
Note that a tensor product has no direct geometric interpretation because the smallest
vector space which can be decomposed into two tensor factors is R4 . In particular, the
tensor product must not be confused with the direct sum, where the vector components
1 In

the mathematical literature the tensor product of linear operators is referred to as the Kronecker
product. The same applies to Mathematica® : Here you should use KroneckerProduct instead of
TensorProduct. Both commands yield the same matrix entries but the resulting list structure is different.
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are simply concatenated.

Formal properties of tensor products
Let us now summarize the most important formal properties of the tensor product. At
first we can always pull out scalars µ, ν ∈ R as ordinary products in front of the tensor
product, i.e.,

 



   


µ| a⟩ ⊗ ν|b⟩ = µν | a⟩ ⊗ |b⟩ ,
µA ⊗ νB = µν A ⊗ B .
(A.8)
In the case of complex vector spaces it is important to note that tensor products differ
from scalar products in so far as the scalar belonging to the left factor must not be
complex conjugated.
If a tensor product of operators is applied to a tensor product of vectors, each operator
acts on each vector separately, i.e.

(A ⊗ B)(| a⟩ ⊗ |b⟩) = A| a⟩ ⊗ B|b⟩ .

(A.9)

Consequently, the successive application of several factorizing operators can be carried
out separately in every tensor component:

(A1 ⊗ B1 )(A2 ⊗ B2 ) = (A1 A2 ) ⊗ (B1 B2 ).

(A.10)

Performing the adjoint ‘†’ one has to conjugate all tensor components individually,
keeping the order of the tensor factors:

(A ⊗ B)† = A† ⊗ B†
(| a⟩ ⊗ |b⟩)† = ⟨ a| ⊗ ⟨b| .

(A.11)
(A.12)

This differs from ordinary operator products (AB)† = B† A† , where the order is reversed. The same applies to operator products within the tensor components, which
are reversed as well, since in this case, the usual rules for matrix products apply:


( A1 A2 ) ⊗ ( B1 B2 B3 )

†

= ( A2 † A1 † ) ⊗ ( B3 † B2 † B1 † ) .

(A.13)

The tensor products of two scalars λ, µ ∈ C is defined in a formally consistent manner
as an ordinary multiplication in C:
λ ⊗ µ ≡ λµ .
For example we have




⟨ a1 | ⊗ ⟨b1 | A ⊗ B | a2 ⟩ ⊗ |b2 ⟩ = ⟨ a1 |A| a2 ⟩⟨b1 |B|b2 ⟩ ∈ C .

(A.14)

(A.15)

In particular, the norm of a tensor product is simply given by the product of the norms
of its factors:
| a⟩ ⊗ |b⟩ = | a⟩ |b⟩ .
(A.16)
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The determinant of a tensor product is equal to the product of the determinants of its
factors raised to the power of the dimension of the other tensor factor:
det(A ⊗ B) = (detA)dim(VB ) (detB)dim(VA ) .

(A.17)

Tr(A ⊗ B) = TrA TrB .

(A.18)

The trace factorizes:
Both identities can be verified easily by writing the matrices A und B in a diagonal
basis.
Tensor products may be applied successively. For example, a vector space V may be
defined as a tensor product V = V1 ⊗ V2 ⊗ V3 consisting of three individual spaces
V1 , V2 , V3 , the so-called tensor components. If the number of tensor components is very
large, it is common to use the notation
V =

n
O

Vj .

(A.19)

j =1

For N identical factors V = V0 ⊗ V0 ⊗ . . . ⊗ V0 one also uses the notation of tensor
powers
V = V0⊗ N .
(A.20)

C. Properties of the Shannon entropy
Invariance under reordering
The Shannon entropy
S = −

∑ Pc ln Pc

(A.21)

c∈Ω

is a sum over a continuously differentiable function Pc ln Pc of the probabilities Pc . Since
the summands can be commuted freely, it is clear that the Shannon entropy is invariant
under re-ordering (permutations) of the sample space Ω.

Convexity of the individual entropy
A geometrical object is said to be convex convex if each connection line between two arbitrary points lies in the interior of the
object. For example, a function f ( x )is convex on the interval
( a, b) if every straight line between two points on the curve lies
entirely above the curve. Parameterizing this straight line by a
parameter λ ∈ [0, 1], convexity can be expressed as

∀ x1 , x2 ∈ ( a, b)∀λ ∈ [0, 1] : f λx1 + (1 − λ) x2 ≤ λ f ( x1 ) + (1 − λ) f ( x2 ) .
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If the curve touches this straight line only at the ending points at λ = 0, 1, then the
function is said to be strictly convex. Conversely, a function f ( x ) is called concave (strictly
concave) if − f ( x ) is convex (strictly convex).
Clearly, a two-fold differentiable function is (strictly) convex if and only if its second
derivative is a nonnegative (positive). For the entropy we can show that it is a strictly
convex function since the second derivative is always positive:

∂2
∂2 
1
H
=
−
ln
P
= 2 > 0.
c
c
∂Pc2
∂Pc2
Pc

(A.23)

The convexity property is very important and allows us to derive various inequalities
for information-theoretic quantities. An important tool in this context is Jensens inequality for convex functions, as will be discussed in the following.

Jensens inequality
Suppose that we have a collection of numbers x1 , . . . , xn
and let x be their average, as
sketched in the figure. Furthermore, let f ( x ) be a convex function. Jensens inequality basically
tells us that the function of the
average f ( x ) is always smaller
than the average of the function
values f ( x ). In fact, the claim
Visualization of Jensens inequality
of Jensens inequality is stronger
and remains valid even if the values x1 , . . . , xn are weighted with non-uniform probabilities. Thus, viewing the xi as results of a random variable X, Jensens inequality states
that




f E( X )

≤ E f (X) .

(A.24)

Proof: In order to prove this relation let us denote the possible results of the random variable
by x1 , . . . , xn and the corresponding probabilities by P1 , . . . , Pn . Using the convexity property
(A.22) one can show that


 n



n
1
f E( X )
= f ∑ Pi xi = f P1 x1 + (1 − P1 )
Pi xi
(A.25)
∑
(1 − P1 ) i=2
i =1


n
1
≤ P1 f ( x1 ) + (1 − P1 ) f
Pi xi
∑
(1 − P1 ) i=2


n
1
x2
= P1 f ( x1 ) + (1 − P1 ) f P2
+ (1 − P2 )
Pi xi
∑
(1 − P1 )
(1 − P1 )(1 − P2 ) i=3


n
1
≤ P1 f ( x1 ) + P2 f ( x2 ) + +(1 − P1 ))(1 − P2 ) f
Pi xi
∑
(1 − P1 )(1 − P2 ) i=3
This estimation can be applied consecutively to each of the remaining summands. After
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n-fold application we obtain


f E( X ) ≤

n

∑ Pi f (xi )



= E f (X)

(A.26)

i =1

As an immediate corollary of Jensens inequality we can derive that the Shannon entropy H is bounded from above by the entropy Hmax of the uniform probability distribution. To this end we set Xc = P1c and f ( x ) = ln x, noting that the logarithm is a
concave function. In this context Jensens inequality takes the form

ln E( X ) ≥ E ln X
(A.27)
or explicitly
ln |Ω| = ln ∑ Pc
c

1
≥
Pc

1

∑ Pc ln Pc
c

= − ∑ Pc ln Pc

(A.28)

c

meaning that
H ≤ ln |Ω|.

(A.29)

This inequality is easy to understand. It tells us that the information of a system combined with partial prior knowledge about the system in the form of a probability distribution cannot be larger than the corresponding entropy without prior knowledge.
In other words: Partial knowledge in the form of a probability distribution can only
reduce the information content of a system.
Another important consequence: Knowing nothing means to assume a uniform probability distribution, corresponding to the maximum possible entropy ln |Ω|.

D. Moments and Cumulants
Moments:
For a given normalized probability distribution Pc and a given ’observable’ Xc , which
can be thought of as a random variable, the arithmetic average is defined as

⟨ X ⟩ = ∑ Pc Xc .

(A.30)

c

Likewise, we can compute higher moments
µk = ⟨ X k ⟩ =

∑ Pc Xck .

(A.31)

c

For example, we may study the average energy ⟨ E⟩ and the corresponding second moment, the average squared energy ⟨ E2 ⟩. However, usually we are not interested in
the second moment itself, rather we would like to know the fluctuations of the energy
around its mean. The intensity of these fluctuations is characterized by the variance
σ 2 = ⟨ E2 ⟩ − ⟨ E ⟩2 ,
where the offset of the average has already been subtracted.
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Moment-generating function:
For a given sequence of numbers { a0 , a1 , . . .}, the associated generating function is defined as
∞
a tk
g(t) = ∑ k .
(A.33)
k!
k =0
Such a generating function can be defined for any sequence, but when dealing with
genrating functions, the actual radius of convergence has to be carefully taken into
account. Moreover, there are several variants of generating functions, depending on
whether the factorial in the denominator is included or not, for a survey have a look at
Wikipedia.
If the series g(t) converges, the numbers ak can be retrieved by computing the kth
derivative at t = 0:
∂k g(t)
ak =
.
(A.34)
∂tk t=0
Note that t is set to zero only after taking the kth derivative.
In the present case of a random variable X : c 7→ Xc , it is useful to encode all moments
m0 , m1 , m2 , . . . in terms of a moment-generating function by defining:
D ∞ X k tk E
∞
µk tk
⟨ Xck ⟩ tk
= e Xc t ,
=∑
= ∑ c
k!
k!
k!
k =0
k =0
k =0
∞

MX ( t ) =

∑

(A.35)

where, as before, the angle bracket ⟨...⟩ denote the average over all configurations c ∈ Ω
weighted by Pc . In the discrete and continuous case we therefore have
MX ( t ) =

∑ Pc e

Xc t

,

MX ( t ) =

Z

p(z)e X (z)t dz

(A.36)

c

In both cases the moments can be retrieved by taking the derivative µk =

∂k MX ( t )
.
t =0
∂tk

The power of moment-generating function is related that for many standard distributions it can be expressed in a simple closed form. For example, for the discrete binomial
n!pk (1− p)n−k

distribution B(n, p) = k!(n−k)! the corresponding moment-generating function is
simply given by MX (t) = (1 − p + pet )n .

Cumulants:
A systematic mathematical framework, in which the variance appears as a special case,
is the concept of cumulants. Roughly speaking, cumulants are like moments, but much
better. The easiest way to start with cumulants is to define their generating function
which is just the logarithm of the moment-generating function:
KX (t) := ln MX (t).
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The cumulants can then be calculated by taking the kth derivative
κk =

∂k KX (t)
∂tk

t =0

.

(A.38)

Alternatively, they can also be derived from the moments µn by the recursion relation
n −1

κn = µn −

∑

m =1




n−1
κ µ
.
m − 1 m n−m

(A.39)

Thus, the cumulants can be expressed as linear combinations of the moments. The first
few are given by
κ 1 = µ1
κ 2 = µ2 − µ1 2
κ3 = µ3 − 3µ2 µ1 + 2µ1 3
2

(A.40)
2

κ4 = µ4 − 4µ3 µ1 − 3µ2 + 12µ2 µ1 − 6µ1

4

κ5 = µ5 − 5µ4 µ1 − 10µ3 µ2 + 20µ3 µ1 2 + 30µ2 2 µ1 − 60µ2 µ1 3 + 24µ1 5
and there are similar relations in opposite direction. As can be seen, κ1 is the mean and
κ2 is the variance of the quantity under investigation. The higher-order cumulants are
related to more complex statistical properties such as the kurtosis γ2 = κ4 /κ22 , which
is a measure for the "peakedness" of the distribution with respect to the variance. The
third cumulant typically measures the tilt of a distribution.

E. The Schnakenberg Formula for Entropy Production
Eq. (6.31) is known as the celebrated Schnakenberg formula
because it was derived for the first time in 1976 by Jürgen
Schnakenberg [25]. Today the Schnakenberg formula is accepted as a general expression which quantifies the entropy
production in the environment, irrespective of the specific
structure of the environment. This means that it is generally assumed that the entropy production, no matter whether
the environment is equilibrated or not, is given by Eq. (6.31).
Most researchers use this formula as it is without paying attention to its range of validity.
It is therefore interesting to investigate how this formula
was actually derived. Schnakenberg noticed that the master
equation has exactly the same structure as the law of mass
action for chemical reactions. This analogy can be established
by associating with each configuration s a chemical substance
Xs :
s ⇐⇒ Xs

Schnakenbergs idea: Associate with each
microstate a chemical substance.

These fictitious chemical substances are then mixed in reactor where they react with one
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another. The chemical reaction rates k ss′ in turn are chosen according to the transition
rates of the master equation. Finally, the entropy production of the chemical reaction is
studied on the basis of conventional thermodynamics.
Let us briefly sketch this derivation in more detail. In physical chemistry, an important quantity is the so-called extent of reaction ξ ss′ , defined as the accumulated number
of forward reactions Xs → Xs′ minus the number of backward reactions Xs′ → Xs . This
quantity evolves in time according to
dξ ss′
= Ns k ss′ − Ns′ k s′ s ,
dt

(A.41)

where Ns is the number of molecules of type Xs .
In conventional thermodynamics, each thermodynamic flux is associated with a conjugate thermodynamic force defined as the partial derivative of the free energy with
respect to the flux. In the present case, the temporal change of the extent of reaction
defines the thermodynamic flux. The conjugate thermodynamic force is the so-called
chemical affinity
∂F
Ass′ =
(A.42)
∂ξ ss′ V,T
This implies that the chemical reaction changes to three energy according to
Ḟ =

∑′ Ass′ ξ̇ ss′ = ∑′ Ass′ ( Ṅs′ − Ṅs ).

(A.43)

ss

ss

This has to be compared with a chain rule
Ḟ =

∂F

∑ ∂N Ṅs = ∑ µs Ṅs

(A.44)

s

s

where µs denotes the chemical potential of the substance Xs . As a result, we obtain that
the affinities are basically given by the chemical potential difference
Ass′ = µs′ − µs .

(A.45)

However, the chemical potentials may change as the reaction proceeds, i.e., they depend on the actual molecule numbers Ns . To take this additional change into account,
we note that the free energy is usually given by an expression of the form

F = ∑ consts Ns + k B TNs ln Ns ) .
(A.46)
s

For example, the free energy of an ideal gas can be written in this form. This implies
that the chemical potentials can be written as
(0)

µs = µs + k B T ln Nc .

(A.47)

Inserting this result the affinities are given by
(0)

(0)

Ass′ = µs − µs + k B T ln

Ns′
.
Ns
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In order to access the difference of the two constants on the right-hand side, let us
consider the stationary equilibrium state. Here, the extent of reaction and therewith the
eq
affinity is zero, i.e. Ass′ = 0, hence
eq

(0)
µs

(0)
− µs

Ns′

= k B T ln

eq
Ns

= k B T ln

k ss′
,
k s′ s

(A.49)

where we used the balance condition Ns k ss′ = Ns′ k s′ s in the last step. This leads us to
Ass′ = k B T ln

Ns′ k s′ s
.
Ns k ss′

(A.50)

Putting all things together we arrive at the free energy change
Ḟ = k B T ∑ ξ̇ ss′ ln
ss′

Ns′ k s′ s
.
Ns k ss′

(A.51)

Introducing the concentrations [ Xs ] := Ns /N and recalling that the free energy is nothing but the trick to quantify entropy changes of the total system ,consisting of laboratory
system and environment, we get
dStot
= − β Ḟ =
dt

[ Xs ]k ss′

∑′ ξ̇ ss′ ln [Xs′ ]ks′ s .

(A.52)

ss

We now identify the chemical problem with the original master equation by setting
ξ ss′ =
ˆ Ps (t)ws→s′ (t) ,

[ Xs ] =
ˆ Ps (t) ,

k ss′ =
ˆ ws→s′ ( t )

(A.53)

The courageous corollary by Schnakenberg is to identify the chemical entropy production with a total entropy production of the master equation:
dStot
=
dt

Ps (t)ws→s′ (t)

∑′ Ps (t)ws→s′ (t) ln Ps′ (t)ws′ →s (t) .

(A.54)

ss

This can be split into two parts
dStot
=
dt

Ps (t)

ws→s′ ( t )

∑′ Ps (t)ws→s′ (t) ln Ps′ (t) + ∑′ Ps (t)ws→s′ (t) ln ws′ →s (t) .
ss

|

(A.55)

ss

{z

}

dSsys
dt

|

{z

dSenv
dt

}

which can be identified with the system at the environment.
The environmental part derived by Schnakenberg can be written as
dSenv
=
dt

ws→s′ ( t )

∑′ Js→s′ (t) ln ws′ →s (t) .

(A.56)

ss

Obviously, his expression the logarithm is averaged over the current flowing from configuration s two configuration s′ . In 2005 this led Seifert and Speck to the conjecture that
the entropy in the environment increases discontinuously whenever the system jumps
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to a different configuration:
∆Ssenv
→s′ = ln

ws→s′ ( t )
.
ws′ →s ( t )

(A.57)

Today, this formula is commonly accepted as valid expression for the entropy production in the surrounding medium. It is remarkable that this expression does not depend
any way on the physical properties of the environment. Does the environment really
generate only that little entropy for the microscopic transition from s to s′ ? Could it be
that the real entropy production in an inefficient setup is actually higher?
This is an important question which to my knowledge has not been addressed so
far. In fact, both derivations given above, the one with the fully connected transition
network and Schnakenberg’s chemical variant, implicitly assume that the environment
equilibrates almost instantaneously on a much faster timescale than the intrinsic dynamics of the system. If it does not equilibrate directly after each transition the actual
entropy production may be higher. Probably Schnakenberg’s formula provides only a
lower bound.

F. Directed Percolation in Python
Here is a realization of DP written in Python by Yanick Thurn. The first script performs
the simulation:
import numpy as np
from numba import njit
import random

@njit()
def update(S, p):
"""
Updates the activitys in the lattice
:param S: np.array [1D] = lattice
:param p: float = probability of an open side
:return: void
"""
n = S.shape[0]
S_old = np.copy(S)
S.fill(0)
for i in range(n):
S[i] = 1 if (S_old[i] and random.uniform(0,1) <= p) \
or (S_old[(i+1)%n] and random.uniform(0,1) <= p) else 0

@njit()
def run_sim(n, p, loops):
"""
Run a directed perculation model.
:param n: int = littice size
:param p: float = probability for an open side
:param loops: int = number of time steps
:return: List[float] = density(time_step)
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"""
S = np.zeros((n,))
S[0] = 1
densitys = [np.count_nonzero(S)]
for i in range(loops):
update(S, p)
densitys.append(np.count_nonzero(S))
return densitys

def main(times, loops, prob):
with open("densitys.csv", "w") as doc:
for t in range(times):
densitys = run_sim(n=loops, p=prob, loops=loops)
doc.write(f"{t};" + ";".join([str(e) for e in densitys]) + "\n")

if __name__ == "__main__":
times = 1000
loops = 1000
prob = 0.7
main(times, loops, prob)

The second script generates the plots. It requires the package
import matplotlib.pyplot as plt

def get_avgs(path):
with open(path, "r") as doc:
lines = doc.readlines()
values = [line.replace("\n", "").split(";") for line in lines]
values = [[float(e) for e in line[1:]] for line in values]
sorted_values = list(zip(*values))
avg_values = [sum(values) / len(values) for values in sorted_values]
return avg_values

if __name__ == "__main__":
plt.xscale("log")
plt.yscale("log")
# in paths alle zu zeichnenden Dateien eintragen
paths = ["densitys.csv"]
for path in paths:
values = get_avgs(path)
xs = [i + 1 for i in range(len(values))]
plt.plot(xs, values, label=path)
plt.legend()
plt.show()

© H AYE H INRICHSEN — P HYSICS OF C OMPLEX S YSTEMS — CC BY-SA 4.0

209

210

Appendices

The code produces the following output:
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List of Acronyms
In these lecture notes we frequently use the following acronyms, here sorted in alphabetical order:
ACS
ASEP
CP
DP
FT
IFT
l.h.s.
MF
PASEP
PCPD
r.h.s.
SDE
SEP
SPDE
TASEP

Algebraic computer system
Asymmetric exclusion process
Contact process
Directed percolation
Fluctuation theorem
Integral fluctuation theorem
Left hand side of equation
Mean field approximation
Partially asymmetric exclusion process
Pair contact process with diffusion
Right hand side of equation
Stochastic differential equation
Symmetric exclusion process
Stochastic partial differential equation
Totally asymmetric exclusion process
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